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Abstract. Thevisualizationof stationaryandtime-dependent�o w is an impor-
tantandchallengingtopic in scienti�c visualization.Its aim is to representtrans-
port phenomenagovernedby vector�elds in an intuitively understandableway.
In this paper, we review the useof methodsbasedon partial differentialequa-
tions(PDEs)to post-process�o w datasetsfor thepurposeof visualization.This
connects�o w visualizationwith imageprocessingandmathematicalmulti-scale
models.Weintroducetheconceptsof �o w operatorsandscale-spaceandexplain
theirusein modelingpostprocessingmethodsfor �o w data.Basedonthisframe-
work,wepresentseveralclassesof PDE-basedvisualizationmethods:anisotropic
linear diffusion for stationary�o w; transportand diffusion for non-stationary
�o w; continuousclusteringbasedon phase-separation;and an algebraicclus-
tering of a matrix-encoded�o w operator. We illustratethe presentedclassesof
methodswith resultsobtainedfrom concrete�o w applications,usingdatasetsin
2D, �o ws oncurvedsurfaces,andvolumetric3D �elds.

1 Intr oduction

A greatvariety of differentapproachesfor the visualizationof vector �eld datahas
beenpresentedin thepast.The methodologyrangesfrom simplediscretearrow plots
appliedto steadytwo-dimensionalvector�elds to advancedhardware-acceleratedvolu-
metrictechniquesfor visualizingmultivariatedatafor three-dimensional,unsteady�o w
problemsandmulti-scalefeaturedetectionandtrackingtechniquesfor complex time-
dependentCFDproblems.

Therecentincreaseof thenumberof �o w visualizationtechniqueshasbeendriven
by two mainfactors.On onehand,theexponentialgrowth in sizeof datasetsproduced
by CFDsimulationsrequires�o w visualizationmethodsto beableto displaymoredata
in shortertime. On the other hand,speci�c application�elds, rangingfrom weather
simulation,meteorology, andgroundwater�o w, to automotive,aerodynamics,andma-
chinedesign,haveeachtheirown particularrequirementsandquestionsto beanswered
regarding�o w datasets.As a centralandgenerallyacceptedhigh-level goal,�o w visu-
alizationshouldprovideintuitively betterreceptiblemethodswhichgiveoverallaswell
asdetailedviewson the�o w patternsandbehavior.

Giventheabove,severalclassi�cationsof �o w visualizationmethodshavebeenre-
centlyproposedfrom differentpointsof view. In their Stateof theArt report,Laramee



et al. [20] have classi�ed �o w visualizationinto direct,densetexture-based,geomet-
ric, andfeature-basedmethods,following a modelof the�o w datain discretesamples,
continuous(dense)scalar�elds, geometricintegral primitives,andapplication-speci�c
feature-basedrepresentations.A secondoverview of �o w visualizationmethodsis given
by Weiskopf andErlebacher[45]. Here,threeclassi�cationsof �o w visualizationmeth-
odsareproposed:basedonthevisualprimitiveused(points,curves,or features);based
onthedensityof theproducedimage(sparsevs.dense,texture-based);and�nally based
on the datastructure (2D, 2.5D, and3D methods)anddiscretization(on variousgrid
types).A more recentreport of Larameeet al. [21] presentsa comparisonof major
visualizationtechniquesevaluatedfrom the point of view of a speci�c application—
theunderstandingof swirl andtumble�o w data.Here,visualizationsareclassi�edinto
texture-basedmethods,clusteringapproaches,analysesof thevector�eld topology, and
feature-trackingapproaches.

In thispaper,wegiveanoverview of �o w visualizationmethodsbasedonpartialdif-
ferentialequations(PDEs)[9,12,13].Thesemethodsuseaparticularmodelof the�o w
data,asfollows.The�o w domainis seenasasubsetof thecontinuousIR2 or IR3 space.
Thevisualizationprocessis describednow in termsof a continuous,physicalprocess,
suchasdiffusion,advection,or phaseseparation.The particulartype of PDE andits
boundaryconditionsareusedasinstrumentsto modeldifferentvisualizationquestions,
suchas:Whicharethelaminar, transient,andturbulentregions?How doesthematerial
densityvary in time in thedataset?How doesthe�o w look like onsmallspatialscales
(�o w details)asopposedto a global,coarsescale(�o w overview)?Oncethetypeand
parametersof the properPDE areestablished,the �o w domainis discretized,usually
by a �nite-elementor �nite-dif ferencescheme,andtheunderlyingPDEis solvedwith
appropriatesolversfor theresultingequationor systemof equations.Finally, thesolu-
tion is displayed,therebyansweringtheinitial setof visualizationquestionsthattarget
the�o w data.

Theaboveleadsusto anoutlineof severalcharacteristicsof PDE-based�o w visual-
izationmethods.For this,we shallusetheterminologyemployedby theclassi�cations
presentedin [45,21,20]. First, PDE-based�o w visualizationsaredensemethods,by
de�nition. Second,they work in all dimensionswhere�o w visualizationis of interest,
i.e. 2D, 2.5D(curvedsurfacesembeddedin 3D), and3D. Third, they areapplicableto
bothsteadyandunsteady(time-dependent)�o w datasets.In termsof actualvisualrep-
resentation,PDE-basedmethodsarenaturallycloselyrelatedto texture-basedmethods.
Although the resultsof PDE-basedmethodscanbe displayedusingalso other tech-
niques,suchassliceplanes,streamlines[12], andiso-surfaces[9], their inherentcon-
tinuous,densenaturemakesthemnaturalcandidatesfor using2D and3D texture-based
displaytechniques.In this sense,PDE-basedmethodscanbeseenasa front-end,that
translatea given direct �o w representation(vector�eld plus additionalscalarquanti-
tiessuchaspressureor concentration)to aseconddense,usuallyscalar, representation,
which is thenvisualizedby a texture-drivenback-end.On a high level, this translation,
encodedin thePDE,enrichesthedatawith applicationandquestion-speci�csemantics,
in order to emphasizethe speci�c aspectsof the �o w the useris interestedin. Con-
versely, many texture-basedvisualizationmethodsimplementedusing(programmable)
graphicshardwarehaveattheircoreamodelbasedonanadvectionordinarydifferential



equation(ODE), asdescribedfurther in Sec.2. Finally, in termsof datadiscretization
(grid type),all PDE-basedmethodscanessentiallybeusedonany grid,givenasuitable
underlying�nite elementdiscretizationimplementedon thatgrid (cf. Section8).

Fromanotherpointof view, PDE-basedmethodssharemany commonaspectswith
multi-scale�o w visualizationmethods.Overall, the main goal of suchmethodsis to
providea multi-scalerepresentationof the �o w �eld, suchthatuserscansubsequently
navigatebetweendetailed,low-level views of the �o w andglobal, overview pictures
thereof.Several multi-scalemethodsexist in �o w visualization[20,45]. Clustering
methods[14,35] groupsimilar �o w datasetpointstogetherbasedon a taskor applica-
tion-dependentsimilarity measure,or corelation.Energy minimizationtechniquescan
be usedto producestreamlinevisualizationsat several levels of detail, represented
by differentstreamlinespatialdensities[38,18,19]. PDE-basedmethodsbring several
powerful toolsfor de�ning themulti-scale,basedonscalespacetheory(cf. Sec.3), and
areableto accommodateseveral scalenotion de�nitions, rangingfrom continuousto
discrete.

Giventhis closeconnectionbetweenPDE-basedandtexture-based�o w visualiza-
tion, we give �rst an overview of the texture-basedmethodsin Section2 followedby
a brief introductionto thebasicmulti-scalemethodsin imageprocessing,which moti-
vatetheapproachesto bediscussedhere.Next, in Section3 we review theconnections
to scale-spacemethodologyfrom imageprocessing.Togetherwith thedifferentialop-
eratorde�ned in Section4, this leadsto the presentationof the anisotropicdiffusion
methodin Section5. Theextensionof thismodeltowardstime-dependent�o w �elds is
discussedin Section6. In theremaining,we review clusteringmethodsbasedon PDE
techniquesandwestartwith themodelbasedonanisotropicphaseseparationin Section
7. A discussionof hierarchicalmulti-scaleclusteringusingalgebraicmultigrid (AMG)
methodsfollows in Section9. Section10closesthis articledrawing conclusions.

