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Abstract. Nonlinear di�usion methods have proved to be powerful
methods in the processing of 2D and 3D images. They allow a denoising
and smoothing of image intensities while retaining and enhancing edges.
On the other hand, compression is an important topic in image process-
ing as well. Here a method is presented which combines the twoaspects
in an e�cient way. It is based on a semi{implicit Finite Eleme nt im-
plementation of nonlinear di�usion. Error indicators guid e a successive
coarsening process. This leads to locally coarse grids in areas of resulting
smooth image intensity, while enhanced edges are still resolved on �ne
grid levels. Special emphasis has been put on algorithmicalaspects such
as storage requirements and e�ciency. Furthermore, a new no nlinear
anisotropic di�usion method for vector �eld visualization is presented.

1 Introduction

Nonlinear di�usion methods in image processing have been known for a long
time. In 1987 Perona and Malik [17] introduced a continuous di�usion model
which allows the denoising of images together with the enhancing of edges. The
di�usion driven evolution is started on an initial image int ensity. In general, it
is either noisy because of unavoidable measurement errors,or it carries partially
hidden patterns which have to be intensi�ed and outlined [9,23]. Such an image
smoothing and feature restoration process can be understood as a successive
coarsening while certain structures are retained on a �ne scale { an approach
which is closely related to the major techniques in image compression.
Finite Element methods are widespread to discretize and appropriately imple-
ment the di�usion based models. Their general convergence properties were stud-
ied for instance by Ka�cur and Mikula [13]. Furthermore, Schn•orr applied Finite
Elements in a variational approach to image processing [19]. In various areas of
scienti�c computing adaptive Finite Element methods [6, 4] have been incorpo-
rated to substantially reduce the required degrees of freedom while conserving
the approximation quality of the numerical solution. Thereby locally de�ned re-
liable error estimators or some error indicators steer the local grid re�nement,
respectively coarsening [22, 5]. The image intensities resulting from the nonlinear
parabolic evolution are obviously well-suited to be resolved on adaptive grids.
As time evolves, a successive coarsening in areas of smooth image intensity is



near at hand. For instance in case of and{dimensional image, where the image
intensity is constant on piecewise smoothly bounded regions, we obtain the same
image quality on a O(N d� 1 log(N )) complex adaptive grid as on aO(N d) regu-
lar grid. The cost of the numerical algorithm, the storage requirements, and the
transmission time on computer networks scale with this complexity in terms of
actual degrees of freedom.
These e�ciency perspectives have �rst been studied by B•ansch and Mikula [3],
who presented an adaptive Finite Element method. This method is based on
simplicial grids generated by bisection and then again successively coarsened in
the di�usion process. The major shortcoming of their approach is the enormous
memory requirement for the data structures describing the adaptive grid and
the sparse matrices used in the linear solver in each implicit time. Therefore,
large 3D images { as they are widespread in medical images { are di�cult to
manage on moderately sized workstations.
Here we present an adaptive multilevel Finite Element method which avoids
these shortcomings and comes along with minimal storage requirements. The
speci�c ingredients of our method are:

{ adaptive quad{ and octrees, with accompanying piecewise bilinear, respec-
tively trilinear Finite Element spaces are procedurally handled only,

{ error indicators on grid nodes and a suitable threshold value implicitly de-
scribe the adaptive grid (no explicit adaptive grid structu re is required),

{ invoking a certain saturation condition for the nodal indic ators, we ensure
robustness and one level transitions only on the resulting adaptive grid,

{ the adaptive Finite Element space is de�ned as an implicitly constrained
discrete space on the full grid,

{ the grid is completely handled procedurally,
{ and instead of dealing with explicitly stored sparse matrices, the hierarchi-

cally preconditioned linear solver in each timestep uses "on{the{
y" matrix
multiplication based on e�cient grid traversals.

Let us mention that this approach bene�ts from general and e� cient multilevel
data post processing methodology [16, 18] and is related to the multilevel meth-
ods discussed in [1, 24].
Finally, as a { to our knowledge { new area of application we will present a scale
space method in vector �eld visualization. Flow visualization is an important
task in scienti�c visualization. Simply drawing vector plo ts at nodes of some
overlayed regular grid in general produces visual clutter.The central goal is to
come up with inituitive methods with more comprehensible results. They should
provide an overall as well as detailed view on the 
ow patterns. Several tech-
niques generating such textures based on discrete models have been presented
[8, 15, 20, 21]. We ask for a continuous model which leads to stretched streamline
type patterns, which are aligned to the vector �eld. Further more, the possibil-
ity to successively coarsen this pattern is obviously a desirable property. For
the generation of such �eld aligned 
ow patterns we apply anisotropic nonlin-
ear di�usion. A matrix valued di�usion coe�cient controls t he anisotropy as in



Weickart's method [25] to restore and enhance lower dimensional structures in
images.

