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Abstract. Thevisualizationof stationaryandtime-dependenb w is animpor-
tantandchallengingopic in scienti ¢ visualization.lts aimis to representrans-
port phenomengovernedby vector elds in anintuitively understandablevay.
In this paper we review the useof methodsbasedon partial differential equa-
tions (PDESs)to post-process w datasetsor the purposeof visualization.This
connectso w visualizationwith imageprocessinggndmathematicaiulti-scale
models Weintroducetheconceptof o w operatorandscale-spacandexplain
theirusein modelingpostprocessingnethoddor o w data.Basedonthisframe-
work, we presenseveralclasse®f PDE-basedisualizationrmethodsanisotropic
linear diffusion for stationary o w; transportand diffusion for non-stationary
o w; continuousclusteringbasedon phase-separatiorgnd an algebraicclus-
tering of a matrix-encodedo w operator We illustrate the presentedtlasseof
methodswith resultsobtainedfrom concreteo w applicationsusingdatasetsn
2D, owsoncurnedsurfacesandvolumetric3D elds.

1 Intr oduction

A greatvariety of differentapproachesor the visualizationof vector eld datahas
beenpresentedn the past.The methodologyrangesfrom simplediscretearrow plots
appliedto steadytwo-dimensionalector elds to advancechardware-accelerategblu-
metrictechniquegor visualizingmultivariatedatafor three-dimensionaynsteadyo w
problemsandmulti-scalefeaturedetectionandtrackingtechniquegor complex time-
dependenCFD problems.

Therecentincreaseof thenumberof o w visualizationtechniquesasbeendriven
by two mainfactors.On onehand,the exponentialgrowth in sizeof datasetproduced
by CFD simulationgequireso w visualizationmethodgo beableto displaymoredata
in shortertime. On the other hand,speci ¢ application elds, rangingfrom weather
simulation,meteorologyandgroundwater o w, to automotive,aerodynamicsgndma-
chinedesignhave eachtheir own particularrequirementandquestiongo beanswered
regarding o w datasetsAs a centralandgenerallyacceptedigh-level goal, o w visu-
alizationshouldprovideintuitively betterreceptiblemethodswvhich give overallaswell
asdetailedviews onthe o w patternsaandbehaior.

Giventheabove, severalclassi cationsof o w visualizationmethodshave beenre-
cently proposedrom differentpointsof view. In their Stateof the Art report,Laramee



etal. [20] have classi ed o w visualizationinto direct, densetexture-basedgeomet-
ric, andfeature-basechethodsfollowing amodelof the o w datain discretesamples,
continuougdense)kscalar elds, geometridntegral primitives,andapplication-speci ¢
feature-baserkpresentationg secondverview of o w visualizationrmethodss given
by Weislkopf andErlebachef45]. Here threeclassi cationsof o w visualizationrmeth-
odsareproposedbasednthevisual primitive used(points,curves,or features)pased
onthedensityof theproducedmage(sparsevs. densetexture-based)and nally based
on the datastructuee (2D, 2.5D, and 3D methods)anddiscretization(on variousgrid
types).A morerecentreportof Larameeet al. [21] presentsa comparisonof major
visualizationtechniquesevaluatedfrom the point of view of a speci c application—
theunderstandingf swirl andtumble o w data.Here,visualizationsareclassi edinto
texture-baseanethodsclusteringapproachesnalyse®f thevector eld topology and
feature-trackingpproaches.

In thispaperwe giveanoverview of 0 w visualizatiormethod$asedn partialdif-
ferentialequation§PDES)[9, 12,13]. Thesanethodaisea particularmodelof the o w
data,asfollows. The o w domainis seerasa subsebf thecontinuousR? or IR® space.
The visualizationprocesss describechow in termsof a continuousphysicalprocess,
suchasdiffusion, adwection,or phaseseparationThe particulartype of PDE andits
boundaryconditionsareusedasinstrumentdo modeldifferentvisualizationquestions,
suchas:Which arethelaminar, transientandturbulentregions?How doesthematerial
densityvaryin time in the datasetMow doesthe o w look like on smallspatialscales
(o w details)asopposedo a global, coarsescale( o w overvien)? Oncethe type and
parameter®f the properPDE are establishedthe o w domainis discretized usually
by a nite-elementor nite-dif ferenceschemeandthe underlyingPDE is solvedwith
appropriatesolversfor theresultingequationor systemof equationsFinally, the solu-
tion is displayed therebyansweringheinitial setof visualizationquestionghattarget
the o w data.

Theaboveleadsusto anoutlineof severalcharacteristicef PDE-basedo w visual-
izationmethodsFor this, we shallusetheterminologyemployed by the classi cations
presentedn [45,21,20]. First, PDE-basedo w visualizationsare densemethods by
de nition. Secondthey work in all dimensionsvhere o w visualizationis of interest,
i.e.2D, 2.5D (curvedsurfacesembeddedn 3D), and3D. Third, they areapplicableto
bothsteadyandunsteadytime-dependentp w datasetsln termsof actualvisualrep-
resentationPDE-basednethodsarenaturallycloselyrelatedto texture-baseanethods.
Although the resultsof PDE-basednethodscan be displayedusing also othertech-
niques,suchasslice planes streamlineg12], andiso-surbiceg[9], their inherentcon-
tinuous,densenaturemakesthemnaturalcandidate$or using2D and3D texture-based
displaytechniquesin this sense PDE-basednethodscanbe seenasa front-end,that
translatea given direct o w representatiofvector eld plus additionalscalarquanti-
tiessuchaspressurer concentrationjo a seconddenseusuallyscalar representation,
whichis thenvisualizedby atexture-drivenback-endOn a high level, this translation,
encodedn the PDE,enricheghedatawith applicationandquestion-speci semantics,
in orderto emphasizdahe speci c aspectof the o w the useris interestedn. Con-
versely mary texture-basedisualizationmethoddmplementedising(programmable)
graphicshardwarehave attheircoreamodelbasednanadwectionordinarydifferential



equation(ODE), asdescribedurtherin Sec.2. Finally, in termsof datadiscretization
(grid type),all PDE-basednethodscanessentiallypbeusedonary grid, givenasuitable
underlying nite elementiscretizationmplementedn thatgrid (cf. Section8).

Fromanotherpoint of view, PDE-basednethodsharemary commonaspectsvith
multi-scale o w visualizationmethods.Overall, the main goal of suchmethodsis to
provide a multi-scalerepresentationf the ow eld, suchthatuserscansubsequently
navigate betweendetailed,low-level views of the o w andglobal, overview pictures
thereof. Several multi-scale methodsexist in o w visualization[20,45]. Clustering
methodq14,35] groupsimilar o w datasepointstogethetbasedon ataskor applica-
tion-dependensgimilarity measureor corelation.Enegy minimizationtechniquescan
be usedto producestreamlinevisualizationsat several levels of detail, represented
by differentstreamlinespatialdensitied38, 18,19]. PDE-basednethodsoring several
powerful toolsfor de ning themulti-scale basedn scalespacetheory(cf. Sec.3), and
areableto accommodatsereral scalenotion de nitions, rangingfrom continuousto
discrete.

Giventhis closeconnectiorbetweenPDE-basedndtexture-basedo w visualiza-
tion, we give rst anoverview of the texture-basednethodsn Section2 followed by
a brief introductionto the basicmulti-scalemethodsn imageprocessingwhich moti-
vatethe approacheto bediscussedhere.Next, in Section3 we review the connections
to scale-spacenethodologyfrom imageprocessingTogetherwith the differentialop-
eratorde ned in Section4, this leadsto the presentatiorof the anisotropicdiffusion
methodin Section5. Theextensionof thismodeltowardstime-dependenb w elds is
discussedn Section6. In the remaining,we review clusteringmethodshasedon PDE
techniquesndwe startwith themodelbasedn anisotropigphaseseparationn Section
7. A discussiorof hierarchicaimulti-scaleclusteringusingalgebraiomultigrid (AMG)
methoddollowsin Section9. Section10 closeghis article drawving conclusions.

