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Abstract—A new morphological multiscale methodin 3D image process-
ing is presentedwhich combinesthe image processingmethodologybased
on nonlinear diffusion equations and the theory of geometric evolution
problems.lts aim is to smoothlevel setsof a 3D imagewhile simultaneously
presewning geometric featuressuch as edgesand corners on the level sets.
This is obtained by an anisotropic curvature evolution, where time sewes
as the multiscale parameter  Thereby the diffusion tensor dependson a
regularized shapeoperator of the evolving level sets. As one suitable reg-
ularization local .2 projection onto quadratic polynomials is consideked.
The method is compared to a related parametric surface approachand a
geometric interpretation of the evolution and its invariance propertiesare
given.

A spatial finite elementdiscretization on hexahedralmeshesand a semi-
implicit, regularizedbackward Euler discretization in time are the building
blocks of the easyto codealgorithm. Different applications underline the
efficiencyand flexibility of the presentedmage processingool.

Keywords— Image ProcessingLevel Set Method, Geometric Modeling,
Curvature Evolution

|. INTRODUCTION

Multiscalemethodshave provedto be successfutoolsin im-
agedenoising.edgeenhancemerdandshaperecovery[1], [34],
[39], [27]. Therebytheimageis consideredsinitial dataof a
suitableevolution problem. Time representshe scaleparame-
terwhich leadsfrom noisyfine scaleto smoothedandenhanced
coarsescalerepresentationsf the data. Processinghree di-
mensionaimagesis a taskof growing interestin variousappli-
cations. Especiallyin medicalimaging differentimagegener
ation hardwaresuchasCT or MRI devices,andmorerecently
also3D ultrasounddevicesdeliver largeimagedataat high res-
olution for further postprocessingandanalysis. Theseimages
andespecially3D ultrasoundmagesare characterizedby high
frequentnoisetypically dueto measuremergrrors. Often, one
is interestedn the extractionof certainlevel surfacesfrom the
data,which boundvolumesor separat@egionsof interest.Fre-
guentlytheactualintensityvalueis of minorimportanceandde-
pendenbnthemodalityin theimagegeneratioprocessMeth-
odswhich behae invariantundertransformation®f the inten-
sity or grayscalearecalledmorphological . They only effectthe
morphologyof theimage,which coincideswith thegeometryof
thelevel sets.

The aim of this paperis to discussa new anisotropiclevel
setmethodfor the denoisingof large, digital 3D images(cf.
SectionlV and[10] for arelatedmethodon parametricsurfaces
asthey typically appeaiin computergraphics).The peculiarity
of the methodis, thatit is ableto presere edgesand corners
onlevel setswhile still allowing tangentiakmoothingalongthe
edgesFurthermoret is characterizetly arich classof invariant
shapesindeedellipsoidsgivenaslevel setsof aquadraticpoly-
nomialareunafectedby the correspondingvolution. Figure
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Fig.1. Anoisy3D ecocadiographicaldatase{top left) is evolvedbyisotropic
PeronaMalik diffusion(top right), anisotiopic PeronaMalik diffusion(bot-
tom left) and by the new anisotopic level setmethod(bottomright). Snap-
shotsdepictone specificlevel setalwaysat the sameevolutiontime The
computatiorwasperformedona 1283 grid.

1 givesalfirst glanceon the performancef thenew methodand
comparest with othermethods:The new anisotropicgeomet-
ric diffusionapproachis characterizedy substantiatangential
smoothing,especiallycomparedto the original PeronaMalik

schemeand conseressharpedgesanddetailsin the example
muchbetterthanthe anisotropicPeronaMvalik diffusion.

The coreof the methodis anevolution drivenby anisotiopic
geometricdiffusionof level surfaces.The anisotropicdiffusion
tensordependingnapresmoothedhapeoperator— andthere-
fore dependingn presmoothegbrincipal curvaturesandprinci-
pal directionsof curnvature— is sensitve to the identification
of theimportantsurfacefeatures.lt decreasethe diffusivity in
certaindirectionsin closevicinity to edgesor corners.Herewe
male us of the obsenationthatedgeson surfacesareindicated
by onedominantandonesubdominanprincipal curvature.The
cunvaturedirectioncorrespondingo thedominantcurvaturecan
beconsidereasthetangentiadirectionalongtheedge.Mainly
two parametersre at the disposalof the userto influencethe
performancef themethod:

- A thresholdvalue X relatedto principal curvatureswhich are
assumedo indicateanedgeandthusrequirelocal preseration



and

- afilter width o which controlsthe noisereductionon the ac-
tual surfacebeforeevaluatingthe shapeoperator

The differencebetweenthe actualand the presmoothedhape
operatorplays an essentiakole in the control of the evolution
problem. Furthermore the built-in prefiltering is essentialto
male the proposedmethod robust and mathematicallywell-
posed. In this paperwe first presenta continuousmodel, an-
alyze and discussits qualitative properties. Thenin a second
stepwe seeka robustand efficient discretization. Hence,we
derive an appropriatefinite elementlevel setmethodwith re-
spectto a formulationof the continuousproblemin variational
form. Valueson nodesof a hexahedralgrid correspondo voxel
valuesin the digital image. We find a finite elementapproach
preferablecomparedo a finite differencediscretizationdueto
its intrinsic Galerkin structure,which simplifies the modeling
andthe studyof the qualitatve behaiour. Recently Deckelnick
andDziuk [11] proved corvergenceof the closelyrelatedfinite
elementapproximationfor meancurvaturemotionin level set
formulationto a viscosity solution of the continuousproblem.
Furthermorejn thefinite elementsettingthe anisotrofy canbe
handelecelementwisén a naturalway. Basedon conceptde-
velopedin [29] thecomputationatostevenof anadaptvefinite
elementschemas comparabléo afinite differenceformulation
with the samenumberof unknowns.

Thepaperis organizedasfollows. First,in Sectionll we dis-
cusssomebackgroundvork onimageprocessingsurfacefair-
ing and curvatureflow. In the following Sectionlll we briefly
introducesomegeometricnotation. Thenin SectionlV we re-
view a parametrianodelfor surfaceprocessingvhich hasbeen
presentedecently[10]. It furthermotivatesour modelingin the
contet of level sets. SectionV givesa detaileddescriptionof
thenew methodwhereasn SectionVI we discusgossiblereg-
ularizationsof the shapeoperator Afterwards,in SectionsVIl
andVIll we presenthe actualdiscretemodel. Finally, in Sec-
tion IX we comparethe parametricandthe level setmodeland
draw conclusiongn SectionX.

Il. REVIEW OF RELATED WORK

Let us considera noisy image given by an intensity map
#o : @ — R on someimagedomain) ¢ R?. Scalespace
methodsdefine an evolution operatorE(t) which actson the
image¢, anddeliversafamily of representation$E(t) o }+>o0
onsuccessiely coarseiscales Oneof thefirst successfuineth-
odsalongthis conceptwaspresentedby PeronaandMalik [27].
They proposeda nonlineardiffusion method,which modifies
the diffusion coeficient at edgeswhich areindicatedby steep
intensitygradients For agiveninitial imagep, they considered
theevolution problem

dp — div(G(|IVell)Vp) = 0.

Herethetime ¢ actsasthe scaleparameterFor increasing the
originalimageattheinitial time ¢ = 0 is successfullysmoothed
andimagepatternsarecoarsenedSimultaneouslyedgesareen-
hancedif one choosesa diffusion coeficient G(.) which sup-
pressedliffusionin areasof high gradients. A suitablechoice

2\ —1
is G(s) = (1 + j—g) for a positive constant\. Thus,edges

areclassifiedby A. 1. e. sharpenindoy backward diffusionis
invoked whenever ||Vp|| > A whereashe imageis smoothed
by forward diffusion for ||Vp|| < A. Kawohl andKutev [19]
gave a detailedanalysisof the diffusion typesin this method.
Unfortunately the above original Peronaand Malik modelis
still ill-posedbecausehereis a true backward diffusionin ar
easof largegradients.Caté etal. [6] proposeda regularization
methodwherethediffusioncoeficientis nolongerevaluatedon
the exactintensity gradient. Insteadthey suggestedo consider
thegradientevaluationonaprefilteredimage,i.e.,they consider
theequation

Opp — div(G([IVps[)Vp) =0 1)

wherep, = K,, * p with asuitablelocal corvolutionkernel K,

of width ¢. For instancewe may usea Gaussiarfilter kernel.
This modelturnsout to be well-posed,edgesarestill retained,
whereagheprefilteringavoidsthedetectiorandpronouncingpf

artificial edgeswhich aredueto theinitial noise.