2 Review of texture based�o w visualization

Texture-based�ow visualizationis a notiongenerallyusedfor thosemethodsthatout-
put a full spatialcoverageof the �o w �eld to be described,in the region of interest
chosenby theuser. By full coverage,wemeanthatthediscretenessof theoutputdatais
limited to theoneinherentto theimage,or textureprimitivesusedin thevisualization.
Giventhis denserepresentationof the�o w �eld, thetextureimagewill mostlyencode
somecontinuouscolor, luminance,or transparency variationthat conveys insight into
the �o w data.Often,theabove continuoussignalis naturallygeneratedby physically-
basedmethods.Texture-basedmethodsdiffer, thus,mainly in how, andwhat,they gen-
erateandencodein theoutputtexture.We outlinebelow themostimportantclassesof
texture-basedmethods,andreferfor anin-depthoverview to [20].

Thespotnoisemethodproposedby vanWijk [40] pioneeredtheuseof texturesin
�o w visualization.Elliptic splatsof intensitybasedon a noisefunctionandwhich are
orientedalongthe�eld areblendedtogetheron2D or 3D surfacedomains.Theoriginal
�rst orderapproximationof the�o w wasimprovedby deLeeuwandvanWijk in [8] by
usinghigherorderpolynomialdeformationsof thespotsin areasof signi�cant vorticity.
By animatingtheintensity, spotsappearto movealong�o w streamlines.Severalappli-



cationsof spotnoisewerepresentedin the context of smogpredictionand turbulent
�o ws [6], non-continuous�o w visualization[22], and�o w topology[7].

Line Integral Convolution (LIC) methodsrepresentthesecondmajorclassof tex-
ture-basedvisualizations.Introducedby CabralandLeedom[4], LIC integratesthefun-
damentalODE describingstreamlinesforwardandbackwardin time at every discrete
domainpoint. White noiseis convolved,usinga Gaussiankernel,alongtheseparticle
paths.Theresultingvaluegivestheintensityof thestartingpixel. Theresultingtexture
exhibits strongcorrelationsalongstreamlinesandweakcorrelationacross,giving the
perceptionof streamline-like �laments of varyingintensity. Essentially, LIC is equiva-
lent to a diffusionprocessalongthevector�eld. HegeandStalling [32] increasedthe
performanceof LIC by reusingportionsof theconvolution integral alreadycomputed
onpointsalongagivenstreamline.Forssell[11] proposedasimilarmethodonsurfaces,
whereasMax et al. [24] approach�o w visualizationby texturing iso-surfaces.UFLIC
[31] extendedLIC to unsteady�o ws. InterranteandGrosch[16] generalizedline inte-
gralconvolutionto 3D in termsof volumerenderingof line �laments.Multivariate�o w
�elds arevisualizedwith LIC usinga color mappingtechniquecalledcolor weaving
[39]. OLIC [43] andits fastversionFROLIC [29] addup- anddownstreamcuesto the
basicLIC by varying the intensityalongthestreamline.Finally, we mention3D LIC,
which usestexture-basedvolumerenderingto computeanddisplayLIC visualizations
for 3D �o w �elds [27]. Again,theaboveis justashortoverview of awealthof existing
LIC techniques.For a moredetailedoverview, see[20].

Yetanotherclassof texture-basedmethodsaretheonesbasedon textureadvection.
Here,thevisualizationprimitiveis directlysupportedby thegraphicsunit or GPU.Con-
sequently, thetermtexturein thesemethodsoftenrefersto thegraphicshardwareterm.
GPU-basedmethodsareclassi�ed basedon the primitive they advect,or warp (pixel
or polygon)andtheadvectiondirection(forwardor backward).Max andBecker [23]
presentedoneof the�rst texture-advectionmethodsusingtriangles.Image-based�o w
visualization(IBFV) proposesaninjectionof noise(storedastextures),advectingit by
warpinga polygonmesh,andblendingtheresultfor smoothvisualization,with appli-
cationsin 2D [41], curved surfaces[42], and3D volumes[34]. Lagrangian-Eulerian
Advection(LEA) is anothersuchmodel,whereparticlepositionsareadvectedindivid-
ually (Lagrangianstep)andthe color texture is updatedin-place(Eulerianstep)[17,
47]. Recently, theabove(andother)frameworks,wereunitedin UFAC (Unsteady�o w
advection-convolution),usingan implementationbasedon programmableGPUs[46].
Interestingly, the emergenceof the 'framework' for GPU-basedmethodsasa collec-
tion of tightly-wovenconceptual,modeling,andimplementationalaspectsseemsto be
drivenby thelargeimportanceof theimplementationalaspectin thewholeprocess,in
contrastto e.g.LIC methods.

Especiallyfor 3D velocity �elds, particletracingis a very populartool. However,
evenrelatively many seedparticlesreleasedby theusercanhardlycopewith thecom-
plexity of 3D vector�elds. Zöckleret al. [33] usepseudorandomlydistributed,illumi-
natedandtransparentstreamlinesto give a denserandmorereceptiblerepresentation,
whichshowstheoverall structureandenhancesimportantdetails.

Most notablyevery subclassof texture-basedmethodseemsto producevisualiza-
tions that carry an easilyrecognizablevisual signature.For example,it is easyto tell



spot-noisefrom LIC; thevariousIBFV andLEA methodshavealsoadistinctvisualap-
pearance,probablydueto thespeci�c noisefunctionsused;illuminatedstreamlinesare
alsoa classapart;reaction-diffusionmethodscreateregular repetitive patternswhich
noise-injectionmethodscannotreplicate.We believe thata perceptualclassi�cationof
texture-based�o w visualizationswouldbringvaluableinsightin theeffectiveness(and
limitations)of suchmethodsandleadto a betterunderstandingof �o w data,although
we arenotawareof any suchclassi�cation.

3 A brief intr oduction to scalespacemethodsin imageprocessing

Texturesusedin various�o w visualizationapproachescanberegardedasimagesand
thusthetypeof �o w postprocessingabovediscussedcanbeconsideredasimagepro-
cessing.In the last two decadespowerful PDE basedimageprocessingmethodsfor
several fundamentaltasksin imagingsuchassegmentationandde-noisinghave been
introduced.In particularsocalledscalespacemethodsintroducea naturalscaleof im-
agerepresentations.Mostof themethodsin �o w postprocessinglacksuchaperspective
of multiplescales.They have in commonthatthegenerationof acoarserscalerequires
a re-computation.For instance,if we askfor a �ner or coarserscaleof theline integral
convolution patterns,the computationhasto be restartedwith a coarserinitial image
intensity. In caseof spotnoiselargerspotshaveto beselectedandtheirstretchingalong
the�eld hasto beincreased.To motivateourPDEbasedapproach,let usbrie�y review
scalespacemethodsbasedonanisotropicnonlineardiffusionin imaging.

Discretediffusiontypemethodshave beenknown for a long time.PeronaandMa-
lik [26] have introduceda continuousdiffusionmodelwhich allows thede-noisingof
imagestogetherwith theenhancementof edges.Alvarez,Guichard,Lions andMorel
[1] have establisheda rigorousaxiomatictheoryof diffusivescalespacemethods.The
recoveryof lower dimensionalstructuresin imagesis analyzedby Weickert [44], who
introducedan anisotropicnonlineardiffusion methodwherethe diffusion matrix de-
pendson thesocalledstructuretensorof theimage.

In PDE-basedscale-spacemethodsof imageprocessingwe considera functionu :
IR+

0 � 
 ! IR whichsolvestheparabolicproblem

@t u � A [u] = f (u) in IR+ � 
 ;

u(0; �) = u0 on 
 ;
(1)

for giveninitial densityu0 : 
 ! [0; 1]. Here,thedifferentialoperatorA [�] is de�ned
by

A[u] := div (a(r u� )r u)

andweprescribeNeumannboundaryconditionsa(r u� )r u � � = 0, where“ �” denotes
the scalarproductin IR+ anda : IRn ! IR is the diffusion coef�cient that controls
the amountof spatialdiffusion (blurring) in a given direction in IRn . For the sake of
robustnessand well-posedness,a pre-smoothedversionof the currentdensityu � =
� � � u is used.In our settingwe interpretethedensityasan imageintensity, a scalar
grey scaleor a vectorvaluedcolor. Thus,the solutionfamily u(�) canbe regardedas



Fig.1. The imageon the left is successively smoothedby nonlineardiffusion.With increasing
scalemoreandmore �ne-scale detailsvanishwhile the signi�cant contentis retainedanden-
hanced.

a family of imagesf u(t)gt 2 IR+
0

, wherethe time t servesasa scaleparameter. Let us
remarkthatby thetrivial choicea = 1 andf (u) = 0 weobtainthestandardlinearheat
equationwith its isotropicsmoothingandcoarseningeffect.