2 Review of texture based o w visualization

Texture-basedow visualizationis a notion generallyusedfor thosemethodshat out-
put a full spatialcoverageof the ow eld to be describedjn the region of interest
choserby theuser By full coveragewe meanthatthediscretenessf theoutputdatais
limited to theoneinherentto theimage,or texture primitivesusedin thevisualization.
Giventhis denserepresentationf the ow eld, thetextureimagewill mostlyencode
somecontinuouscolor, luminance,or transpareng variationthat cornveys insightinto
the o w data.Often, the above continuoussignalis naturallygeneratedy physically-
basedmethodsTexture-basednethoddiffer, thus,mainly in how, andwhat,they gen-
erateandencoden the outputtexture. We outline belon the mostimportantclassef
texture-basednethodsandreferfor anin-depthoverview to [20].
The spotnoisemethodproposecby vanWijk [40] pioneeredhe useof texturesin
o w visualization.Elliptic splatsof intensitybasedon a noisefunctionandwhich are
orientedalongthe eld areblendedogetheon 2D or 3D surfacedomainsTheoriginal
rst orderapproximatiorof the o w wasimprovedby delLeeuwandvanWijk in [8] by
usinghigherorderpolynomialdeformation®f thespotsin areaf signi cant vorticity.
By animatingtheintensity spotsappeato move along o w streamlinesSeveralappli-



cationsof spotnoisewere presentedn the context of smogpredictionand turbulent
0 ws|[6], hon-continuouso w visualization[22], and o w topology[7].

Line Integral Corvolution (LIC) methodsrepresenthe secondmajor classof tex-
ture-basedisualizationsintroducedoy CabralandLeedom4], LIC integrateshefun-
damentalODE describingstreamlinesorward andbackwardin time at every discrete
domainpoint. White noiseis corvolved, usinga Gaussiarkernel,alongtheseparticle
paths.Theresultingvaluegivestheintensityof the startingpixel. Theresultingtexture
exhibits strongcorrelationsalong streamlinesand weak correlationacross giving the
perceptiorof streamline-like laments of varyingintensity EssentiallyLIC is equiva-
lent to a diffusion processalongthe vector eld. Hege and Stalling[32] increasedhe
performanceof LIC by reusingportionsof the convolution integral alreadycomputed
onpointsalongagivenstreamlineForssell[11] proposedsimilarmethodon surfaces,
whereadMax et al. [24] approacho w visualizationby texturing iso-surfices UFLIC
[31] extendedLIC to unsteadyo ws. Interranteand Grosch[16] generalizedine inte-
gral corvolutionto 3D in termsof volumerenderingof line laments. Multivariate o w

elds arevisualizedwith LIC usinga color mappingtechniquecalled color weaving
[39]. OLIC [43] andits fastversionFROLIC [29] addup- anddownstreancuesto the
basicLIC by varying the intensityalongthe streamline Finally, we mention3D LIC,
which usestexture-basedolumerenderingto computeanddisplayLIC visualizations
for 3D ow elds [27]. Again,theaboveis justa shortoverview of awealthof existing
LIC techniqueskor amoredetailedoverview, seg[20].

Yetanotherclassof texture-basednethodsarethe onesbasedn texture advection.
Here,thevisualizationprimitiveis directly supportedy thegraphicsaunitor GPU.Con-
sequentlythetermtexturein thesemethodsftenrefersto the graphicshardwareterm.
GPU-basednethodsare classi ed basedon the primitive they adwect, or warp (pixel
or polygon)andthe adwectiondirection (forward or backward). Max andBecker [23]
presentedneof the rst texture-adectionmethodausingtriangles.lmage-based w
visualization(IBFV) proposesaninjectionof noise(storedastextures),advectingit by
warpinga polygonmesh,andblendingthe resultfor smoothvisualization with appli-
cationsin 2D [41], curved surfaces[42], and 3D volumes[34]. Lagrangian-Eulerian
Advection(LEA) is anothersuchmodel,whereparticlepositionsareadwectedindivid-
ually (Lagrangianstep)andthe color texture is updatedin-place (Eulerianstep)[17,
47]. Recentlytheabove (andother)framewnorks,wereunitedin UFAC (Unsteadyo w
adwection-cowolution), usinganimplementatiorbasedon programmablésPUs[46].
Interestingly the emegenceof the ‘framework’ for GPU-basednethodsasa collec-
tion of tightly-wovenconceptualmodeling,andimplementationahspectseemdo be
drivenby the largeimportanceof theimplementationahspecin thewhole processin
contrasto e.g.LIC methods.

Especiallyfor 3D velocity elds, particletracingis a very populartool. However,
evenrelatively mary seedparticlesreleasedy the usercanhardly copewith the com-
plexity of 3D vector elds. Zockleretal. [33] usepseudaandomlydistributed,illumi-
natedandtransparenstreamlinego give a denserandmorereceptiblerepresentation,
which shavs the overall structureandenhancegmnportantdetails.

Most notablyevery subclasf texture-basednethodseemso producevisualiza-
tions that carry an easilyrecognizablevisual signature For example,it is easyto tell



spot-noisdrom LIC; thevariousIBFV andLEA methodshave alsoadistinctvisualap-
pearanceprobablydueto the speci ¢ noisefunctionsused;lluminatedstreamlinesre
alsoa classapart;reaction-difusion methodscreateregular repetitve patternswhich
noise-injectiormethodscannotreplicate We believe thata perceptuatlassi cationof
texture-basedo w visualizationsvould bring valuableinsightin the effectivenesgand
limitations) of suchmethodsandleadto a betterunderstandingf o w data,although
we arenot awareof any suchclassi cation.

3 A brief intr oduction to scalespacemethodsin image processing

Texturesusedin various o w visualizationapproachesanbe regardedasimagesand
thusthetypeof ow postprocessingbove discusseadanbe consideredisimagepro-
cessing.In the last two decadegpowerful PDE basedimage processingnethodsfor
several fundamentatasksin imaging suchas segmentationand de-noisinghave been
introducedIn particularso calledscalespacemethodsntroducea naturalscaleof im-
agerepresentationddostof themethodsn o w postprocessindack suchaperspectie
of multiple scalesThey havein commonthatthe generatiorof a coarseiscalerequires
are-computationkor instancejf we askfor a ner or coarserscaleof theline integral
convolution patternsthe computationhasto be restartedwith a coarserinitial image
intensity In caseof spotnoiselargerspotshave to beselectedandtheir stretchingalong
the eld hasto beincreasedTo motivateour PDEbasedapproachlet usbrie y review
scalespacemethodsasedn anisotropicnonlineardiffusionin imaging.

Discretediffusiontype methodshave beenknown for along time. PeronaandMa-
lik [26] have introduceda continuousdiffusion modelwhich allows the de-noisingof
imagestogetherwith the enhancementf edgesAlvarez,Guichard,Lions and Morel
[1] have establishedh rigorousaxiomatictheoryof diffusive scalespacemethodsThe
recovery of lower dimensionaktructuresn imagesis analyzedoy Weickert [44], who
introducedan anisotropicnonlineardiffusion methodwherethe diffusion matrix de-
pendsonthesocalledstructuretensorof theimage.

In PDE-basedcale-spacenethodsof imageprocessingve considera functionu :

R, I R which solvesthe parabolicproblem
@u Aful=f(u) inR" ; (1)
u(0; ) = up on ;
for giveninitial densityug : ! [O; 1]. Here,thedifferentialoperatorA|[ ] is de ned
by
Alu] := div(a(r u)r u)
andwe prescribeNeumanrboundaryconditionsa(r u )r u = 0, where" ” denotes

the scalarproductin IR* anda : R" ! IR is the diffusion coefcient thatcontrols
the amountof spatialdiffusion (blurring) in a givendirectionin R". For the sale of
robustnessand well-posednessa pre-smoothedrersionof the currentdensityu =
u is used.In our settingwe interpretethe densityasan imageintensity a scalar
grey scaleor a vectorvaluedcolor. Thus,the solutionfamily u( ) canbe regardedas



Fig. 1. Theimageon the left is successiely smoothedby nonlineardiffusion. With increasing
scalemoreand more ne-scale detailsvanishwhile the signi cant contentis retainedand en-
hanced.

afamily of imagesf u(t)g,, Ry wherethetime t senesasa scaleparameterlLet us
remarkthatby thetrivial choicea = 1 andf (u) = O we obtainthestandardinearheat
equatiorwith its isotropicsmoothingandcoarseningffect.