2 FE-Discretization of Nonlinear Di�usion

Let us look at the modi�ed Perona-Malik [17] model proposed by Catt�e, Lions,
Morel, and Coll [9]. Without any restriction we consider the domain 
 := [0 ; 1]d,
d = 2 ; 3 and ask for solution of the following nonlinear parabolic,boundary and
initial value problem: Find � : R+ � 
 ! Rm such that

@
@t� � div (A(r � � )r � ) = f (� ) ; in R+ � 
 ;

� (0; �) = � 0 ; on 
 ;
@

@� � = 0 ; on R+ � @
:

where in the basic modelA = g for a non negative monotone decreasing function
g : R+

0 ! R+ satisfying lim s!1 g(s) = 0, e. g. g(s) = (1 + s2)� 1, and � � is a
molli�cation of � with some smoothing kernel. We interpret the solution � for
increasing t 2 R+ to be a successively �ltered version of� 0. With respect to
the shape ofg, the di�usion is of regularized backward type [14] in regions of
high image gradients, while noisy regions of� 0 will be smoothed by dominant
di�usion.
We solve this problem numerically by applying a bilinear, respectively trilinear
conforming Finite Element discretization on an adaptive quadrilateral, respec-
tively hexahedral grid. In time a semi-implicit second order Euler scheme is
used. As it has become standard the scheme is semi-implicit with respect to the
evaluation of the nonlinear di�usion coe�cient g and the right hand side. The
computation of the molli�ed intensity � � is based on a single short timestep of
the corresponding heat equation (linear di�usion) with giv en data � [13]. In the
i th timestep we have to solve the linear system (M + �L (� � )) �� i = M �� i � 1 + F ,
where �� i is the corresponding solution vector consisting of the nodal values, �
the current timestep, M is the lumped mass matrix,L (� � ) the weighted sti�ness
matrix and F the vector representation of the right hand side. The growthof F
in the application is moderate compared to chemical reaction di�usion equations.
Therefore we have not recognized any instabilities with this source term. The
sti�ness matrix and the right hand side are computed by applying the midpoint
quadrature rule.
The above linear system as well as the linear system resulting from the molli�ca-
tion by the heat equation kernel is solved by a preconditioned conjugate gradient
method. We use the Bramble{Pasciak{Xu preconditioning [7], thus making ap-
propriate use of the given grid hierarchy.
As already mentioned above, a peculiarity of our scheme is that no matrices
are stored explicitly. Instead, the multiplication of the m ass, respectively the
sti�ness matrix with a coe�cient vector consisting of nodal values is done pro-
cedurally. Therefore, in each step the hierarchical and adaptive grid is traversed
and element wise local contributions are evaluated and successively assembled
on the resulting coe�cient vector. Thus we avoid storing the matrices explicitly.



Fig. 1. On the left element types in two and three dimensions and thei r re�nements
are shown and on the right a grid con�guration with hanging no des is depicted.

Otherwise we would have been unable to manage typical 3D applications with
more than 10 million nodes. Furthermore, this procedural access carries strong
provisions for code optimization with respect to a cache optimal numbering of
the nodes.

3 Grid Adaptivity and Error Indicators

In this section we will discuss an adaptive approach to the problem of nonlin-
ear di�usion. We will especially focus on the choice and the handling of error
indicator values on the grid nodes which steer the adaptive algorithm. It will
be outlined that saturation plays an essential role in the robustness and imple-
mentability of the proposed algorithm. In fact, solely referring to saturated error
indicator information and not to some explicit grid hierarc hy enables us to de�ne
and handle appropriate adaptive meshes for the nonlinear di�usion algorithm.
Let us assume the dimension of our image to be (2l max + 1) in each direction for
some lmax 2 N. The degrees of freedom are interpretated as nodal values ofa
regular grid with 2 l max d elements ford = 2 ; 3. Above this �ne grid level we de�ne
a quadtree, respectively octree hierarchy of elements withlmax + 1 grid levels.
In each local re�nement step an elementE is subdivided into a set C(E) of 2d

child elements (cf. Fig. 1). Vice versa we denote byP(E) the ancestor of an el-
ement E . In each re�nement step new grid nodesx appear. They are expressed
by weighted sums over their parent nodesxP 2 P (x) from the set of coarser
grid level nodes:x =