In imagede-noising,u0 is agivennoisyinitial imageandthegoalis to removethis
noisewhile keepingthe importantcontentof the given image.Thus,the diffusion is
supposedto becontrolledby thegradientof theimageintensity. Largegradientsmark
edgesin theimage,which shouldbeenhanced,whereassmallgradientsindicateareas
of approximatelyequalintensity. For thatpurposeweprescribea diffusioncoef�cient

a = g(kr u� k)

whereg : IR+
0 ! IR+ is a monotonedecreasingfunctionwith lim d!1 g(d) = 0 and

g(0) = � 2 IR+ , e. g. g(d) = �
1+ kdk2 . A suitablechoicefor the pre-smoothingis

Gaussian�ltering or theconvolution with theheatequationkernel.That is, we de�ne
u� = ~u(t = � 2=2) where~u is thesolutionof theheatequationwith initial datau. Then
� is the varianceof the correspondingGaussian�lter . The function f may serve asa
penaltywhichforcesthescaleof imagesto staycloseto theinitial image,e.g.choosing
f (u) = 
 (u0 � u) where
 is a positive constant.Figure1 givesanexampleof image
smoothingandedgeenhancementby nonlineardiffusion.

4 A �o w aligneddifferential operator

Above,wehavemodeledanedgealignedoperatorA [�], whichenabledthefeaturesen-
sitive de-noisingof images.For the subsequentuse,let us now de�ne a streamline-
aligneddifferentialoperatorfor �o w �elds. For a givenvector�eld v : 
 ! IRn we
modellineardiffusionin thedirectionof thevector�eld andaPeronaMalik typediffu-
sionorthogonalto the�eld. Let ussupposethatv is continuousandv 6= 0 on 
 . Then
thereexistsa family of continuousorthogonalmappingsB (v) : 
 ! SO(n) suchthat
B (v)v = kvke0 , wheref ei gi =0 ;::: ;n � 1 is thestandardbasein IRn (cf. Fig. 2).

We considera diffusiontensora(v; r u� ) whichwe de�ne as

a(v; d) = B (v)T
�

� (kvk)
g(kdk)Id n � 1

�
B (v) ;
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Fig.3.Left: Graphof thevelocitydependentlineardiffusioncoef�cient � (�). Right:Graphof the
scalarcontrastenhancingright handsidef (�).

where� : IR+ ! IR+ controlsthe lineardiffusionin vector�eld direction,i. e.along
streamlines,andtheabove introducededgeenhancingdiffusioncoef�cient g(�) actsin
theorthogonaldirections(Idn � 1 is theidentitymatrix in dimensionn � 1).

We mayeitherchoosea linear function � or, in caseof e.g.a velocity �eld which
spatially variesover several ordersof magnitude,we selecta monotonefunction �
(cf. Fig. 2) with � (0) > 0 andlim s!1 � (s) = � max .

Thedifferentialoperatorbasedon this diffusiontensoris �nally givenby

A[v; u] := div (a(v; r u� )r u) : (2)

It encodesa strongcouplingalongthevelocity �eld andin caseof steepgradientsin u
a weakcouplingin directionsperpendicularto the�eld.

5 Anisotropic diffusion for stationary �o w

We shallnow makeuseof thedifferentialoperatorde�ned in Section4 to de�ne a dif-
fusionprocess,which generatestexturepatternsalignedto a �o w �eld. Thesepatterns
will grow upstreamanddownstream,whereastheedgestangentialto themaresucces-
sively enhanced.Still thereis somediffusionperpendicularto the�eld which supplies
us for evolving time with a scaleof progressively coarserrepresentationof the �o w
�eld.

In generalit doesnot make senseto considera speci�c initial imagefor sucha
diffusionprocess.As initial datau0 we thuschoosesomerandomnoiseof an appro-
priatefrequency range.If we run theevolution (1) for vanishingright handsidef the
imagecontrastwill unfortunatelydecreasedueto thediffusionalongstreamlines.The
asymptoticlimit will turn out to be an averagedgrey value.Therefore,we strengthen



Fig.4. A vector �eld from a 2D magneto-hydrodynamicssimulation(MHD) is visualizedby
nonlineardiffusion.A discretewhite noiseis consideredasinitial data.We run theevolution on
theleft for a smallandon theright for a largeconstantdiffusioncoef�cient � .

the imagecontrastduring the evolution, selectingan appropriatecontinuousfunction
f : [0; 1] ! IR+ (cf. Fig. 3) with

(F1) f (0) = f (1) = 0,
(F2) f < 0 on(0; 0:5), andf > 0 on (0:5; 1) .

Neglectingthediffusive termof theevolution at a �rst glancewe realizethat this right
handsidepushesvaluesbelow theaveragevalue0:5 towardsthezeroandaccordingly
valuesabove 0:5 towards1. A moredetailedanalysisof thecontrastenhancementin-
cludingthediffusive termis discussedin Section6.1.However, well-known maximum
principlesensurethattheinterval of grey values[0; 1] is not enlargedrunningthenon-
lineardiffusion.Heretheproperty(F1) is of greatimportance.

Finally, we endup with themethodof nonlinearanisotropicdiffusionto visualize
complex vector�elds. Therebywe solve thenonlinearparabolicproblem

@t u � A[v; u] = f (u) (3)

startingfrom somerandominitial datau(0; �) = u0 andobtainascaleof imagesrepre-
sentingthevector�eld in anintuitiveway (cf. Fig. 4).

5.1 Enhancing the resulting texture

If we ask for point-wiseasymptoticlimits of the evolution, we expectan almostev-
erywhereconvergenceto u(1 ; �) 2 f 0; 1g dueto thechoiceof thecontrastenhancing
functionf . Analytically, 0:5 is a third, but unstable�x edpointof thedynamics,which,
thus,will not turnout to belocally dominantnumerically.

Thespaceof asymptoticlimits signi�cantly in�uencestherichnessof thedevelop-
ing vector�eld alignedstructures.We mayaskhow to furtherenrichthepatternwhich
is settledby anisotropicdiffusion.This turnsout to be possibleby increasingthe set
of asymptoticstates.We no longerrestricttheconsiderationsto a scalardensityu but
considera vectorvaluedu : 
 ! [0; 1]2 and a correspondingsystemof parabolic



Fig.5. Differentsnapshotsfrom the multi-scalebasedon anisotropicdiffusion aredepictedfor
a 2D MHD simulationvector �eld (cf. Fig. 4). Herewe considera two dimensionaldiffusion
problemandinterpretetheresultingdensityasa color in a blue/greencolorspace.

equations.Thecouplingis givenby thenonlineardiffusioncoef�cient g(�) which now
dependson the norm kr uk of the Jacobianof the vectorvalueddensityr u andthe
right handsidef (u). Wede�ne f (u) = h(kuk)u with h(s) = ~f (s)=s for s 6= 0, where
~f is theold right handsidefrom thescalarcase,andh(0) = 0. Furthermorewe select
an initial densitywhich is now a discretewhite-noisewith valuesin B 1(0) \ [0; 1]2 .
Thus,thecontrastenhancingnow pushesthepoint wisevectordensityu eitherto the0
or to somevalueon thespheresectorS1 \ [0; 1]2. Again a straightforwardapplication
of themaximumprincipleensuresu(t; x) 2 B1(0) \ [0; 1]2 for all t andx 2 
 .

Figure5 shows anexamplefor theapplicationof thevectorvaluedanisotropicdif-
fusionmethodappliedto a 2D �o w �eld from a MHD simulation.The�eld shows the
dynamicsof anelectricallyconducting�uid. Theperformedclusteringoutlinestheso-
calledmagneticdomains(thick clusters),i.e.domainregionswherethe�uid circulates,
andcurrentsheets(thin, closedclustersborderingthemagneticdomains),which con-
tain mostof thecurrent.Furthermore,Figure6 shows resultsof this methodappliedto
several time stepsof a convective �o w �eld. An incompressibleBénardconvectionis
simulatedin a rectangularbox with heatingfrom below andcooling from above. The
formationof convectionrolls will leadto an exchangeof temperature.We recognize
thatthepresentedmethodis ableto nicely depicttheglobalstructureof the�o w �eld,
includingits saddlepoints,vortices,andstagnationpointson theboundary.

5.2 3D �o w �elds

Theanisotropicnonlineardiffusionoperator(2) hasbeenformulatedfor arbitraryspace
dimension.It resultsin a scaleof vector�eld alignedpatternswhich we thenhave to
visualize.In 2D this hasalreadybeendonein a straightforwardmannerin the above
�gures. In 3D we have somehow to breakup thetexture-volumeandopenup theview
to inner regions.Otherwisewe mustcon�ne ourselveswith somepatterncloseto the
boundaryrepresentingsolelytheshear�o w.