Weickert [39] improved this method taking into account
anisotropicdiffusion, where the PeronaMalik type diffusion
is concentratedn the gradientdirectionof a prefilteredimage
anda constandiffusion coeficientis consideredn thetangent
plane. This leadsto an additionaltangentialsmoothingalong
edgesand enablego amplify intensity correlationsalonglines
or on level sets. The geometryof this evolution problemes-
pecially influencesour investigationson anisotropicdiffusion,
which canberegardedasa furtherrefinemenof Weickert's ap-
proach. CarmonaandZhong[5] have presentednanisotropic
filtering approachthataltersthe directionsof smoothing.They

considerPerona-Maliktype diffusionin featuredirections,and
lineardiffusionorthogonalo them. Similar to the approachwe

presentere they defineafeaturedirectionto betheeigervector
of theHessiarcorrespondindo thelargereigervalue.

In [28] anisotropicdiffusion wastaken up for the construc-
tion of streamlinetype patternsin flow fields. Concerningthe
numericalimplementationWeickert proposedfinite difference
schemeq39] and Kacur and Mikula [18] suggesteda semi-
implicit finite elementimplementationfor the isotropic model
by Catéetal.[6]. Adaptivefinite elemenimethodsn imagepro-
cessingarediscussedy Banschand Mikula [3], Schrorr [32]
andin [29]. Kimmel [20] generalizescalespacemethodology
to textureson surfacesconsideringheappropriatentrinsic dif-
ferentialoperators.

Unfortunately noneof the above modelsis invariantunder
grayvaluetransformationsAn evolution is saidto be invariant
undergrayvaluetransformationsif

E(t)(ho ¢) = ho (E(t)¢)

for mappingsh : R — R. In theaxiomaticwork by Alvarezet
al. [1] generainonlinearevolution problemswerederivedfrom
a setof axioms. Especiallyincluding the axiom of gray value
invariancethey endup with a curvatureevolution model,i. e.

(Ve \\T
%d IVl (t div (nwn)) =

Curvaturemotion hasbeenstudiedfor a long time in geome-
try andin physics,whereinterfacesare driven by surfaceten-
sion. The basic modelis the evolution of surfacesby mean



cunature,i.e. Oz —H(z)N(z) where H(z) is the cor
respondingmean curvature (here defined as the sum of the
two principal curvatures),and N (z) is the normalon the sur
face M at point z. From differentialgeometry[14] we know
that the mean-curaturevector HN equalsthe Laplace Bel-
trami operatorappliedto theidentity x = Id on a surface M:
H(z)N(z) = —Apz. Thusgeometriadiffusion

Oix — Apxz =0

is equivalentto meancurvaturemotion (M CM). Dziuk [15]
presentedh semiimplicit finite elementschemefor M C M on
triangulatedsurfaces.In dimensionsigherthantwo, singulari-
tiesmayoccurin theevolution. Generalizedso calledviscosity
solutions,canbedefinedin termsof alevel setformulation

. V¢
— d T

Existencein this context has been proved independentlyby
Evansand Spruck[16] and Chenet al. [8]. The meancur
vature H is known to be the first variationof the surfacearea
J( dz. We obtainfor the areaAr(w(t)) of a subsetu(t) of a
smoothsurface M undegoingthe M C M evolution (cf. [17])
4 Ar(w(t)) — [ H dz. This is one indication for the

w(t
strongregularizinge(f?ect of MCM.

In the context of Finsler geometry we consider for a
1-homogeneouscorvex scalar function () a generalized
weightedarea [, , (NV)dz dependingon the surfaceorienta-
tion. As its first variation we obtain the weightedmeancur-
vature H . The correspondinganisotropiccurvatureflow has
beenstudiedfor instanceby Bellettini and Paolini [4]. In case
of planecurvesMikula andKacur[24] consideredn evolution
equatiorfor thecurvature fromwhichonecanrecovertheshape
of the curves. Concerninghe applicationthis is closelyrelated
to the preferabilityof certaininterfaceorientationsin the crys-
talline structureof material(cf. [2], [36]). DeckelnickandDz-
iuk [11], [12] have analyzeda correspondindully discretefinite
elementmethodandprovedcorvergenceowardviscositysolu-
tions.