In imagede-noisinguy is agivennoisyinitial imageandthegoalis to remove this
noisewhile keepingthe importantcontentof the givenimage.Thus, the diffusionis
supposedo be controlledby the gradientof theimageintensity Large gradientsmark
edgesdn theimage,which shouldbe enhancedwhereasmallgradientsndicateareas
of approximatelyequalintensity For thatpurposewe prescribea diffusioncoefcient

a= g(kr u k)

whereg : IR; ! IR" is amonotonedecreasindgunctionwith limg;  g(d) = 0and
g0) = 2R, eqg.gd = Trkaxz - A suitablechoicefor the pre-smoothings
Gaussianltering or the corvolution with the heatequationkernel. Thatis, we de ne
u = tt = 2=2) wheret is thesolutionof the heatequatiorwith initial datau. Then
is the varianceof the correspondingsaussianliter . The functionf may sene asa
penaltywhichforcesthescaleof imagedo staycloseto theinitial image,e.g. choosing
f(u)= (up u)where isapositiveconstantFigurel givesanexampleof image
smoothingandedgeenhancemery nonlineardiffusion.

4 A ow aligned differ ential operator

Above,we have modeledanedgealignedoperatorA [ ], which enabledhefeaturesen-
sitive de-noisingof images.For the subsequentise,let us now de ne a streamline-
aligneddifferentialoperatorfor ow elds. Foragivenvectoreld v: ! RR" we
modellineardiffusionin thedirectionof thevector eld andaPeronavalik typediffu-
sionorthogonatko the eld. Let ussupposéhatv is continuousandv 6 Oon . Then
thereexistsafamily of continuousorthogonalmappingsB(v) : ! SO(n) suchthat

s

We considera diffusiontensora(v;r u ) whichwe de ne as

(kvk)

a(v;d) = B(v)" g(kdk)ld, 1

B(v);
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Fig. 3. Left: Graphof thevelocity dependentineardiffusioncoefcient (). Right: Graphof the
scalarcontrastenhancingight handsidef ().

where :IR* ! IR" controlsthelineardiffusionin vector eld direction,i. e.along
streamlinesandthe above introducededgeenhancingliffusioncoefcient g( ) actsin
theorthogonalirections(ld, ; is theidentity matrixin dimensiomn  1).

We may eitherchoosea linearfunction or, in caseof e.g.avelocity eld which
spatially varies over several ordersof magnitude we selecta monotonefunction
(cf. Fig. 2) with  (0) > O andlimg; (S) = -

Thedifferentialoperatotbasecdn this diffusiontensoris nally givenby

Alv;u] = div(a(v;r u)r u) : (2)

It encodes strongcouplingalongthevelocity eld andin caseof steepgradientsn u
aweakcouplingin directionsperpendiculato the eld.

5 Anisotropic diffusion for stationary ow

We shallnow make useof the differentialoperatorde ned in Section4 to de ne a dif-
fusion processwhich generatesexture patternsalignedto a ow eld. Thesepatterns
will grow upstreamanddownstreamwhereaghe edgegangentialto themaresucces-
sively enhancedstill thereis somediffusionperpendiculato the eld which supplies
us for evolving time with a scaleof progressiely coarsemrepresentatiof the ow
eld.

In generalit doesnot make senseto considera speci ¢ initial imagefor sucha
diffusion processAs initial dataug we thuschoosesomerandomnoiseof an appro-
priatefrequeny range.If we run the evolution (1) for vanishingright handsidef the
imagecontrastwill unfortunatelydecreaselueto the diffusionalongstreamlinesThe
asymptoticlimit will turn outto be anaveragedgrey value.Therefore we strengthen



Fig.4. A vector eld from a 2D magneto-hydrodynamicsimulation (MHD) is visualizedby
nonlineardiffusion. A discretewhite noiseis consideredsinitial data.We run the evolution on
theleft for asmallandon theright for alarge constantiffusion coefcient

the image contrastduring the evolution, selectingan appropriatecontinuousfunction
f :[0;1]! R* (cf. Fig. 3) with

(F1) f(0)=f(@1) =0,
(F2) f < 0on(0;0:5),andf > 0on(0:5;1).

Neglectingthe diffusive termof theevolutionata rst glancewe realizethatthis right
handsidepushesraluesbelow the averagevalue0:5 towardsthe zeroandaccordingly
valuesabove 0:5 towards1. A moredetailedanalysisof the contrastenhancemerin-
cludingthediffusive termis discussedn Section6.1. However, well-known maximum
principlesensurehattheinterval of grey values[0; 1] is not enlagedrunningthe non-
lineardiffusion.Herethe property(F1) is of greatimportance.

Finally, we endup with the methodof nonlinearanisotropicdiffusionto visualize
complex vector elds. Therebywe solve the nonlinearparabolicproblem

@u Alv;u] = f(u) (3)

startingfrom somerandominitial datau(0; ) = ug andobtainascaleof imagesrepre-
sentingthevector eld in anintuitive way (cf. Fig. 4).

5.1 Enhancingthe resultingtexture

If we askfor point-wiseasymptoticlimits of the evolution, we expectan almostev-
erywherecorvergenceto u(1 ; ) 2 f0; 1g dueto the choiceof the contrastenhancing
functionf . Analytically, 0:5 is athird, but unstablex edpoint of the dynamicswhich,
thus,will notturnoutto belocally dominanthumerically

The spaceof asymptotidimits signi cantly in uencestherichnessof the develop-
ing vector eld alignedstructuresWe mayaskhow to furtherenrichthe patternwhich
is settledby anisotropicdiffusion. This turnsout to be possibleby increasingthe set
of asymptoticstates We no longerrestrictthe considerationso a scalardensityu but
considera vectorvaluedu : I [0;1]? anda correspondingsystemof parabolic



Fig. 5. Differentsnapshot$rom the multi-scalebasedon anisotropicdiffusion are depictedfor
a 2D MHD simulationvector eld (cf. Fig. 4). Here we considera two dimensionaldiffusion
problemandinterpretetheresultingdensityasa colorin ablue/greercolor space.

equationsThe couplingis givenby the nonlineardiffusioncoefcient g( ) which now
dependon the normkr uk of the Jacobiarof the vectorvalueddensityr u andthe
right handsidef (u). Wede ne f (u) = h(kuk)u with h(s) = f{s)=sfors & 0, where
f~is the old right handsidefrom the scalarcase andh(0) = 0. Furthermorewe select
aninitial densitywhich is now a discretewhite-noisewith valuesin B1(0) \ [0; 1].
Thus,the contrastenhancinghow pusheghe point wisevectordensityu eitherto the0
or to somevalueon the spheresectorS* \ [0; 1]°. Again a straightforwardapplication
of themaximumprincipleensuresi(t; x) 2 B1(0) \ [0; 1] for all t andx 2

Figure5 shavs anexamplefor the applicationof the vectorvaluedanisotropicdif-
fusionmethodappliedto a2D ow eld from a MHD simulation.The eld shovsthe
dynamicsof anelectricallyconductinguid. The performedclusteringoutlinesthe so-
calledmagneticdomaing(thick clusters)j.e. domainregionswherethe uid circulates,
andcurrentsheetqthin, closedclustersborderingthe magneticdomains) which con-
tain mostof the current.FurthermoreFigure6 shaws resultsof this methodappliedto
severaltime stepsof a corvective ow eld. An incompressibléénardcorvectionis
simulatedin arectangulabox with heatingfrom belov andcooling from above. The
formationof corvectionrolls will leadto an exchangeof temperatureWe recognize
thatthe presentednethodis ableto nicely depictthe globalstructureof the ow eld,
includingits saddlepoints,vortices,andstagnatiorpointson the boundary

5.2 3D ow elds

Theanisotropimonlineardiffusionoperato2) hasbeenformulatedfor arbitraryspace
dimension.t resultsin a scaleof vector eld alignedpatternswhich we thenhave to

visualize.In 2D this hasalreadybeendonein a straightforvard mannerin the above

gures. In 3D we have somehav to breakup the texture-wolumeandopenup the view

to innerregions.Otherwisewe mustcon ne ourseleswith somepatterncloseto the

boundaryrepresentingolelytheshearo w.