Herewe canbene�t from the vectorvalueddiffusion.Sincefor m = 2 the non-
trivial asymptoticlimits are in meanequally distributed on S1 \ [0; 1]2, we can we
reducethe image-contentandfocuson a ball shapedneighborhoodB � (! ) of a certain
point ! 2 S1 \ [0; 1]2 . Now wecaneitheruseavolumerenderingto visualizethis type



Fig.6. Convective patternsin a 2D �o w �eld aredisplayedandemphasizedby the methodof
anisotropicnonlineardiffusion.The imagesshow thevelocity �eld of the �o w at differenttime
steps.Therebytheresultingalignmentis with respectto streamlinesof this timedependent�o w.

Fig.7.Theincompressible�o w in awaterbasinwith two interiorwallsandaninlet (ontheleft of
thebox)andanoutlet(ontheright of thebox) is visualizedby theanisotropicnonlineardiffusion
method.Iso-surfacesshow thepre-imageof @B � (! ) underthevectorvaluedmappingu for some
point ! on thespheresector. Fromtop left to bottomright theradius� is successively increased.
A colorrampblue–green–redindicatesanincreasingabsolutevalueof thevelocity. Thediffusion
is appliedto initial datawhich is a relatively coarsegrainrandomnoise.

of sub-volumesor look at iso-surfacesof thefunction

� (x) = ku(x) � ! k2 :

Thentheparameter� 2 allowsusto depicttheboundaryof thepre-imageof B � (! ) with
respectto themappingu (cf. Fig. 7).



Fig.8. The principal directions of curvature of a minimal surface are visualized using the
anisotropicdiffusionequationon surfaces.

5.3 Flow �elds on 2D surfaces

Sofar we consideredvector�elds on domainswhich aresubsetsof the2D or 3D Eu-
clideanspace.It is straight-forwardto extendthemethodologyto tangential�o w �elds
on surfaces,suchas weather-map wind-�elds over the earth,�o w �elds on stream-
surfaces,or vector�elds from differentialgeometry. We have to replacetheEuclidean
gradientr and the divergenceoperatordiv by their geometriccounterpartsr M and
divM respectively. Heretheindex M indicatesthatwe areworking with thetangential
gradientanddivergenceon thesurfaceor manifoldM . Proceedingasin Section4 the
differentialoperatordescribingthegiven�o w �eld is givenby

A[u] := divM (a(r M u� )r M u)

for C2 functionsu on themanifoldM . As anillustrationFigure8 showsthevisualiza-
tion of theprincipaldirectionsof curvatureona minimalsurface.

5.4 Flow Segmentation

Theabove applicationsalreadyshow thecapabilityof theanisotropicnonlineardiffu-
sionmethodto outline the �o w structurenot only locally. In particularfor largerevo-
lution timesin thediffusionprocessthetopologicalskeletonof a vector�eld becomes
clearlyvisible. We will now investigatea possible�o w segmentationby meansof the
anisotropicdiffusion.Let usrestrictto the two dimensionalcaseof an incompressible
�o w with vanishingvelocity v at thedomainboundary@
 . Thentopologicalregions
areseparatedby homoclinic,respectively heteroclinicorbitsconnectingcritical points
in the interior of thedomainandstagnationpointson theboundary. Critical points,by
de�nition pointswith vanishingvelocityv = 0, mayeitherbesaddlepointsor vortices.
Furthermorewe assumecritical pointsto benon-degenerate,i. e. r v is regular. Saddle
pointsarecharacterizedby two realeigenvaluesof r v with oppositesign,whereasat
vorticeswe obtaincomplex conjugateeigenvalueswith vanishingrealpart.Stagnation
pointson@
 aresimilar to saddles.For detailswe referto [15].

In eachtopological region thereis a family of periodic orbits closeto the hete-
roclinic, respectively homoclinicorbit. This observationgivesreasonfor thefollowing



v

v?
Fig.9. A sketchof thefour sectorsata critical
point (indicatedby red disk), the initial spot
(bluedisk)for thediffusioncalculationandthe
orientedsystemf v; v? g .

Fig.10. Several time-stepsfrom thenonlineardiffusionsegmentationappliedto a velocity �eld
from aBénardconvectionareshown.Wehaveplacedtheseed-pointsascloseaspossiblein terms
of thegrid sizein thesectorsspannedby theeigenvaluesof theJacobianr v of thevelocity. Only
to emphasizethe evolution processa singlegrey-scaleimagefrom the diffusion calculationis
underlyingthesequenceof segmentationtimesteps.

segmentationalgorithm.At �rst, wesearchfor critical pointsin 
 andstagnationpoints
on @
 . We calculatethedirectionswhich separatethedifferenttopologicalregions.In
caseof saddlepointsthesearetheeigenvectorsof r v. Next, we successively placean
initial spotin eachof thesectorsandperformanappropriate�eld alignedanisotropic
diffusion.

Let us supposethat a single sectoris spannedby vectorsf w+ ; w� g wherethe
sign � indicatesincomingandoutgoingdirection.Themethoddescribedby equation
(3) would leadto a closedpatternalongoneof theabove closedorbits for time t large
enough.To �ll outtheinteriorregionwemodify thediffusionbyselectinganorientation
for a “one sided”diffusion(cf. Fig. 9). That is, we selecta uniquenormalv? to v and
considerthediffusionmatrix

a(v; r u� ) = B (v)T
�

�
G((r u� � v? )+ )

�
B (v) ;

where� is apositiveconstantand(s)+ := maxf s;0g. Furthermoreweconsideranon
negative,concavefunctionf : IR+

0 ! IR+
0 with f (0); f (1) = 0 asa sourcetermin the

diffusionequation.If theorientationof f w+ ; w� g coincideswith thatof f v; v? g, then
lineardiffusionin thedirectiontowardstheinteriorwill �ll up thecompletetopological
region.A segmentationof multiple topologicalregionsat thesametime is possible,if
wecarefullyselectthesectorswherewereleaseinitial spots.Figure10showsdifferent
timestepsof thesegmentationappliedto a convectiveincompressible�o w.



6 Transport and Diffusion for non stationary �o w �elds

Sofar, theaboveanisotropicdiffusionmethodgeneratesstreamlinetypepatterns,which
are alignedto trajectoriesof the vector �eld for a �x ed given time. I. e. for a time-
dependentvector�eld v : IR+ � 
 ! IRd onacomputationaldomain
 � IRd andd =
2; 3, we have beenconsideringintegral linesf x(s) j s 2 IRg with d

ds x(s) = v(t; x(s))
for a�x edtimet. Thus,themethodintuitively visualizesthevector�eld freezedat time
t but offers only very limited insight in the actualtransportprocessgovernedby the
underlyingtime-dependent�o w �eld.

To ensurethatour visualizationactuallydisplaysthis processwe have to consider
thetruetransportproblemandits particlelines.Hencewetake into accounttheparticle
motionobeying theequation d

dt x(t) = v(t; x(t)) andthe inducedtransportof a given
densityu(t; x). The fact that sucha purely advecteddensityu staysconstantalong
particletrajectoriesleadsto theconservationlaw

D
dt

u :=
d
dt

u(t; x(t)) =
@
@t

u + r u � v = 0

whichmeansavanishingof thematerialderivative.
In addition to this conservation law, we have to incorporatea mechanismfor the

generation,thegrowth andenhancementof �o w alignedpatterns.Herewe pick up the
previousmodel(3) andconsiderasimultaneousanisotropicnonlineardiffusionprocess
with lineardiffusionalongtheparticleline andsharpeningin theperpendiculardirec-
tion. Let us emphasizeherethat this diffusion processactsin forward and backward
directionof theparticleline. Thus,a carefulcontrolof theparametersis indispensable
to avoid anarti�cial propagationin downwind directionwith theaccompanying visual
impressionof a wrongvelocity. In thenext sectionwe will discussin detaila suitable
balanceof parameters.

Altogetherour basic transport diffusion model for time-dependentvector �elds
looksasfollows:Onthecomputationaldomain
 � IRd weconsiderfor agivenvector
�eld v : IR+ � 
 ! IRd theboundaryandinitial valueproblem:

@t u + r u � v � A [v; u] = f (u) in IR+ � 
 ;

(Ar u) � � = 0 on IR+ � @
 ;

u(0; �) = u0 in 
 ;

whereA[v; u] is the diffusion tensor(2) alreadyknown from the anisotropicdiffu-
sion for steady�o w �elds. The initial datau0 is againassumedto bea white noiseof
appropriatefrequency. Still the role of the right handsidef is to ensurecontrasten-
hancement.Consequentlywe apply functionsf which ful�ll theproperties(F1), (F2)
mentionedpreviously.