Concerningheimageprocessin@gpplication’/ C M notonly
decreasethe “geometric” noisebut alsosmoothesut geomet-
ric featuressuchas edgesand cornerson the surface. Never-
thelesscurvaturemotiontermsprovedto be successfuingredi-
entsin segmentationand image enhancemenmethods. They
have beenconsiderede. g. by Pauwelset al. [26]. Sapiro
[30] proposeda modificationof MCM consideringa diffusion
coeficient which dependson the imagegradient. Malladi and
Sethian[23] presented numericallevel setmethodon 2D im-
agescalled“min/max“ flow which alsoconsidershe curvature
evolution, but differing betweerthe smoothingof locally “con-
cave" perturbation®n cornvex shapesandlocally “convex” per
turbationson concave shapes.We seekanothercurvatureevo-
lution modelwhich overcomeghe abose mentioneddravback
andnicely works on 3D imagesaswell. Our modelpresented
hereis basednanisotropidiffusion. As alreadymentionedhe
anisotroy will dependon a regularizedshapeoperatorandnot
like in the abore anisotropiccurvatureflow on the normal di-
rection. We emphasizehis differencedenotingthe nev model

simply anisotiopic geometricdiffusion On parametricsurfaces
suchamodelhasalreadybeerpresentedh [10] (cf. SectionlV).

I1l. SOME USEFUL GEOMETRIC TOOLS

While introducing and discussingour methodand compar
ing it to a correspondingnodel on parameterizedurfaceswe
will make extensie useof somefundamentahotion from dif-
ferentialgeometry For a detailedintroductionto geometryand
differentialcalculuswe referto [14] and[7, Chapterl]. Let us
considerasmoothcompacembeddednanifold M ¢ R? with-
outboundarylLetz : @ - M  — z( ) besomecoordinate
mapfrom anatlas.In asloppy but usefulinterpretationwe as-
sumethatz is alsotheidentityontheembeddedurface M. For
eachpointz on M atangenspace M isspannedy thebasis
{— —}. Dueto theembeddingn R’ we identify — with

thetangentvector—. By .M we denotethetangentoundle.
Measuringengthon M requiresthe definitionof ametric

(): M M-=R.
In matrix notationwe obtain = ( ) with
_dx oe
)

where indicatesthe scalarproductin R®. Theinverseof is

denotecby —' = ( ) . ThegradientV,, of afunction

is definedastherepresentationf  with respecto the metric
. In coordinatesve obtain

B O( ox) 0O
Vm = 5 5
We definethe divergencedivp, for avectorfield M as
the dual operatorof the gradientwith respecto the  product

on M andobtainin coordinates

diVM

= 6_( )

Finally, the LaplaceBeltramioperatorA »4 is givenby

Ay i=diva Vg

Furthermorewe have to considersomefundamentakturvature
guantities.Let usassumehat M is orientablejthenwe have a
well definednormalN : M — c R® on M. Thesecond
fundamentaformh : M M — R is locally givenby
thematrixh = (h ) with

o 0

For this symmetricbilinearform we considetthe shapeoperator

M definedastheendomorphisnonthetangentspace M
with (o ) =h( ). Itisagainsymmetric,but now
with respecto themetric. In matrix notationwe obtain



Theeigervalues of A4 arecalledprincipalcurvaturesand
the eigervectors  are the principal directionsof curvature.
Finally we definethe mean-curvatue H := Note that
throughouthis paperthe mean-curatureH is only the sumof
theprincipalcurvatures.

IV. A PARAMETRIC MODEL REVISITED

In this sectionwe will review a first anisotropicdiffusion
modelon parametricsurfaces. The generalprocedurehassig-
nificantimpacton the modelto be describedn this paperand
in a subsequensectionwe will give a detailed comparison.
Smoothinga noisy signal ¢ is usuallybeingdoneapplyinga
low passfilter, in the most simplestcasea Gaussiarfilter. It
is well known that the applicationof this filter with width o
is equivalentto the evaluationof the heatequationevolution
O (t) — A (t) = 0 for the signalasinitial data (0) = o
attime 2. In caseof noisy parametrizedgurfacesM, with pa-
rameterizatiorr, we canproceedanalogoushandconsiderthe
correspondinggeometricevolution problem. I. e., we seekan
one-parametefamily of embeddednanifolds { M (¢)};>0 and
correspondingparametrizations(t), which obey themotionby
meancunature(M C M). For the sale of simplicity we define
MCM (Mo t) := M(t), whereM(t) is thesolutionsurfaceat
timet. ThusMCM(M o ) canberegardedastheapplica-
tion of a“geometric” Gaussiatilter of width o to M.

Processingf detailedtypically noisy or disturbedtriangu-
lated surfacesis an important topic in surface modelingand
computergraphics. A variety of modelshasbeenpresentedn
the literature[13], [21], [22], [35]. In termsof mathematical
modelingthey canbe comparedo discretevariantsof the basic
continuoussurfaceevolution problemsof seconcbr fourth order
for the parametrization

(9tl'(t)—AM(t)$(t) = 0
Oz (t) + Ay Ammpz(t) = 0.