Herewe canbene t from the vectorvalueddiffusion. Sincefor m = 2 the non-
trivial asymptoticlimits arein meanequally distriouted on S* \ [0; 1], we canwe
reducethe image-contenandfocuson a ball shapecheighborhoo® (! ) of acertain
point! 2 S\ [0; 1] . Now we caneitheruseavolumerenderingo visualizethistype



Fig. 6. Corvective patternsin a2D ow eld aredisplayedand emphasizedy the methodof
anisotropicnonlineardiffusion. Theimagesshav thevelocity eld of the o w at differenttime
steps.Therebytheresultingalignmentis with respecto streamline®f thistime dependento w.

Fig. 7. Theincompressibleo w in awaterbasinwith two interiorwallsandaninlet (ontheleft of
thebox)andanoutlet(ontheright of thebox) is visualizedby theanisotropimonlineardiffusion
methodlso-surbicesshawv thepre-imageof @ (! ) underthevectorvaluedmappingu for some
point! onthespheresector Fromtop left to bottomright theradius is successiely increased.
A colorrampblue—green-rehdicatesanincreasingabsolutevalueof thevelocity. Thediffusion
is appliedto initial datawhichis arelatively coarsegrainrandomnoise.

of sub-wlumesor look atiso-suricesof thefunction
(x) = ku(x) !Kk2:

Thentheparameter ? allows usto depictthe boundaryof the pre-imageof B (! ) with
respecto themappingu (cf. Fig. 7).



Fig.8. The principal directionsof cunature of a minimal surface are visualized using the
anisotropiadiffusionequationon surfaces.

5.3 Flow elds on 2D surfaces

Sofarwe consideredrector elds on domainswhich are subset®of the 2D or 3D Eu-
clideanspacelt is straight-forvardto extendthe methodologyto tangentialo w elds

on surfaces,suchas weathermap wind- elds over the earth, ow elds on stream-
surfacesor vector elds from differentialgeometryWe have to replacethe Euclidean
gradientr andthe divergenceoperatordiv by their geometriccounterparts ,, and
diwy respectrely. Heretheindex M indicatesthatwe areworking with thetangential
gradientanddivergenceon the surfaceor manifoldM . Proceedingsin Section4 the
differentialoperatordescribingthegiven ow eld is givenby

Afu] = diwy (a(r v u )r v u)

for C? functionsu onthemanifoldM . As anillustration Figure8 shavsthe visualiza-
tion of the principaldirectionsof curvatureon a minimal surface.

5.4 Flow Segmentation

The above applicationsalreadyshaw the capability of the anisotropicnonlineardiffu-
sion methodto outline the o w structurenot only locally. In particularfor larger evo-
lution timesin the diffusion procesghetopologicalskeletonof avector eld becomes
clearlyvisible. We will now investigatea possible 0 w segmentatiorby meansof the
anisotropicdiffusion. Let usrestrictto the two dimensionakaseof anincompressible
o w with vanishingvelocity v at the domainboundary@ . Thentopologicalregions
areseparatedby homoclinic,respectrely heteroclinicorbits connectingeritical points
in the interior of the domainandstagnatiorpointson the boundaryCritical points,by
de nition pointswith vanishingvelocityv = 0, mayeitherbesaddlepointsor vortices.
Furthermorenve assumeeritical pointsto be non-deyeneratei, e.r v is regular Saddle
pointsarecharacterizedby two real eigervaluesof r v with oppositesign, whereasat
vorticeswe obtaincomplex conjugateeigervalueswith vanishingreal part. Stagnation
pointson @ aresimilar to saddlesFor detailswe referto [15].

In eachtopologicalregion thereis a family of periodic orbits closeto the hete-
roclinic, respectrely homoclinicorbit. This obsenationgivesreasorfor the following



Fig. 9. A sketchof thefour sectorsatacritical
point (indicatedby red disk), the initial spot
(bluedisk) for thediffusioncalculationrandthe
orientedsystentv; v’ g.

e

Fig. 10. Severaltime-stepsrom the nonlineardiffusion sggmentationappliedto a velocity eld
from aBénardcorvectionareshavn. We have placedheseed-pointascloseaspossiblen terms
of thegrid sizein thesectorspannedy the eigervaluesof the Jacobiam v of thevelocity. Only
to emphasizehe evolution processa single grey-scaleimagefrom the diffusion calculationis
underlyingthe sequencef segmentatiortime steps.

segmentatioralgorithm.At rst, wesearcHor critical pointsin  andstagnatiorpoints
on @ . We calculatethe directionswhich separatehe differenttopologicalregions.In

caseof saddlepointsthesearethe eigervectorsof r v. Next, we successiely placean
initial spotin eachof the sectorsandperforman appropriateeld alignedanisotropic
diffusion.

Let us supposethat a single sectoris spannedby vectorsfw. ;w g wherethe
sign indicatesincomingandoutgoingdirection. The methoddescribedby equation
(3) would leadto a closedpatternalongoneof the above closedorbitsfor timet large
enoughTo Il outtheinteriorregionwe modify thediffusionby selectinganorientation
for a“one sided” diffusion (cf. Fig. 9). Thatis, we selecta uniquenormalv? tov and
considerthediffusionmatrix

a(v;ru)=B(W)T B(v);

G((ru Vv?).)

where is apositive constanand(s).+ := maxfs;0g. Furthermoreve consideranon
negative, concae functionf : IRy ! IRy with f (0); f (1) = 0 asasourcetermin the
diffusionequationlf theorientationof f w. ;w g coincideswith thatof f v; v’ g, then
lineardiffusionin thedirectiontowardstheinteriorwill I upthecompletetopological
region. A sggmentationof multiple topologicalregionsat the sametime is possible jf
we carefullyselectthe sectoravherewe releasenitial spots.Figure10 shaws different

time stepsof the sggmentatiorappliedto a corvectiveincompressibleo w.



6 Transport and Diffusion for non stationary ow elds

Sofar, theaboreanisotropidiffusionmethodgeneratestreamlinagypepatternsyvhich
are alignedto trajectoriesof the vector eld for a x ed giventime. I. e. for a time-
dependentector eld v : IR* I IRY onacomputationatiomain IRY andd =
2; 3, we have beenconsideringntegral linesf x(s) j s 2 IRg with %x(s) = v(t; X(s))
for a x edtimet. Thus,themethodintuitively visualizeghevector eld freezedattime
t but offers only very limited insightin the actualtransportprocessgovernedby the
underlyingtime-dependenb w eld.

To ensurethatour visualizationactually displaysthis processwe have to consider
thetruetransporiproblemandits particlelines.Hencewe take into accounthe particle
motion obeying theequation%x(t) = v(t; x(t)) andtheinducedtransportof a given
densityu(t; x). The fact that sucha purely adwecteddensityu staysconstantalong
particletrajectoriedeadsto the conserationlaw

D d @
dtu = dtu(t, x(t)) = @u +ruv=0
which meansavanishingof the materialderivative.

In additionto this conseration law, we have to incorporatea mechanisnfor the
generationthe growth andenhancemendf o w alignedpatternsHerewe pick up the
previousmodel(3) andconsidera simultaneougnisotropicnonlineardiffusionprocess
with linear diffusionalongthe particleline andsharpenindgn the perpendiculadirec-
tion. Let us emphasizénerethat this diffusion processactsin forward and backward
directionof the particleline. Thus,a carefulcontrol of the parameterss indispensable
to avoid anarti cial propagatiorin downwind directionwith the accompawing visual
impressionof awrong velocity. In the next sectionwe will discussn detail a suitable
balanceof parameters.