Thenew modelgeneratesandstretchespatternsalongthe�o w �eld andtransports
themsimultaneously. Theresultingmotiontextureis characterizedby adensecoverage
of thedomainwith streaklinetypepatterns,whichdonothavea�x edinjectionpointbut
movein timewith the�uid (cf. Figure11).Themethodis applicablein any dimension,
in particularon3D domainsand2D surfacesasfor thestatic�o w casebefore,although
we havenotperformedsuchcomputationsyet.



Fig.11.Threesuccessivetime-stepsof thetransportdiffusionprocessgeneratingdirectedpatterns
of a Bénardconvection(cf. Section6.1).Theadditionalcoloring indicatesthespeedof the�o w
�eld. Redcolorsindicatehigh velocity, whereasbluecolorsindicatelow velocity. To emphasize
thetransportof patternswe have magni�ed themarkedsectionsof theimagesin thelower row.

6.1 BalancingParameters

In general,transportanddiffusionarecontraryprocesses.Our goal in mind—thegen-
erationandtransportof patternswhich simultaneouslydiffusealongthe �o ws—there
hasto beacarefulweightingof theparametersthatsteerthetransportandthediffusion
respectively. Otherwisethediffusionmayoverrunthe transport,resultingin a process
thatis ratherdiffusionthantransportwith somepatterngeneratingdiffusion.

Let ussupposethetemporalresolutionof thegivenvector-�eld datais of size� . It
is well known thatthesolutionof theheatequationat a time t correspondsto thecon-
volution of theinitial datawith a Gaussiankernelof variance

p
2t. Sincethediffusion

tensora(v) invokeslineardiffusionwith acoef�cient � (kv(x)k) in thedirectionof the
velocityv(x) for everyx 2 
 , we considerthecorrespondingvariance

D(� (x)) :=
p

2� � (x)

to bea measurefor thediffusionwithin thetransportdiffusionprocessfor the time � .
Of courseameasurefor thecorrespondingexpectedtransportdistanceis

T (x) := � kv(x)k :

Typically T (�) is moreor less�x ed,since� is in generalprescribedby theunder-
lying CFD data.Thus,we would like to adjust� locally suchthatD is balancedwith



T . To this endwe introduceabalancingparameter� 2 IR+ andconsiderthebalancing
condition

D(� (x)) = � T (x):

Roughlyspeakingwe thenhave thefollowing relations:

� � 1 Transportdominatesthemodel,

� = 1 Transport� Diffusion,

� � 1 Diffusiondominatesthemodel.

Hence,choosing� < 1 �x ed,andsolvingthebalanceconditionfor � (x), we geta
suitablediffusioncoef�cient

� (kvk)(x) =
� 2 kv(x)k2 �

2

asa functionon thedomain
 which insteadof theonede�ned in Section4 is inserted
into thediffusiontensora(v; r u� ) of our transportdiffusionmodel.

Let usfurthermorestudytheampli�cation of certainfrequenciesof theinitial image
dueto theright handsideof our model.Our focuswill beon thein�uence of theshape
of f onthecontrastenhancingpropertyof themodel.To thisendlet usconsideramuch
simplersettingof a high frequency initial datagivenby

u0(x) =
1
2

h
sin

� x
�

�
+ 1

i

andrestrictourselvesto asimplediffusionequationalonga(1-dimensional)streamline,
which is givenby

@t u � ��u = f (u) in [0; 1]:

We considerthelinearizationof f around1
2

~f (u) = 

�

u �
1
2

�
;

where
 is the slopeof theoriginal f at 1=2. Now let us take into accounttheansatz
u(t) = b(t)

�
u0(x) � 1

2

�
+ 1

2 for the evolution of a one-dimensionalimage-density.
Insertingtheansatzinto thelineardiffusion-equationwe obtain

1
2

h
b0+

� �
� 2 � 


�
b
i

sin
� x

�

�
= 0

andso
b(t) = exp

h�

 �

�
� 2

�
t
i

:

This meansthatfrequenciesabove
p

�=
 aredamped,whereasfrequenciesbelow this
thresholdare ampli�ed. Given an upperthreshold1=� for the frequencieswhich we
wantto amplify, we choose


 =
�
� 2 :

Finally, we constructour nonlinearright handsidef (�) in sucha way that theslopeat
1=2 equals
 .



6.2 A Blending Strategy for Long-Term Animation

With theanisotropicdiffusionmodelfor steady�o w �elds we have generateda whole
scaleof representations.Here,thescalewasidenti�ed with thetime t of theevolution
process.But asproposedin the lastsection,thescaleparameteris now coupledto the
actualtransportprocessin our transportdiffusion model. In particularfor long-time
visualizationpurposesthis couplingleadsto unsatisfactoryresults.Becausedueto the
natureof ourmodel,weareunableto freezethescaleandsolelyconsidertheevolution
of suitablepatternsat thatspeci�c scalein time,whichwouldbetheoptimumprocess.

The solutionwe proposehereis a compromisebasedon theblendingof different
resultsfrom thetransportdiffusionevolutionstartedatsuccessivetime-points.First,we
selecta suitableinterval for thescaleparameter[s0; s1] with s1 > s0 > 0 aroundour
preferredmulti-scaleresolutionfor the resultingimages.Basedon a smoothblending
function : IR ! [0; 1] having supportin (� 1; 1) andsuchthat

 (t) =  (� t) = 1 �  (1 � t),
 (0) = 1,

wecanconstructapartitionof unity f  i g ontherealline IR. Thatis, wede�ne  i (t) =
 ( 2t � ( i +1)( s0 + s1 )

s1 � s0
). Now, for all i = 0; 1; : : : we separatelysolve theabove transport

diffusionproblemfor differentstartingtimest i = i ( s1 � s0
2 ) alwaysconsideringsome

whitenoiseof a�x edfrequency rangeasinitial dataanddenotingtheresultingsolution
by ui . For negative time we supposea suitableextrapolationof thevelocity �eld to be
given.Finally, applyingblendingof at leasttwo differentsolutionswecompute

u(t; x) =
X

i

 i (t)ui (t; x) :

This intensityfunction is well de�ned for arbitrarytimesandcharacterizedby the ini-
tially prescribedscaleparameterinterval.

We usethis constructionfor an animationof the �o w over a certaintime interval
(cf. Fig. 12 for agraphof theblendingfunctions).Suchananimationinvolvesall solu-
tionsui for which theblendingfunction i hasa nonvanishingoverlapwith thegiven
time interval. Otherconstructionsof a partition of unity andcorrespondingblending
functionsarenearat handandespeciallymultiple overlapscanbe consideredwhich
requirestheblendingof morethantwo intensityfunctionsat thesametime.Weempha-
sizethat theapplicationof this blendingtechniquedoesnot introduceany inaccuracy,
becausefor any time t theresultingimageu(t; x) consistsof imagesu i (t; x) showing
streaklinesat time t andat slightly varyingscale.

7 Continuousclustering via anisotropic phaseseparation

So far, we have discussedthe generationof �o w alignedmulti scaletextures.Let us
now look thethehierarchicalclusteringof �o w data,rangingfrom smallclustersshow-
ing stronglocal coherenceof the �o w to largeglobalclustersetsgatheringlarge �o w
patterns.As before,we will discussthis taskin the framework of continuousmodels.
Beforewe detail the applicationof sucha model for the actual�o w clusteringlet us
review the underlingphysicalmodel for the coarseningof structuresin metalalloys,
whichgoesbackto CahnandHilliard [5].
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Fig.12.Theweightingfactorsin theblendingoperationtogetherwith theoverlappingscale/time
intervalsof theconsideredtransportdiffusionprocessesareshown in a diagramover time.

Fig.13.Threetime-stepsof theoriginalCahn-Hilliardphaseseparation.