P
x P 2P (x ) ! (x; x P )xP . The weights ! (x; x P ) 2 f 1

2 ; 1
4 ; 1

8 g
depend on the type of the new node, which might be the center ofa 1D edge, a
2D face, or a 3D hexahedron. Let us denote byNC(E ) the set of new nodes on
an elementE .
We suppose the grid to be adaptive. I. e. depending on data therecursive re�ne-
ment is stopped locally on elements of di�erent grid levels.Thereby a sequence
of nested successively re�ned gridsfM l g0� l � l max is generated. On this sequence
we de�ne discrete function spacesfV l g0� l � l max consisting of continuous piece-
wise bilinear, respectively trilinear functions, which are ordered by set inclusion:
V0 � V 1 � � � � � V l � V l +1 � � � � � V l max . Let f � l

i gi denote the basis ofVl

consisting of hat-functions, i.e. if f x1; : : : ; xN g denotes the set of non constrained
vertices of M l , we have � l

i (x
j ) = � ij , j = 1 ; : : : ; N . Thereby a vertex is called

constrained, or a hanging node, if it is not generated by re�nement on every
adjacent element (cf. Fig. 1). On adaptive quadtrees, respectively octrees such
hanging nodes are unavoidable. The handling of the corresponding nodal values



is crucial for the e�ciency of the resulting adaptive numeri cal algorithm. We
choose an e�cient implicit processing which will be described below.
Usually, for timedependent problems a grid modi�cation consisting of the re-
�nement and coarsening of elements is necessary at certain time steps. In our
setting we start on the initial �ne grid M l max and it su�ces to coarsen elements,
since there is in general no spatial movement of the image edges and complete
information of the image is coded on the initial grid.This coarsening is obtained
by prescribing a data dependent, boolean valued stopping criterion S(E) on el-
ements, which implies local stopping in a recursive depth �rst traversal of the
hierarchical grid. It turned out to be suitable to let this el ement stopping crite-
rion depend on a corresponding criterionS(x) on the nodes, respectively basis
functions, i. e. we de�ne S(E):=

V
x 2N C (E ) S(x). S(�) distinguishes which de-

grees of freedom are actually important, respectively which nodal values can be
generated by interpolation of some coarse grid function. If� (x) is some error
indicator on the nodesx and � is a prescribed threshold value, we obtain such an
interpolation criterion by S(x):=( � (x) � � ) . Given an image intensity � 2 V l max

an intuitive choice for an error indicator is � (x):= jr � (x)j, because the gradient
of an image� acts like an edge indicator. Hence in regions with nearly constant
intensity the grid will be coarsened substantially, whereas in the vicinity of high
gradients, indicating preservable edges, the grid size is kept �ne.
The stopping criterion on elements is motivated by the fact that in the next
re�nement step only interpolated nodal values would appear. To ensure every
descendent nodal value on such an element { also those on �nergrid levels {
to be interpolated we require the following natural saturation condition on the
error indicator

(Saturation Condition) An error indicator value � (x) for x 2 N (E)
is always greater than every error indicator � (xC) for xC 2 N C(E ).

In general the saturation condition is not ful�lled, but we c an modify the er-
ror indicator in a preprocessing step. Typically, this turns out to be necessary
only on coarse grid levels. A simple update algorithm for an error indicator �
and thereby the corresponding projection criterionS is the following bottom-up
traversal of the grid hierarchy, starting on the second �nest level and ending on
the macro grid.

for l= lmax -1 to 0 step -1 do
for each element E of M l do

� � := maxx 2N i +1
C ( E ) � (x);

for all x 2 N (E ) do if( � (x) < � � ) � (x) = � � ;

Let us emphasize that a depth �rst traversal of the hierarchy in the adjustment
procedure would not be su�cient. This saturation process \t ransports" �ne grid
error information up to coarse grid level and prevents us from overlooking im-
portant �ne grid details [16]. Furthermore, the saturation condition comes along
with another desirable property. The corresponding element stopping criterion
implies only one level grid transitions at element faces of the actual adaptive
grid (cf. Fig. 1). Thus, the possible hanging node con�gurations con�ne to the



Fig. 2. From left to right several timesteps of the selective image smoothing on adaptive
grids are shown.

basic one level cases. I. e. any open face and any edge of an element E contains
at most one hanging node (cf. [11] for a general treatment of hanging nodes).
Finally, this has straightforward implications on the assurance of continuity of
discrete Finite Element functions and the corresponding matrix assembly in the
implementation of our nonlinear di�usion algorithm. In gen eral on regular grids
the continuity is guaranteed by identifying each local degree of freedom (dof)
with the global dof in the assembly of the global sti�ness matrices and the right
hand side of the corresponding discrete linear problem. However, hanging nodes
of the adaptive grid do not represent dofs, due to their dependence upon other
dofs. Therefore, when assembling the global sti�ness matrices, we have to dis-
tribute the contribution of the hanging nodes onto the constraining dofs. This
is nothing else but procedurally respecting the appropriate interpolation condi-
tions. For future use let us introduce the following notation:

{ NDEP(i ) = Number of constraints of the node with local index i of an element.
We de�ne NDEP(i ):=1 if the node is not constrained.