Altogether our basictransport diffusion model for time-dependenvector elds

looksasfollows: Onthe computationatomain IRY we considerfor agivenvector
eld v: R I RY theboundaryandinitial valueproblem:
@u+ru v Afv;u]l=f(u) in IR ;
(Aru) =0 onR* @ ;
u(0; ) = up in

where A[v; u] is the diffusion tensor(2) alreadyknown from the anisotropicdiffu-
sionfor steadyo w elds. Theinitial dataug is againassumedo be a white noiseof
appropriatefrequeng. Still the role of the right handsidef is to ensurecontrasten-
hancementConsequentlyve apply functionsf which ful Il the propertieF1), (F2)
mentionedoreviously.

Thenew modelgeneratesindstretchegatternsalongthe ow eld andtransports
themsimultaneouslyTheresultingmotiontextureis characterizethy adensecoverage
of thedomainwith streaklingypepatternsywhichdonothavea x edinjectionpointbut
movein timewith the uid (cf. Figurel11). Themethodis applicablein arny dimension,
in particularon 3D domainsand2D surfacesasfor the static o w casebefore,although
we have not performedsuchcomputationget.



Fig. 11. Threesuccessietime-step®f thetranspordiffusionprocesgeneratinglirectedpatterns
of a Bénardcorvection(cf. Section6.1). The additionalcoloringindicatesthe speedf the ow
eld. Redcolorsindicatehigh velocity, whereadlue colorsindicatelow velocity. To emphasize
thetransporbf patternsve have magni ed the marked sectionsf theimagesin the lower row.

6.1 Balancing Parameters

In generaltransportanddiffusionarecontraryprocesseOur goalin mind—thegen-
erationandtransportof patternswhich simultaneoushdiffusealongthe o ws—there
hasto bea carefulweightingof the parameterghatsteerthetransportandthediffusion
respectiely. Otherwisethe diffusion may overrunthe transportresultingin a process
thatis ratherdiffusionthantransportwith somepatterngeneratingliffusion.

Let ussupposeahetemporalresolutionof the givenvector eld datais of size . It
is well known thatthe solutionof the heatequationat atime t correspondso the con-
volution of theinitial datawith a Gaussiarkernelof variance 2t. Sincethediffusion
tensora(v) invokeslineardiffusionwith acoefcient (kv(x)k) in thedirectionof the
velocity v(x) for everyx 2, we considerthecorrespondingariance

p—
DC ()= 2 (x)

to bea measurdor the diffusionwithin the transportdiffusion procesdor thetime .
Of coursea measurdor the correspondingxpectedransportdistancds

T(x) = kv(x)k:

Typically T () is moreor less x ed,since is in generalprescribedyy the under
lying CFD data.Thus,we would like to adjust locally suchthatD is balancedwith



T . To this endwe introducea balancingparameter 2 IR™ andconsiderthebalancing
condition
D( (x)) = T(x):

Roughlyspeakingve thenhave thefollowing relations:

1 Transporidominategshe model,
=1 Transport Diffusion,
1 Diffusiondominateghe model.

Hencechoosing < 1 x ed,andsolvingthebalanceconditionfor (x), we geta
suitablediffusioncoefcient

2 kv(x)k?
2

asafunctiononthedomain whichinsteadof theonede nedin Section4 is inserted
into thediffusiontensora(v;r u ) of ourtranspordiffusionmodel.

Let usfurthermorestudytheampli cation of certainfrequenciesf theinitial image
dueto theright handsideof our model.Ourfocuswill beonthein uence of theshape
of f onthecontrasenhancingropertyof themodel.To this endlet usconsidemmuch
simplersettingof a high frequeng initial datagivenby

h [
Uo(X) = % sin 2 +1

(kvk)(x) =

andrestrictourselhesto asimplediffusionequatioralonga (1-dimensionalstreamline,
whichis givenby
@u u =f() in [0; 1]:

We considetthelinearizationof f around%
fu) = u =

where is the slopeof the original f at 1=2. Now let us take into accountthe ansatz
u(t) = b(t) up(x) % + %for the evolution of a one-dimensionaimage-density
Insertingthe ansatanto thelineardiffusion-equationwve obtain

h i
11, X
> b+ — bsin — =0
andso h i
b(t) = exp - t:
This meanghatfrequenciesabore P ‘= aredampedwhereagrequenciedelow this

thresholdare ampli ed. Given an upperthreshold1= for the frequenciesvhich we
wantto amplify, we choose

5
Finally, we constructour nonlinearright handsidef () in suchaway thatthe slopeat
1=2 equals .



6.2 A Blending Strategyfor Long-Term Animation

With the anisotropiadiffusionmodelfor steadyo w elds we have generateé whole
scaleof representationglere,the scalewasidenti ed with thetimet of the evolution
processBut asproposedn the lastsection the scaleparameteis now coupledto the
actualtransportprocessn our transportdiffusion model. In particularfor long-time
visualizationpurposeghis couplingleadsto unsatishctoryresults.Becauselueto the
natureof our model,we areunableto freezethe scaleandsolely considerthe evolution
of suitablepatternsatthatspeci c scalein time, which would bethe optimumprocess.
The solutionwe proposehereis a compromisebasedon the blendingof different
resultsfrom thetranspordiffusionevolution startedat successie time-points First, we
selecta suitableinterval for the scaleparametefsy; s1] with s; > s > 0 aroundour
preferredmulti-scaleresolutionfor the resultingimages Basedon a smoothblending
function :IR! [0;1] having supportin ( 1;1) andsuchthat
M= (=1 (@@ 1,
0)=1,

we canconstructa partitionof unity f jgontherealline R. Thatis,wede ne (t) =

(W). Now, for all i = 0; 1;::: we separatelysolve the above transport
diffusion problemfor differentstartingtimest; = i (*5>¢) alwaysconsideringsome
white noiseof a x edfrequeng rangeasinitial dataanddenotingthe resultingsolution
by u;. For negative time we supposea suitableextrapolationof the velocity eld to be
given.Finally, applyingblendingof atl)t(easttwo differentsolutionswe compute

u(t; x) = i(ui(t; x):
I
This intensityfunctionis well de ned for arbitrarytimesandcharacterizedby theini-
tially prescribedscaleparametemterval.

We usethis constructionfor an animationof the o w over a certaintime interval
(cf. Fig. 12 for agraphof the blendingfunctions).Suchananimationinvolvesall solu-
tionsu; for whichtheblendingfunction ; hasanonvanishingoverlapwith the given
time interval. Other constructionsf a partition of unity and correspondindlending
functionsare nearat handand especiallymultiple overlapscan be consideredvhich
requiresheblendingof morethantwo intensityfunctionsatthe sametime. We empha-
sizethatthe applicationof this blendingtechniquedoesnot introduceary inaccurag,
becausdor ary timet theresultingimageu(t; x) consistsof imagesu; (t; X) shoving
streaklinesattimet andat slightly varyingscale.

7 Continuous clustering via anisotropic phaseseparation

So far, we have discussedhe generatiorof o w alignedmulti scaletextures.Let us
now look thethehierarchicaklusteringof o w data,rangingfrom smallclustersshow-

ing stronglocal coherencef the o w to large global clustersetsgatheringlarge o w

patterns As before,we will discusghis taskin the frameawork of continuousmodels.
Beforewe detail the applicationof sucha modelfor the actual o w clusteringlet us
review the underlingphysicalmodelfor the coarseningf structuresn metalalloys,

which goesbackto CahnandHilliard [5].
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Fig. 12. Theweightingfactorsin theblendingoperatiortogethemith the overlappingscale/time
intervals of the consideredranspordiffusion processeareshavn in a diagramover time.