7.1 The Cahn-Hilliard model

The Cahn-Hilliard model was introducedto describephaseseparationand coarsen-
ing in binary alloys. Phaseseparationoccurswhena uniform mixture of the alloy is
quenchedbelow a certaincritical temperatureunderneathwhich the uniform mixture
becomesunstable.As a resulta micro-structureof two spatiallyseparatedphaseswith
differentconcentrationsdevelops.In laterstagesof theevolutiononamuchslowertime
scalethanthatof the initial phaseseparationthe structuresbecomecoarser:eitherby
merging of particlesor by growing of biggerparticlesat thecostof smallerones.This
coarseningcanbeunderstoodasaclustering,wherethesystemmainly triesto decrease
thesurfaceenergy of theparticleswhich leadsto coarserandcoarserstructuresduring
theevolution. In thebasicCahn-Hilliardmodelthis surfaceenergy is isotropic.There
areno preferreddirectionsof theinterfaces.Hencetheparticlestendto beball shaped
(cf. Fig. 13).

In thefollowing paragraphwebrie�y outlinethebasicconceptof theCahn-Hilliard
model.For moredetailswereferto thereview papersby Elliott [10] andNovick-Cohen
[25]. The modelis basedon a Ginzburg–Landaufree energy which is a functionalin
termsof theconcentrationdifferenceu of thetwo materialcomponents.TheGinzburg–
Landaufreeenergy E is de�ned to be

E(u) :=
Z




n
	 (u) +



2

jr uj2
o

;
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Fig.14. Chemicalenergy as function of con-
centration

where
 is a boundeddomain.The�rst term	 (u) is thechemicalenergy densityand
typically hasadouble-wellform. In thispaperwe take

	 (u) =
1
4

�
u2 � � 2� 2

with a constant� 2 (0; 1] (cf. Fig. 14).We notethatthesystemis locally in oneof the
two phasesif thevalueof u is closeto oneof thetwo minima� � of 	 .

Now, thediffusionequationfor theconcentrationu is givenby

@u
@t

� �w = 0

on IR+ � 
 , wherew is the local chemicalpotentialdifference,which is givenasthe
variationalderivativeof E with respectto u

w =
� E
� u

= � 
 �u + 	 0(u):

As boundaryandinitial conditionswe request@� w = @� u = 0, where� is theouter
normalon@
 , andu(0; �) = u0(�) for someinitial concentrationdistributionu0.

Startingwith arandomperturbationof aconstantstate�u0, whichhasavaluesin the
unstableconcave part of 	 , we observe the following: In the beginning the chemical
energy decreasesrapidly whereasthegradientenergy increases.This is dueto thefact
thatduringphaseseparationu attainsvalueswhich areat largeportionsof thedomain
closeto the minima of the chemicalenergy 	 . Sinceregions of different phaseare
separatedby transitionzoneswith large gradientsof u, the gradientenergy increases
duringphaseseparation.In thesecondstageof theevolution—theactualclustering—
when the structuresbecomecoarser, the total amountof transitionzonesdecreases.
Correspondinglytheamountof gradientenergy becomessmalleragain.

7.2 Anisotropic interface energy

Letusnow turnto theclusteringmodelfor �o w data.Weintroduceaclustermappingu :
IR+

0 � 
 ! IR whichwill bethesolutionof anappropriateevolutionproblem.Thereby,
time will againserve as the scaleparameterleadingfrom �ne clustergranularityto
successively coarserclusters.For �x edscalet our de�nition of thesetof clustersC(t)
is

C(t) = f x j u(t; x) � 0g:



Thissetsplitsup into theconnectedcomponentsof C(t)

C(t) =
[

i

Ci (t):

Theevolutionproblemsteeringtheclustersvia thequantityu shouldsatisfythefollow-
ing properties:

– thenumberof clustersgenericallydecreasesin time,
– theshapeof theclustercomponentsstronglycorrespondsto correlationsin thedata

�eld,
– thevolumefractioncoveredby C(t) is approximatelyconstantin t, i. e. jC ( t ) j

j 
 j � �
for � 2 (0; 1).

Theseconditionsmotivateusto pick up thephysicalCahn-Hilliardmodelwith the
double-wellseparationpotential	 (u), a separationenergy Es =

R

 es(u) andenergy

densityes(u) = 	 (u). Among all u with
R


 u = �u0 = const.theenergy Es attains
its minimumif u hasthevalues� � only. This leadsto a binarydecompositionof the
domaininto two parts,whereonepartcorrespondsto f x j u(x) = � g. However this set
canhavemany connectedcomponentsandmayevenbeveryunstructured.Furthermore
thereis no mechanismwhich enforcesa successive coarseningandthusa true multi-
scaleof clusters.

We remedythis behavior by introducinga termwhich penalizestheoccurrenceof
many disconnectedclustercomponentswith highinterfacialarea.To thisendwechoose
aagradientenergyE@=

R

 e@with localenergydensitye@thatpenalizesrapidspatial

variationsof u. In orderto have�e xibility to chooseananisotropicandinhomogeneous
gradientenergy, anappropriatede�nition of aninterfacialenergy densityis givenby

e@(r u) =


2

ar u � r u;

where
 is a scalingcoef�cient anda 2 IRn � n is somesymmetricpositive de�nite
matrix thatmaydependon thespacevariableandotherquantitiesinvolved.

In thefollowing wewill referto theset@f x j u(x) = 0g astheinterface.Theorien-
tationof theinterfacecanbedescribedby its normalwhich, in thecasethatr u 6= 0, is
givenby thenormalizedgradient

� =
r u

kr uk
:

For a = Id all gradientsof u andhence,all interfacesarepenalizedequallyindepen-
dentof their orientation.But with respectto our clusteringintentionwe consideran
anisotropicenergy densitywhichstronglydependson theorientationof thelocal inter-
faceandtherebyon thedirectionof r u.

Foragivenstaticvector-�eld v : 
 ! IRn anaturalclusteringshouldemphasizethe
coherencealong the inducedstreamlines.Thus, interfacesalignedacrossstreamlines
have to be penalizedsigni�cantly by the gradientenergy whereasinterfacesoriented



alongstreamlinesaretolerated.We choosethediffusiontensorsimilar to theonesused
above(cf. Section4)

a(v) := B (v)T
�

1 0
0 � (kvk)Id n � 1

�
B (v)

Sinceinterfacesthat crossstreamlinesshall have larger energy we choosea positive
function� with � � 1.

Altogetherwe havede�ned theenergy

E(u) :=
Z




n
	 (u) +



2

ar u � r u
o

andproceedasfor the basicCahn-Hilliardmodel.We de�ne the �rst variationof the
energy andarriveat thepotential

w = 	 0(u) � 
 A [v; u];

whereA = div(a(v)r u) is de�ned asin theprevioussections.
Let us continueasbeforeandassumethat the evolution of the clustermappingu

is governedby diffusionwherethecorresponding�ux linearlydependson thenegative
gradientof the �rst variationof energy. Thus,we choose@t u � �w = 0 asaboveand
endupwith thefollowing fourthorderdifferentialequation:

@t u � � (	 0(u) � 
 A [v; u]) = 0

with boundaryconditions@� u = @� w = 0 andprescribedinitial datau(0; �) = u0(�).
After aninitial shortperiodof phaseseparationit is mainly theinterfacialenergy con-
tributionwhich is successively reduced.

As in the texturegenerationapproachesit doesnot make senseto considercertain
initial data,if no a priori information on the clusteringis known. Consequentlywe
chooseaconstantvalue�u0 plussomerandomperturbationsasinitial datau0. Thecon-
stant�u0 dependsonthevolumefraction� of thedomainwhichshallbecoveredby the
clusters,i.e.by thesetsf x j u(t; x) � 0g. Therefore,we choose�u0 = � � � (1 � � )� .

During theevolutionvery rapidlyclusterpatternswill grow without any prescribed
locationandorientation.This is in orderto decreaseEs =

R

 	 (u) which forcesthe

solution to obtain valuesclose to � � in most of the domain 
 . After this starting
phasethe clustersorient themselvesin an anisotropicway to decreasethe amountof
theanisotropicgradientenergy E@. In additionthey becomecoarserandcoarserdueto
thefactthatsmallerparticlesshrinkandlargeronesgrow. In particularoneobservesthat
a largeparticlebeingsurroundedby smalleronesgrows to theexpenseof thesmaller
ones.This impliesthatastimeevolveslocally only themainfeaturesof theclusterswill
bekept.

Finally we obtaina scaleu(t; �) of clustermappingsandinducedclustersetsC(t).
They representa successively coarserrepresentationof simulationdataandcontinu-
ouslyenhancescoherencesin theunderlyingsimulationdataset,wheretheclusterset
C(t) will covera volumeof approximatesize� j
 j.



Fig.15. Top: Successive stagesof the continuousclusteringof a Bénardconvective �o w �eld,.
Bottom: Effect of increasinganisotropy � . The computationsarebasedon a grid of resolution
2572 .