{ CCOEF(i; j ) = List of constrained coe�cients. In our case we always have
CCOEF(i; j ) = 1 =NDEP(i ) for j = 1 ; : : : ; NDEP(i ).

{ CDOFM(i; j ) = List of global dofs that constrain the node i , j = 1 ; : : : ; NDEP(i ).
For non-hanging nodesCDOFM(i; 1) coincides with the global dof of nodei .

The CCOEF{values are identical to the weights in the above node generation rule.
Figure 2 shows the application of the resulting adaptive algorithm to selectively
smoothen some noisy image. In Figure 3 and 4 we have applied the algorithm
to a 3D data set [12]. Figure 5 shows results obtained by the application of non-
linear di�usion to image segmentation. The approach is based on a continuous
multilevel analogue of the watershed algorithm.



Fig. 3. Nonlinear di�usion has been applied to a 3d medical data set. Several slices
through the adaptive grid are depicted showing the corresponding image intensity as
well as the intersection lines with element faces.

4 Procedural Grid Handling and Matrix Multiplication

As already mentioned in Section 2 the hierarchical grid is handled solely pro-
cedurally and necessary matrix multiplications in the linear system solver are
performed on{the{
y traversing the adaptive grid recursiv ely. Let us describe
this now in more detail.
Traversing the grid, information that is needed to identify an elementE will be
generated recursively. If this recursive traversal routine reaches a leaf element of
the adaptive grid, i. e. an element for whichS(E) is true, a callback-method will
perform some action on that element. For instance it calculates the local right
hand side. An elementE is identi�ed by the index vector of its lower left corner,
its grid level and its re�nement-type. Every other informat ion like the element's
size, the mapping of local dofs to global dofs, and the constrained dofs will be
stored in lookup tables as already mentioned in Section 3. In2D the hierarchical
traversal can be formulated in pseudo code as follows:

sub traverse(i, j, lev, refType, callback, params)
if (lev 6= lmax ) and : S(element ) do

offset = 2l max � lev � 1;
traverse(i, j, lev+1, 0, callback, params);
traverse(i + offset, j, lev+1, 1, callback, params);
traverse(i + offset, j + offset, lev+1, 2, callback, params) ;
traverse(i, j + offset, lev+1, 3, callback, params);

else callback(i, j, lev, refType, params);

We can also formulate the \on-the-
y" matrix-vector multip lication using this
callback traversal. Multiplying a given vector u with the matrix M + �L (� � )
and assembling the result in a vectorw requires the following local callback
procedure:



Fig. 4. A transparent isosurface visualization of the brain data se t, smoothed by non-
linear di�usion (cf. Fig. 3).

Fig. 5. Brain segmentation on slices of a MRT-image by nonlinear di� usion. Consecu-
tive timesteps of the corresponding evolution are depicted.

sub matrixProduct(i, j, lev, refType, (u,w))
for each pair l,k of local dofs

for lc=1 to NDEP(l), kc=1 to NDEP(k)
w(CDOFM(kc)) += localMatrix(CDOFM(lc), CDOFM(kc)) *

CCOEFF(lc) * CCOEFF(kc) * u(CDOFM(lc));

Similarily the adaptive BPX preconditioning can be implemented.

5 Application to Flow Visualization

As already sketched in the introduction we will now apply nonlinear anisotropic
di�usion to vector �eld visualization. Thereby we consider di�usive smoothing
along streamlines and edge enhancing in the orthogonal directions. Applying this
to some initial random noise image we generate a scale of successively coarser
patterns which represent the 
ow �eld.
For a given smooth vector �eld v : 
 ! Rn we de�ne a family of con-
tinuous orthogonal mappings B (v) : Rn ! SO(n) such that B (v)v = e0 ,



Fig. 6. A single timestep is depicted from the nonlinear di�usion me thod applied to
the vector �eld describing the 
ow around an obstacle at a �xe d time. A discrete white
noise is considered as initial data. We run the evolution on t he left for a small and on
the right for a large constant di�usion coe�cient � .