Unfortunately thesemodelsdo not presere singularfeatures
such

ascornersandedgesor dothey distinguishdirectionson the
surface.In [10] anovel anisotropicgeometricdiffusion method
wasintroducedvhichis ableto preservamportantfeatuiessuc
asedgesandcorners onthesurfaceandwhich allows tangential
smoothingalongan edgebut not perpendiculato it. The core
of the methodis a geometricformulation of anisotropicscale
spaceevolution for surfaces.On imagesgradientsaresuitable
egdeindicators. But the gradientof a coordinatemappingis
no intrinsic objecton manifolds. The canonicalquantityis the
shapeoperatoy thatindicatesedgesand cornersby sufiiciently
large eigervalues. The eigervector correspondingo a single
large eigervalueis supposedo beorthogonako the directionof
anedge.

Becausethe evaluation of the shapeoperatoron a noisy
surface might be misleadingwith respectto the original but
unknown surface and its edges,we prefilter the current sur
face M(t) by straightforvard “geometric Gaussianfiltering.
Hence,we computea shapeoperator “ ,, on the resulting
prefilteredsurface M, (t), whereo is the correspondindilter

Fig. 2. Two differentnoisyinitial triangulatedsurfacesgivenon the left are
evolvedunder the parametric anisotiopic geometricevolution. Smoothed
representationgxtractedat suitablesscalesfromthe evolutionare depicted
ontheright (cf. [10]).

width. Finally oneobtainsthefollowing type of evolution prob-
lem

O —divpe (7 m V) =

Thediffusiontensor @ ,, = ( 7 ,,) is definedwith respect
to the orthonormalbasisof principal curvature directionson

M, by
- ( 6( 1) o a))

where G is a monotonedecreasingunction with asymptotic
limit 0 at  (cf. SectionlV). Thus,diffusionon the surface
is significantly reducedin directionsof high principal curva-
ture, i. e. thoseperpendiculato an egde. On the otherhand,
a larger diffusion coeficient in the edgedirectionenablegan-
gentialsmoothingalongthe edge. Theright handside of the
considereavolution problemcanbe choosersuchthatthevol-
umeenclosedoy M is presered(cf. [10]) or onecanselecta
simpleretrieving force which avoids large deformations Moti-
vatedby our definitionof thediffusiontensor “ ,, we definea
generalized ? ,,-meancurvature

H = ("m0 M)
which turns out to be the negative propagationspeedof our
modelin normaldirection. Figure 2 shavs resultsof this ap-
proach.

V. ANISOTROPIC GEOMETRIC DIFFUSION ON LEVEL SETS

On the backgroundof the previous expositionswe are now
preparedo discussananisotropicgeometriaiffusionapproach
as a suitablemorphologicalscalespacemethodin 3D image
processingWe will definealevel setformulationfor ageneral-
ized anisotropiccurvaturemotion of theisosurfices. Thus,we



Fig. 3. Asa testcasewe considerthe function

whoselevel setsare octahedons. This function was perturbedand then
taken asinitial datafor the anisotopic geometricdiffusion method. From
top to bottoman original perturbedlevel setand the correspondingfirst,
secondandfifth time stepof its evolutionona 3 grid are depicted.In the
right columnwe visualizethe dominantcurvatue on the level setsfromthe
left column.A color rampfromblueto redindicatesthedominantcurvatue
value

simultaneouslylealwith all level sets althoughin certainappli-
cationsour interestis focusedon one specificimplicit surface,
possiblyin advancecorvertedfrom a parametrico animplicit
representationThe similaritiesandespeciallythe peculiardif-
ferencedo the parametricnodel (cf. SectionlV) will be dis-
cussedn detailin SectionlX. First,we outlinethebasicingre-
dientsandthegeneralprocedure:

Letusdenoteby ¢ : 2 — R thegrayvaluefunctionof the
initial 3D imagewith inscribedlevel sets

Q ¢o(z) = }.

We assumep, andthe setof correspondingmplicit surfaces
{M,} to be noisy and ask for a family of successiely
smoothedmages{¢(t ) t IR, }whereg(t ):Q — Rand
#(0 ) = ¢o( ). Throughouthis paper2 will awaysbetheunit
cube 0 1 3. As commonin multiscalecalculuson imagesand
surfacesthe time ¢ senesasthe scaleparameter Thereby for

MO = {.73

eachgrayvalue afamily of surfaces{ M ()}, is gener
ated,with M (0) = M,. Here,aslong aswe derive themodel
we assumep( ) to be sufiiciently smoothand V¢ (¢t z) = 0
forall (¢t z) R, . Indeed,dueto theimplicit function
theorenmthe correspondingetsM (t) thenareactuallysmooth
surfaces.