Fig. 13. Threetime-stepf the original Cahn-Hilliardphaseseparation.

7.1 The Cahn-Hilliard model

The Cahn-Hilliard model was introducedto describephaseseparatiorand coarsen-
ing in binary alloys. Phaseseparatioroccurswhen a uniform mixture of the alloy is
quenchedelow a certaincritical temperaturainderneattwhich the uniform mixture
becomeainstable As aresulta micro-structureof two spatiallyseparateghhaseswith
differentconcentrationdevelops.In laterstageof theevolutiononamuchslowertime
scalethanthatof theinitial phaseseparatiorthe structuresbecomecoarser:eitherby
meming of particlesor by growing of biggerparticlesat the costof smallerones.This
coarseninganbeunderstoo@saclusteringwherethe systenmainlytriesto decrease
the surfaceenegy of the particleswhich leadsto coarseiandcoarserstructuresiuring
the evolution. In the basicCahn-Hilliard modelthis surfaceenepy is isotropic. There
areno preferreddirectionsof the interfaces Hencethe particlestendto be ball shaped
(cf. Fig. 13).

In thefollowing paragraphwe brie y outlinethebasicconcepif the Cahn-Hilliard
model.For moredetailswe referto thereview paperdy Elliott [10] andNovick-Cohen
[25]. The modelis basedon a Ginzburg—Landauree enegy which is a functionalin
termsof theconcentratiomifferenceu of thetwo materialcomponentsThe Ginzburg—
Landaufreeenegy E is de nedto be

Z n )
E(u) := (u) + EJ'V ujiz



1/2‘ Fig. 14. Chemicalenegy as function of con-
o centration

where is aboundeddomain.The rst term (u) is thechemicalenegy densityand
typically hasa double-wellform. In this paperwe take
_1 5 22
(U= u
with aconstant 2 (0; 1] (cf. Fig. 14). We notethatthe systemis locally in oneof the
two phasesf thevalueof u is closeto oneof thetwo minima  of
Now, thediffusionequatiorfor the concentrationu is givenby

% w =0
onR* , Wherew is the local chemicalpotentialdifference which is givenasthe

variationalderivative of E with respecto u
E 0,
= —= u + Ju):
- )

As boundaryandinitial conditionswe request@w = @u = 0, where is the outer
normalon @ , andu(0; ) = up( ) for someinitial concentratiordistribution ug.
Startingwith arandomperturbatiorof a constanstateug, which hasavaluesin the
unstableconcae partof , we obsene the following: In the beginning the chemical
enepy decreaserpidly whereaghe gradientenegy increasesThis is dueto thefact
thatduring phaseseparatioru attainsvalueswhich areat large portionsof the domain
closeto the minima of the chemicalenegy . Sinceregions of differentphaseare
separatedby transitionzoneswith large gradientsof u, the gradientenepgy increases
during phaseseparationln the secondstageof the evolution—theactualclustering—
when the structuresbecomecoarser the total amountof transitionzonesdecreases.
Correspondinglyheamountof gradientenegy becomesmalleragain.

7.2 Anisotropic interface energy

Letusnow turnto theclusteringmodelfor o w dataWeintroduceaclustermappingu :
RS I IR whichwill bethesolutionof anappropriatevolutionproblem.Thereby
time will againsene asthe scaleparameteteadingfrom ne clustergranularityto
successiely coarserclustersFor x edscalet our de nition of the setof clustersC(t)
is

C(t) = fxju(t;x) Og:



This setsplitsup into the connecteccomponentsf C(t)

[
an = G-

Theevolution problemsteeringhe clustersvia the quantityu shouldsatisfythefollow-
ing properties:

— thenumberof clustersgenericallydecreasem time,

— theshapeof theclustercomponentstronglycorrespondso correlationsn thedata
eld,

— thevolumefractioncoveredby C(t) is approximatelyconstanin t, i. e. %
for 2 (0;1).

Theseconditionsmotivateusto pick up the physicalCahn-Hifjjardmodelwith the
double-wellseparatiorpotential (u), asgparatiorenegy Es =  es(u) andenegy
densityes(u) = (u). Amongall u with  u = up = const.theenepy E; attains
its minimumif u hasthevalues  only. This leadsto a binary decompositiorof the
domaininto two parts,whereonepartcorrespondso f x ju(x) = g. Howeverthis set
canhave mary connectedomponentandmayevenbevery unstructuredFurthermore
thereis no mechanisnwhich enforcesa successie coarseningandthusa true multi-
scaleof clusters.

We remedythis behavior by introducinga termwhich penalizeghe occurrenceof
mary disconnectedlusteggomponentsvith highinterfacialareaTo thisendwe choose
aagradientenegyEg= egWwith localenegy densityegthatpenalizesapidspatial
variationsof u. In orderto have e xibility to chooseananisotropicandinhomogeneous
gradientenegy, anappropriatede nition of aninterfacialenegy densityis givenby

eg(r u) = Ear uru

where is a scalingcoefcient anda 2 R" " is somesymmetricpositive de nite
matrix thatmay dependon the spacevariableandotherquantitiesinvolved.

In thefollowing we will referto theset@x j u(x) = Og astheinterface.Theorien-
tationof theinterfacecanbe describedy its normalwhich, in thecasethatr u 6 0, is
givenby thenormalizedgradient

ru
kr uk’

For a = Id all gradientsof u andhence all interfacesare penalizedequallyindepen-
dentof their orientation.But with respectto our clusteringintentionwe consideran
anisotropicenegy densitywhich stronglydepend®n the orientationof thelocal inter-
faceandtherebyonthedirectionof r u.

Foragivenstaticvector eld v: ! IR" anaturalclusteringshouldemphasizéhe
coherencelongthe inducedstreamlinesThus, interfacesalignedacrossstreamlines
have to be penalizedsigni cantly by the gradientenegy whereasnterfacesoriented



alongstreamlinesretolerated We choosehediffusiontensorsimilarto the onesused
above (cf. Sectiord)

1 0

a(v) = B(v)T 0 (kvk)idy ;

B(v)
Sinceinterfacesthat crossstreamlinesshall have larger enegy we choosea positive
function with 1

Altogetherwe have de ned theenepy

Z n 0
E(u) = (u) + Ear uru
andproceedasfor the basicCahn-Hilliardmodel.We de ne the rst variationof the
enegy andarrive atthe potential

w= Yu)  Alv;u;

whereA = div(a(v)r u) is de ned asin the previoussections.

Let us continueas beforeand assumehat the evolution of the clustermappingu
is governedby diffusionwherethe correspondingux linearly depend®nthe negative
gradientof the rst variationof enegy. Thus,we choose@u w = 0asaboveand
endup with thefollowing fourth orderdifferentialequation:

@ (Y Awup=0

with boundaryconditions@u = @w = 0 andprescribednitial datau(0; ) = ug( ).
After aninitial shortperiodof phaseseparatiorit is mainly the interfacialenegy con-
tributionwhichis successiely reduced.

As in thetexture generatiorapproache# doesnot make senseo considercertain
initial data,if no a priori information on the clusteringis known. Consequentlywe
choosea constanvalueug plussomerandomperturbationgsinitial dataug. Thecon-
stantup depend®nthevolumefraction of thedomainwhich shallbecoveredby the
clustersj.e.by thesetsf x ju(t; x)  0g. Thereforewe chooseug = (1 ) .

During theevolution very rapidly clusterpatternswill grgyv withoutary prescribed
locationandorientation.This is in orderto decreasd& s = (u) which forcesthe
solution to obtain valuescloseto in most of the domain . After this starting
phasethe clustersorient themselesin an anisotropicway to decreasehe amountof
theanisotropiayradientenegy E g In additionthey becomecoarsermandcoarseidueto
thefactthatsmallermparticlesshrinkandlargeronesgrow. In particularoneobsenesthat
a large particlebeing surroundedy smalleronesgrows to the expenseof the smaller
ones.Thisimpliesthatastime evolveslocally only the mainfeaturef theclusterswill
bekept.