Fig. 7. Several timesteps are depicted from the nonlinear anisotropic evolution applied
to a convective 
ow �eld in a 2D box.

where f ei gi =0 ;��� ;n � 1 is the standard base inRn . We consider a di�usion ma-
trix A = A(v; r � � ) and de�ne

A(v; d) = B (v)T
�

� (kvk) 0
0 g(d)

�
B (v)

where � : R+ ! R+ controls the linear di�usion in vector �eld direction, i. e.
along streamlines, and the above introduced edge enhancingdi�usion coe�cient
g(�) acts in the orthogonal directions. We may either choose a linear function � or
in case of a velocity �eld, which spatially varies over several orders of magnitude,
we select a monotone function� with � (0) > 0 and lims!1 � (s) = � max .
Di�erent to the problems studied by Weickart in [25] in our ca se no canonical
initial data is given. To avoid aliasing artifacts we thus choose some random
noise � 0 of an appropriate frequency range. This can for instance be generated
running a linear isotropic di�usion simulation on a discret e white noise for a
short time. During the evolution the random pattern will gro w upstream and
downstream, whereas the edges tangential to these patternsare successively
enhanced. Still there is some di�usion perpendicular to the�eld which supplies
us for evolving time with a scale of progressively coarser representation of the 
ow
�eld. Running the evolution for vanishing right hand side f the image contrast
will unfortunately decrease successively. Thus the asymptotic limit would turn
out to be an averaged grey value. Therefore, we select an appropriate contrast



Fig. 8. Convective patterns in a 2D 
ow �eld are displayed and emphas ized by the
method of anisotropic nonlinear di�usion. The images show t he velocity �eld of the 
ow
at di�erent timesteps. Thereby the resulting alignment is w ith respect to streamlines
of this timedependent 
ow.

enhancing right hand side f : [0; 1] ! R+ with f (0) = f (1) = 0 , f > 0 on
(0:5; 1) , and f < 0 on (0; 0:5) (cf. reaction di�usion problems in image analysis
studied in [2, 10]). Finally we end up with the method of nonlinear anisotropic
di�usion to visualize complex vector �elds.

We expect an almost everywhere convergence to� (1 ; �) 2 f 0; 1g due to the
choice of the contrast enhancing functionf (�). The set of asymptotic limits
signi�cantly in
uences the richness of the developing pattern. One way to enrich
this set signi�cantly is to consider a vector valued � : 
 ! [0; 1]2 for some
m � 1 and a corresponding system of parabolic equations. Now, the nonlinear
di�usion coe�cient g(�) is assumed to depend on the normkr � k of the Jacobian
of the vector valued density r � and as right hand we de�ne f (� ) = h(k� k)� .
Here h(s) = ~f (s)=s for s 6= 0, where ~f is the old right hand side from the
scalar case, andh(0) = 0. Finally the random initial density is assumed to
have values in B1(0) \ [0; 1]2 . Obviously the contrast enhancement leads to
asymptotic values which are either 0 or lie on the sphere sector S1 \ [0; 1]2

in R2. This method is capable to nicely depict the global structure of 
ow �elds,
including saddle points, vortices, and stagnation points on the boundary. This is
indicated by Figure 7 and 8. Here the anisotropic di�usion method is applied to
an incompressible B�enard convection problem in a rectangular box with heating
from below and cooling from above. The formation of convection rolls leads to
an exchange of temperature.

The anisotropic nonlinear di�usion problem has already been formulated in Sec-
tion 2 for arbitrary space dimension. Di�ering from 2D in 3D w e have somehow
to break up the volume and open up the view to inner regions. Here a further
bene�t of the vector valued di�usion comes into play. The asymptotic limits -
which di�er from 0 - are in mean equally distributed on S1 \ [0; 1]2 . Hence,
we reduce the informational content and focus on a ball shaped neighbourhood
B � (! ) of a certain point ! 2 S1 \ [0; 1]2 (cf. Fig. 9).



Fig. 9. The incompressible 
ow in a water basin with two interior wal ls and an inlet
(on the left) and an outlet (on the right) is visualized by ani sotropic nonlinear di�usion.
Isosurfaces show the preimage of@B� (! ) (for di�erent values of � ) under the vector
valued mapping � for some point ! on S1 . Color is indicating the velocity.

6 Conclusions

We have discussed an adaptive Finite Element method for the discretization of
nonlinear di�usion methods in large scale image processing. Especially, we have
introduced a new method to process adaptive grids and corresponding mass-
and sti�ness matrices procedurally with out storing any mat rix or any graph
structure for the hierarchical tree of elements. Thus the method enables the
handling of large images (2573 dofs and more) on moderately sized workstations.
Furthermore a new method for 2D and 3D 
ow visualization has been presented.
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