8 Remarks on the �nite elementimplementation

So far, we have not yet discusseddiscretizationin spaceandtime of theabove intro-
ducedcontinuoustime-dependentpartial differentialequations.Hence,we dealwith
the variationalformulationof the differentPDE problemsintroducedabove. We pro-
poseto considera �nite elementdiscretizationin spaceanda semi-implicitbackward
Eulerschemein time.

Thesemi-implicittemporaldiscretizationmeansthatthenonlineardiffusiontensor
A andthenonlineartermon theright handsidef (u) aswell asthederivativesof the
nonconvex potential areevaluatedat theold time-steps.

For thespatialdiscretizationwecanrestrictthenumericalconsiderationsto regular
hexahedralgrids in 2D and3D. On thesegridswe have bilinear, respectively trilinear
�nite elementspaces.However below we will usetriangularelementsaswell. In any
casewe canbasenumericalintegrationon the lumped-massesproduct(�; �)h [36] for
theL 2 productandamidpointquadraturerule for thebilinearform (Ar �; r �).

Finally, in eachstepof the discreteevolution we have to solve a single system
of linear equationsfor the vectorof nodal valuesfor the densityfunction u and the
chemicalpotentialw, respectively. In casewe needpre-smootheddata,we consider
a singlediscrete,implicit time-stepfor the computationof theheatequationwith the
densitybeingsmoothedasinitial data.



Fig.16. GeneralAMG construction.From the
�ne scalematrix A 0 input,AMG computespro-
longationsP l , restrictionsR l , andcoarsescale
matricesA l on successively coarserscalesl =
1; : : : ; L .

9 Clustering basedon hierarchical decompositionof a differential
operator

In theprevioussectionwehavediscussedacontinuousphysicalmodelfor theclustering
of �o w �elds. Insteadof involving methodsadaptedfrom continuummechanics,we
might askfor a directhierarchicaldecompositionof thedifferentialoperatorsA from
Section4, which representdiffusionprocessesstronglyalignedto the�o w �eld.

9.1 Review of algebraic multigrid

The ideawe develop in this sectionusesalgebraicmultigrid (AMG) methodologyto
decomposethe correspondingdiscreteoperator. AMG methodswere �rst introduced
in the early 1980's [2, 3,28] for the solution of discretelinear systemsAU = F of
equationscomingfrom thediscretizationof lineardifferentialequationsA[u] = f on
domains
 with suitableboundaryconditions.We referto [37] for a detailedintroduc-
tion. TherebyU is supposedto be a �nite elementapproximationof the continuous
solutionu andA the �nite elementstiffnessmatrix correspondingto A. Finally, F is
thecorrespondingdiscreteright handside.

Thedevelopmentof AMG wasledby theideato mimic classical(geometric)multi-
grid methodsfor applicationswhereahierarchyof nestedmeshesis eithernotavailable
at all, or cannotre�ect particularpropertiessuchasstrengthof diffusion of the dis-
cretizedoperatorappropriatelyoncoarsegrid levels.

Consequentlyonehasto work with the matrix A andits algebraicstructure.The
generalprocedureis sketchedin Figure16.AMG triesto coarsenthis matrix indepen-
dently from any underlying�ne grid discretization,wheren is thenumberof degrees
of freedom.It computesa sequenceof prolongationmatricesP l which encodeshow
coarsescale(l ) basisfunctionsarecombinedusingthebasisfunctionsonthe�ner scale
(l � 1). This inducesasequenceof correspondingmatricesA l , de�ned by theso-called
GalerkinprojectionA l := R l A l � 1P l , wheretherestrictionR l is givenasthetranspose
of the prolongationP l (R l := (P l )T ). The prolongationmatricesf P l gl =1 ;::: ;L are
computedusinginformationfrom thematrixA l � 1 onthepreviouslevel l � 1 only. The
sequenceof prolongationmatricesallows for theconstructionof a problem-dependent



basisf 	 l;i g. Oneconstructsa coarserbasisf 	 l;i g which capturestheappropriatefea-
turesrelevantfor theapproximationof thecorrespondingcontinuousproblem.

9.2 AMG for �o w �eld clustering

Thetheoryanddesignof ef�cient AMG tools is ratherinvolved.However, we empha-
sizethat our �o wing clusteringrequiresjust basicAMG capabilities.We performno
speci�c tuningof theAMG for �o w clustering.Let usapplythemethodto theconcrete
discrete�nite elementmatrix A of thedifferentialoperatorA . This stiffness-matrixA
canbe regardedasa descriptionof thestructureof the �o w �eld v, becauseasin the
operatorA the �o w alignmentis encodedin this matrix. Indeed,the matrix simulta-
neouslyrepresentsdominant�o w patternsaswell assuccessively �ner , moredetailed
�o w structures.

With the AMG we �nd a tool which is able to represent�o w patternsin a hier-
archicalmulti-scalefashion.AMG deliversa setof descriptionsof the �o w-induced
couplingin termsof matricesA l for l = 0; : : : ; L , rangingfrom detailed(A0 = A) to
verycoarse(AL ).

Let us illustratehow AMG works usingtwo simpleexamples.Considerthe �o w
�elds v1(x) = (� 1; 1) andv2(x) = (1; 1) on thesquaredomain
 = [� 1;1]2 � IR2.
We cande�ne a simplediffusiontensor

a(v) = B T
�
kvk + � 0

0 �

�
B := B T

� p
2 + 0:001 0

0 0:001

�
B ;

whereB is a rotationof � 45 degreesandwe chosea smalldiffusionvalue� = 0:001
orthogonalto the directionof the vector �eld v. We needa non-zerodiffusion value
in this direction too. Indeed,the diffusion valuecouplesneighbordomainpoints (or
elementnodes,in thediscretizedversion).Having a non-zerodiffusionacrossthe�eld
v to beclusteredensuresthatweshallobtainthickclustersoncoarsescales,asdescribed
later. Having arelatively largediffusionalongthe�eld v ensuresthattheseclusterswill
bemuchlargerin thedirectionof the�eld thanacross,which is thedesiredresult.The
choiceof the � value is not importantas long as it staysa few ordersof magnitude
smallerthantheaveragevalueof kvk. We thenconsiderthecorrespondingdifferential
operatorA [u] = div(ar u) andapply the AMG methodto the matrix which results
from thediscretizationof A on a regular triangulation.Figure17 shows thecoupling
strengthsencodedin thematricesA l for the �rst three�nest levels l = 0; 1; 2, for the
�elds v1 = (1; 1) andv2 = (� 1; 1), usinga blue-to-redcolormap.For thesame�elds,
Fig. 18showsselectedbasisfunctionson thefour coarsestdecompositionlevels.

For theactual�o w �eld clusteringapplicationwe considerthedifferentialoperator
A [u] = div(a(v)r u) wherethediffusiontensoris

a(v) := B (v)T
�

� (kvk) 0
0 Idn � 1

�
B (v)

andB (v) is thesamerotationasabove.
When we apply the AMG algorithm to the matrix A 2 IRn;n correspondingto

the above differentialoperator, we obtaina sequenceof prolongationmatricesP l 2



Fig.17.Color-codedcouplingstrength(zoomedin) onthecomputationalgrid. Three�nest levels
(left to right) areshown for the�elds v1 = (� 1; 1) (bottomrow) andv2 = (1; 1) (top row). The
white arrows show the�eld direction.

IRn l � 1 ;n l asoutput,wheren l for l = 0; : : : ; L arethedecreasingnumbersof remaining
unknownsandn0 = n. Theentriesin eachcolumni = 1; : : : ; n l of P l give thecoef�-
cientsof thelinearcombinationof the�ner basisfunctions� l � 1;j for j = 1; : : : ; n l � 1

correspondingto the coarserbasisfunction � l;i on level l . In otherwords,eachma-
trix A l deliveredby the AMG, startingwith the initial, �nest oneA0 = A down to
thecoarsestoneAL , approximatesthe�ne grid operatorusingthe(matrix-dependent)
basisf � l;i gi =1 ;::: ;n l :

A l
ij = A� l;i � � l;j =

Z



a(v)r � l;i � r � l;j ;

where� l;i is thenodalvectorcorrespondingto thefunction� l;i , i. e.denotingtheinitial
basisfunctionswith � j we have� l;i =

P
j =1 ;:::;n (� l;i ) j � j .