Finally we obtaina scaleu(t; ) of clustermappingsandinducedclustersetsC(t).
They representa successiely coarserrepresentatiomf simulationdataand continu-
ously enhancesoherencef the underlyingsimulationdataset,wherethe clusterset
C(t) will coveravolumeof approximatesize j j.



Fig. 15. Top: Successie stagesf the continuousclusteringof a Bénardcornvective ow eld,.
Bottom: Effect of increasinganisotroy . The computationsare basedon a grid of resolution
2572,

8 Remarksonthe nite elementimplementation

Sofar, we have not yet discussedliscretizationin spaceandtime of the above intro-
ducedcontinuoustime-dependenpartial differential equationsHence,we deal with
the variationalformulation of the differentPDE problemsintroducedabove. We pro-
poseto considera nite elementdiscretizationn spaceanda semi-implicitbackward
Eulerschemen time.

Thesemi-implicittemporaldiscretizatiormeanghatthe nonlineardiffusiontensor
A andthenonlineartermon the right handsidef (u) aswell asthe derivativesof the
noncorvex potential areevaluatedattheold time-steps.

For the spatialdiscretizatiorwe canrestrictthe numericalconsiderations$o regular
hexahedralgridsin 2D and3D. On thesegrids we have bilinear, respectiely trilinear
nite elementspacesHowever below we will usetriangularelementsaswell. In ary
casewe canbasenumericalintegrationon the lumped-massegroduct( ; )" [36] for
theL 2 productanda midpointquadratureule for the bilinearform (Ar ;r ).

Finally, in eachstep of the discreteevolution we have to solve a single system
of linear equationsfor the vector of nodal valuesfor the densityfunction u andthe
chemicalpotentialw, respectiely. In casewe needpre-smoothedlata, we consider
a singlediscrete implicit time-stepfor the computationof the heatequationwith the
densitybeingsmoothedasinitial data.



Fig.16. GeneralAMG construction.From the
ne scalematrix A° input, AMG computespro-
longationsP', restrictionsR', and coarsescale
matricesA' on successiely coarserscales =

9 Clustering basedon hierarchical decompositionof a differ ential
operator

In theprevioussectionwe havediscusse@ continuougphysicalmodelfor theclustering
of ow elds. Insteadof involving methodsadaptedrrom continuummechanicswe
might askfor a directhierarchicaldecompositiorof the differentialoperatorsA from
Sectiord, which representiffusionprocessestronglyalignedto the ow eld.

9.1 Review of algebraic multigrid

The ideawe developin this sectionusesalgebraicmultigrid (AMG) methodologyto
decomposéhe correspondingliscreteoperator AMG methodswere rst introduced
in the early 1980's [2, 3,28] for the solution of discretelinear systemsAU = F of
equationscomingfrom the discretizationof linear differentialequationsA[u] = f on
domains with suitableboundaryconditions We referto [37] for a detailedintroduc-
tion. TherebyU is supposedo be a nite elementapproximationof the continuous
solutionu andA the nite elementstiffnessmatrix correspondingo A. Finally, F is
the correspondingliscreteright handside.

Thedevelopmenbf AMG wasled by theideato mimic classicalgeometricmulti-
grid methoddor applicationsvherea hierarchyof nestedneshess eithernotavailable
at all, or cannotre ect particularpropertiessuchas strengthof diffusion of the dis-
cretizedoperatorappropriatelyon coarsegrid levels.

Consequenthone hasto work with the matrix A andits algebraicstructure.The
generalproceduras sketchedin Figure16. AMG triesto coarserthis matrixindepen-
dentlyfrom ary underlying ne grid discretizationwheren is the numberof degrees
of freedom.It computesa sequencef prolongationmatricesP' which encodeshow
coarsescale(l) basisfunctionsarecombinedusingthe basisfunctionsonthe ner scale
(I 1). Thisinducesasequencef correspondingnatricesA', de ned by theso-called
GalerkinprojectionA! := R'A! 1P! wheretherestrictionR' is givenasthetranspose
computedusinginformationfrom thematrixA! 1 onthepreviouslevell 1 only. The
sequencef prolongationmatricesallows for the constructionof a problem-dependent



basisf "' g. Oneconstructsacoarsebasisf "' g which captureshe appropriatefea-
turesrelevantfor the approximatiorof the correspondingontinuousproblem.

9.2 AMG for ow eld clustering

Thetheoryanddesignof ef cient AMG toolsis ratherinvolved. However, we empha-
sizethatour o wing clusteringrequiresjust basicAMG capabilities We performno
speci c tuningof the AMG for o w clustering Let usapplythe methodto theconcrete
discrete nite elementmatrix A of thedifferentialoperatorA. This stiffness-matrixA
canbe regardedasa descriptionof the structureof the ow eld v, becausasin the
operatorA the o w alignmentis encodedn this matrix. Indeed,the matrix simulta-
neouslyrepresentslominant o w patternsaswell assuccessiely ner, moredetailed
0 W structures.

With the AMG we nd atool which is ableto represento w patternsin a hier
archicalmulti-scalefashion.AMG deliversa setof descriptionsof the o w-induced

very coarsgAb).

Let usillustrate hov AMG works usingtwo simple examples.Considerthe ow
elds vi(x) = ( 1;1) andva(x) = (1;1) onthesquaredomain = [ 1;17 IR2.
We cande ne a simplediffusiontensor

p_
t kvk+ O B=gT 2+ 0:001 O B

av) =B ", 0 0001 o

whereB is arotationof 45 degreesandwe chosea smalldiffusionvalue = 0:001
orthogonalto the direction of the vector eld v. We needa non-zerodiffusion value
in this directiontoo. Indeed,the diffusion value couplesneighbordomainpoints (or
elemennodesjn thediscretizedversion).Having a non-zerodiffusionacrosghe eld
v to beclusterecensureshatwe shallobtainthick clustersoncoarsescalesasdescribed
later Having arelatively largediffusionalongthe eld v ensureshattheseclusterswill
bemuchlargerin thedirectionof the eld thanacrosswhichis thedesiredresult.The
choiceof the valueis notimportantaslong asit staysa few ordersof magnitude
smallerthanthe averagevalueof kvk. We thenconsiderthe correspondinglifferential
operatorA[u] = div(ar u) andapply the AMG methodto the matrix which results
from the discretizationof A on a regulartriangulation.Figure 17 shaws the coupling
strengthsencodedn the matricesA! for the rst three nest levelsl = 0;1; 2, for the
elds v; = (1;1) andv, = ( 1; 1), usingablue-to-redcolormap.For thesameelds,
Fig. 18 shawvs selectedasisfunctionson the four coarsestiecompositiorevels.

Fortheactual ow eld clusteringapplicationwe considerthe differentialoperator
Alu] = div(a(v)r u) wherethediffusiontensoris

(kvk) 0

a(v) = B(v)" 0 id, .

B(v)
andB (v) is thesamerotationasabove.

Whenwe apply the AMG algorithmto the matrix A 2 R™" correspondingo
the above differential operatoy we obtaina sequencef prolongationmatricesP' 2



Fig. 17.Color-codedcouplingstrength(zoomedn) onthecomputationagrid. Three nest levels
(left to right) areshawvn for the elds v = ( 1;1) (bottomrow) andv, = (1; 1) (toprow). The
white arrovs shav the eld direction.

correspondingdo the coarserbasisfunction "' on level I. In otherwords, eachma-
trix A' deliveredby the AMG, startingwith the initial, nest oneA® = A down to
the coarsesbneAl , approximateshe ne grid operatorusingthe (matrix-dependent)
basisf " Oi=1;:5n, -

z
Aj =A== avyyr o by
where i isthenodal_vectorcorresponlgingothefun_ction_ L' i. e.denotingtheinitial
basisfunctionswith | wehave " =" (") J.

Hence thefollowing simplerecursverecipecanbeusedo calculatehemulti-scale
of basisfunctions

W= PP 8i=1n =1L
0= T 8ip;ii;n

Figure 18 alreadyindicatesthat the shapesof the basisfunctions clearly shov the
strengthof the local coupling. The AMG methodclustersverticesalonga streamline



Fig. 18. For thetwo vector elds vi = ( 1;1) (bottomrow) andv, = (1;1) (top row) basis
functionsonthefour coarsestevelsareshavn. Obviously the basisfunctionsareclearlyaligned
tothe ow eld (cf. Fig. 17).

alreadyona ne scalesincethey arestronglycoupled.Verticesnotalignedto the o w
areclusteredon coarserscalessincetheir couplingis relatively wealer.

9.3 From basisfunctions to clusters

But asusualwith nite elementsthe supportsof basisfunctionson a given scaleare
overlapping Thereforewe needto derive amulti-scaleof domaindecompositionfrom
the setof basisfunctionsto partitionthe domaininto disjoint clusters.Sucha domain
decomposition

D" :=fx2 j "(x) Y8 =1::;ng

In otherwords,a domainD"' on level | is the setof pointswherethe basis " is
dominanton thatlevel.
Now, severalobsenationscanbemade:

— Thedomainson differentscalesneednot bestrictly spatiallynested- the supports
of theshapdunctionsare,but the decompositiorarisingfrom the maximumprop-
ertyis not. However, thedomainsareclearlyalignedto the ow eld.

— All domainsonagivenlevell have comparablsizesandtheaveragedomainsizeis
reducedby afactor roughlyequalto 2, from level | tolevel | + 1. Theseproperties
areinheritedfrom the bottom-upcoarseningchemeausedby the AMG method.



Fig. 19.Forthevector eld from amagneto-hydrodynamicssmulation(MHD) shavn in Figures
4 and5 the hierarchicaldecompositioris shavn. From top to bottomthe clusterson the ve

coarsestevels areindicatedwith a color-coding(left). The origins of the clustercorresponding
basisfunctionssere asthe startingpoint for theintegrationof trajectorieqright).



— Theclusteringof the eld v; = ( 1;1) (Fig. 17 top row) is perfectlyalignedwith
the eld (cf. thebasisfunctionsin Fig. 18 top row). However, the clusteringof the
eld v, = (1; 1), althoughvery similar, is lessregular (Figs.17, 18 bottomrow).
This is the unavoidableimpact of the underlying operatordiscretization(which
is herea meshcontainingtriangles).Sincev, is perpendiculato the initial mesh
edgesthis is the worst-casescenario However, evenin this case the constructed
domainsarestill very muchalignedwith the eld.

— The supportsof the basisfunctions,respectiely the induceddomainson a given
level, do not have exactly the samesize (area),sinceAMG cannotevaluate(inte-
grate)the massof the basisfunctions.Indeedit doesnot employ ary geometric
nodalinformation,but only a matrix of couplingstrengthsHowever theserestric-
tionscauseno practicalproblemsfor visualizingreal-world datasets.

Finally we can showv the color-codeddomainsand in addition velocity-colored
curvedarrow icons(cf. [35,12]). For everydomainD"' , we draw onesuchicon, using
a streamlineseededht the point wherethe correspondingdpasisis maximum.Figure19
shavs the decompositiorof a magneto-hydrodyamics(MHD) o w dataset.

9.4 Clustering 3D Flow Fields

Our methodworks identically for 3D (volumetric) vector elds. The only difference
is the useof tetrahedraljnsteadof triangular meshesHowever, direct visualization
of a color-codeddomaindecompositionasin the 2D caseis not effective dueto the
volumetric occlusion.Hence,we usea few post-processingteps.For every domain
D" onagivenlevel |, we constructa closedtrianglemeshthatboundsD"' . Next, we
smooththesemesheausing e.g. a Laplacian Iter or a windowed sinc lter [30]. As
aresult,the meshesdecomeslightly smaller which allows usto betterseparatehem
visually. Next, we implementan interactive navigation schemen which domainsD "
canbe madehalf or completelytransparenby a mouseclick. Userscaninteractively
‘carve' into the o w volumeto e.g.remove uninterestingareasandbringinginner o w
structuresinto sight, seeFig. 20. Alternatively, we canvisualizethe ow at a given
level of detailusingthe samecoloredarrow glyphsasin the 2D case Figure20 shows
the rst threecoarsestlecompositiorievels of a 3D helix ow andof a 3D laminar
ow with v = (1;1; 1) respectrely. We usethe interactize techniquesketchedabove
to remove the outerdomainsandto exposethe moreinterestinginner o w structure.
Theremainingsmoothedlomainsareshown in thetop row of Fig. 20 for thehelix o w
andin thebottomtrow of Fig. 20 for the laminar o w (comparethe latter with the 2D
eld in Fig. 17).In the centemrow of Figure20 the samedomainsasin thetop row are
shaown, but this time half transparenandequippedwith anarrow icon.

Finally, we considetheincompressibleo w in awaterbasinwith two interiorwalls,
aninlet andanoutlet—thesamedatasetsshownn in Figure7. Figure21 shavs several
multi-scalelevels, visualizedwith curved arron icons. Theseimagesshaw that our
methodschemeworksin 3D justaswell asin 2D.



Fig. 20.Helix o w, selectedlomaingtop row), half-transparenlomainswith arron icons(mid-
dle row). Diagonal o w, selecteddlomaing(bottomrow).

Fig. 21.For thewaterbasindatasefcf. Fig. 7) we shav thethreecoarseskevelsof thehierarchical
decomposition.



Fig. 22.Climatedatasetlecomposition, ve coarsestevels (left to right). Domains(top row) and
o w textureoverlaidwith curvedarrav icons(bottomrow)

9.5 Clustering vector elds on 2D surfaces

For the clusteringapproachwe consideredsector elds on Euclideandomainssofar.

Sincewe have seenin Section5.3 thatwe canextendto differentialoperatortowards
surfaceswe canapply the samegeneralizatiorto the AMG clusteringaswell. Again

we replacethe Euclidiangradientanddivergenceoperatordy their geometriccounter
partsandapplythe AMG to adiscretizatiorof

Alu]:= diw (Ar v u):

The nite elementdiscretizationis now completelyanalogoudo the above Euclidean
caseln fact,we useexactly the samecodefor all our applications\We approximatehe
surfaceM by atriangulationM , andcomputein thesameway ason at domainsghe
stiffnessmatrix A correspondingo theoperatorA.

As anillustration,we shav themulti-scaledecompositioof theaveragewind stress
eld onthe surfaceof the Earthin Fig. 22 (the dataseis takenfrom [42]). The ow
texturein the bottomrow wasproducedwith the IBFV methoddescribedn [42].

10 Conclusions

We have presentedan overview of ow eld visualizationmethodsusing partial dif-
ferentialequationgPDESs).Thesemethodscovera broadareabetweerpuresimulation
of physicalprocessevasedon suchequationsandpure post-processingf suchsim-
ulation data obtainedby othertechniquesPDE-basedrisualizationmethodshave a
numberof strongadvantageskirst, they aredensemethodghatproducevisualizations
whereevery point of the consideredpatialdomainis representedrhis naturallyasso-
ciatesthemwith, andbringsthemcloseto, texture-basediisualizationmethods Sec-
ond,PDE-basedisualizationsannaturallytargetarny spatialdimensionge.g.from 2D
to time-dependenBD datasetsin a uniform modelingand computationaframework.



Third, onecanuseexisting, well-provenandwell understoochumericaltechniquego
solvetheunderlyingPDEdiscretizationsyieldinganoverallrobustapproactio datavi-
sualizationFourth, mary suchmethodshave a naturalsupportof the multiscalenotion,
beingableto captureandrepresento w datadetailsat differentspatialscales Often,
time senesastheparametecontrollingthescale However, probablythemostattractive
aspecbf PDE-basedisualizationgs their ability to modelawide rangeof phenomena
anddataenhancementperationsyangingfrom simple Itering to sophisticatednul-
tiscalefeature-preservinglecompositiortechniquesjn a well-foundedmathematical
way, thatleadsto novel andinsightful visualizations.
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