Hence,thefollowingsimplerecursiverecipecanbeusedto calculatethemulti-scale
of basisfunctions� l;i

� l;i :=
X

j =1 ;::: ;n l � 1

P l
j i �

l � 1;j 8i = 1; : : : ; n; l = 1; : : : ; L

� 0;i := � i 8i 1; : : : ; n

Figure 18 alreadyindicatesthat the shapesof the basisfunctionsclearly show the
strengthof the local coupling.The AMG methodclustersverticesalonga streamline



Fig.18. For the two vector �elds v1 = (� 1; 1) (bottomrow) andv2 = (1; 1) (top row) basis
functionson thefour coarsestlevelsareshown. Obviously thebasisfunctionsareclearlyaligned
to the�o w �eld (cf. Fig. 17).

alreadyona �ne scale,sincethey arestronglycoupled.Verticesnotalignedto the�o w
areclusteredoncoarserscales,sincetheir couplingis relatively weaker.

9.3 From basisfunctions to clusters

But asusualwith �nite elements,thesupportsof basisfunctionson a givenscaleare
overlapping.Therefore,weneedto deriveamulti-scaleof domaindecompositionsfrom
thesetof basisfunctionsto partition thedomaininto disjoint clusters.Sucha domain
decomposition

D l := fD l;i gi =1 ;::: ;n l

caneasilybede�ned for every l = 0; : : : ; L asfollows:

D l;i := f x 2 
 j 	 l;i (x) � 	 l;j (x) 8j = 1; : : : ; n l g

In other words,a domainD l;i on level l is the set of points wherethe basis� l;i is
dominanton thatlevel.

Now, severalobservationscanbemade:

– Thedomainsondifferentscalesneednotbestrictly spatiallynested– thesupports
of theshapefunctionsare,but thedecompositionarisingfrom themaximumprop-
erty is not.However, thedomainsareclearlyalignedto the�o w �eld.

– All domainsonagivenlevel l havecomparablesizesandtheaveragedomainsizeis
reducedby a factor, roughlyequalto 2, from level l to level l + 1. Theseproperties
areinheritedfrom thebottom-upcoarseningschemeusedby theAMG method.



Fig.19.For thevector�eld from amagneto-hydrodynamicssimulation(MHD) shown in Figures
4 and5 the hierarchicaldecompositionis shown. From top to bottomthe clusterson the � ve
coarsestlevelsareindicatedwith a color-coding(left). Theoriginsof thecluster-corresponding
basisfunctionsserve asthestartingpoint for theintegrationof trajectories(right).



– Theclusteringof the�eld v1 = (� 1; 1) (Fig. 17 top row) is perfectlyalignedwith
the�eld (cf. thebasisfunctionsin Fig. 18 top row). However, theclusteringof the
�eld v2 = (1; 1), althoughvery similar, is lessregular (Figs.17, 18 bottomrow).
This is the unavoidableimpact of the underlyingoperatordiscretization(which
is herea meshcontainingtriangles).Sincev2 is perpendicularto the initial mesh
edges,this is theworst-casescenario.However, even in this case,theconstructed
domainsarestill verymuchalignedwith the�eld.

– The supportsof the basisfunctions,respectively the induceddomainson a given
level, do not have exactly thesamesize(area),sinceAMG cannotevaluate(inte-
grate)the massof the basisfunctions.Indeedit doesnot employ any geometric
nodalinformation,but only a matrix of couplingstrengths.However theserestric-
tionscausenopracticalproblemsfor visualizingreal-world datasets.

Finally we can show the color-codeddomainsand in addition velocity-colored
curvedarrow icons(cf. [35,12]). For everydomainD l;i , we draw onesuchicon,using
a streamlineseededat thepoint wherethecorrespondingbasisis maximum.Figure19
showsthedecompositionof a magneto-hydrodynamics(MHD) �o w dataset.

9.4 Clustering 3D Flow Fields

Our methodworks identically for 3D (volumetric)vector �elds. The only difference
is the useof tetrahedral,insteadof triangular, meshes.However, direct visualization
of a color-codeddomaindecomposition,asin the 2D case,is not effective dueto the
volumetricocclusion.Hence,we usea few post-processingsteps.For every domain
D l;i on a givenlevel l , we constructa closedtrianglemeshthatboundsD l;i . Next, we
smooththesemeshesusinge.g.a Laplacian�lter or a windowed sinc �lter [30]. As
a result,themeshesbecomeslightly smaller, which allows us to betterseparatethem
visually. Next, we implementan interactive navigationschemein which domainsD l;i

canbe madehalf or completelytransparentby a mouseclick. Userscaninteractively
'carve' into the�o w volumeto e.g.removeuninterestingareasandbringinginner�o w
structuresinto sight, seeFig. 20. Alternatively, we canvisualizethe �o w at a given
level of detailusingthesamecoloredarrow glyphsasin the2D case.Figure20shows
the �rst threecoarsestdecompositionlevels of a 3D helix �o w andof a 3D laminar
�o w with v = (1; 1; 1) respectively. We usethe interactive techniquesketchedabove
to remove the outerdomainsandto exposethe moreinterestinginner �o w structure.
Theremainingsmootheddomainsareshown in thetoprow of Fig.20for thehelix �o w
andin thebottomtrow of Fig. 20 for the laminar�o w (comparethelatterwith the2D
�eld in Fig. 17). In thecenterrow of Figure20 thesamedomainsasin thetop row are
shown, but this time half transparentandequippedwith anarrow icon.

Finally, weconsidertheincompressible�o w in awaterbasinwith two interiorwalls,
aninlet andanoutlet—thesamedatasetasshown in Figure7. Figure21showsseveral
multi-scalelevels, visualizedwith curved arrow icons. Theseimagesshow that our
methodschemeworksin 3D just aswell asin 2D.



Fig.20.Helix �o w, selecteddomains(top row), half-transparentdomainswith arrow icons(mid-
dle row). Diagonal�o w, selecteddomains(bottomrow).

Fig.21.For thewaterbasindataset(cf. Fig.7) weshow thethreecoarsestlevelsof thehierarchical
decomposition.



Fig.22.Climatedatasetdecomposition,� vecoarsestlevels(left to right). Domains(toprow) and
�o w textureoverlaidwith curvedarrow icons(bottomrow)

9.5 Clustering vector �elds on 2D surfaces

For the clusteringapproachwe consideredvector�elds on Euclideandomainsso far.
Sincewe have seenin Section5.3 thatwe canextendto differentialoperatortowards
surfaces,we canapply thesamegeneralizationto theAMG clusteringaswell. Again
we replacetheEuclidiangradientanddivergenceoperatorsby their geometriccounter
partsandapplytheAMG to a discretizationof

A [u] := � divM (Ar M u):

The �nite elementdiscretizationis now completelyanalogousto theabove Euclidean
case.In fact,weuseexactly thesamecodefor all ourapplications.Weapproximatethe
surfaceM by a triangulationM h andcomputein thesamewayason �at domainsthe
stiffnessmatrix A correspondingto theoperatorA .

As anillustration,weshow themulti-scaledecompositionof theaveragewindstress
�eld on the surfaceof the Earthin Fig. 22 (the datasetis taken from [42]). The �o w
texturein thebottomrow wasproducedwith theIBFV methoddescribedin [42].

10 Conclusions

We have presentedan overview of �o w �eld visualizationmethodsusingpartial dif-
ferentialequations(PDEs).Thesemethodscoverabroadareabetweenpuresimulation
of physicalprocessesbasedon suchequations,andpurepost-processingof suchsim-
ulation dataobtainedby other techniques.PDE-basedvisualizationmethodshave a
numberof strongadvantages.First, they aredensemethodsthatproducevisualizations
whereeverypoint of theconsideredspatialdomainis represented.This naturallyasso-
ciatesthemwith, andbringsthemcloseto, texture-basedvisualizationmethods.Sec-
ond,PDE-basedvisualizationscannaturallytargetany spatialdimension,e.g.from 2D
to time-dependent3D datasets,in a uniform modelingandcomputationalframework.



Third, onecanuseexisting, well-provenandwell understoodnumericaltechniquesto
solvetheunderlyingPDEdiscretizations,yieldinganoverallrobustapproachto datavi-
sualization.Fourth,many suchmethodshaveanaturalsupportof themultiscalenotion,
beingableto captureandrepresent�o w datadetailsat differentspatialscales.Often,
timeservesastheparametercontrollingthescale.However,probablythemostattractive
aspectof PDE-basedvisualizationsis theirability to modelawiderangeof phenomena
anddataenhancementoperations,rangingfrom simple�ltering to sophisticatedmul-
tiscalefeature-preservingdecompositiontechniques,in a well-foundedmathematical
way, thatleadsto novel andinsightful visualizations.
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