The methodshouldbeinvariantundergray scaletransforma-
tions. To ensurethis purely morphologicalcharactemwe con-
fine to curvaturequantitiesasthe driving forcesfor the corre-
spondingvolution of thelevel sets.Thesimplestmorphological
smoothingmodelwould be to considemeancurvaturemotion
of thelevel sets(cf. Sectionll).

But in additionto the smoothingof thelevel setsouraimis
to maintainor evenenhancedgesnthesesurfaces As already
describedn SectionlV an edgefeatureis characterizedy a
small cunvaturein tangentialdirection alongthe featureand a
sufficiently large curvaturein the perpendiculadirectionin the
tangentspace.In caseof embeddedurfacesthe corresponding
cunvaturetensoris representetty the shapeoperator 4. In
the vicinity of anedgetherewill be a smallanda large eigen-
value ! and respectiely. The correspondingigervectors

L'and indeedpoint in tangentialdirection along the egde
andin the orthogonaldirection respectiely (cf. SectionlV).
Hence,we consideran anisotropicdiffusion tensordepending
ontheextendedshapeoperator , which significantlydecreases
the diffusioncoeficientin the dominantcurvaturedirection
whereasa fixed diffusion coeficient is prescribedn the sub-
dominant ! direction. This distinctionwill againbemadevia a
functionG appliedto the principle curvatures !, . Fig. 3il-
lustrateghe methods performancdor atestcaseof aperturbed
3D imagewith originally sharpedgesand shows time stepsof
the evolution. Thechoiceof G is relatedto the selectionof the
diffusioncoeficientin the PeronaMalik model[27].

Theevaluationof theshapeoperatomonalevel setof anoisy
imagemight bemisleadingwith respecto thetruebut unknavn
level setsandedges E. g. noisemight beidentifiedasfeatures.
Thereforewe have to considera regularizationin advanceand
prefilter the currentimage ¢(¢ ) before evaluatingthe shape
operator Herewe have the choiceto eitherglobally or locally
regularizetheimage. An appropriaté‘morphological”filter —
a shorttimestepof a level setevolution by meancurvature—
would deliver a global regularization. As a simple alternatve
we canconsidetthecorvolutionof ¢(¢ ) with somekernelwith
compactsupport. However, concerningan implementationon
discretedatathesetwo globalregularizationapproachestill re-
quire the definition of a shapeoperator This involvessecond
derivativeson a typical representatioof imagedataby piece-
wise trilinear functions. On the other handwe can take into
accounta local projectionof the imageintensity on a suitable
finite dimensionakpaceof smoothfunctions.Then,onthisreg-
ularizationwe do not encountetthe problemof a definition of
theshapeoperatorandits evaluationis straightforward. In Sec-
tion VI we will analyzethe differentregularizationmethodsin
detail.

We end up with the following type of nonlinearparabolic
problem. Givenaninitial 3D imageg, on a domain{2, we ask
for a scaleof images{¢(t )}:>o which obey the anisotropic



geometricevolution equation:

. s Vo .
86— IV dw( W)‘O @)

onR 2 andsatisfytheinitial condition

$(0 ) = ¢o()-

Furthermorewe supposenaturalboundaryconditionson 912,
i. e.

99 _
5 =

where denoteghe outernormalon 9f2. Thediffusiontensor
7 is supposedo be a symmetric,positive semidefiniteendo-

morphismon IR?, which caresaboutthe preseration of edges

andthetangentiakmoothingalongedges.

Now, our mainobjectie is theappropriateeoncretechoiceof
the anisotroy atsomepointz M := M (t) (¢(t ) = ).
Therefore et usfirst examinethe Jacobiarof thenormal N :=
——. Wedefine := N = (N ) . Thissymmetricmap-

ping canberegardedasanextensionto R® of theshapeopera-
tor s on M. Obviously,from N N = (it followsthat
theorthogonaktomplement M of thetangenspace M is
containedn thekernelof ,i. e. m = 0. Hencefromthe
symmetryof (i.e.N =N ),wededucdhat maps M
onto M. The correspondingestriction M= M
coincideswith the actualshapeoperator x4 on M. Thus

is characterizedy the eigervalues !, , 0 andthe eigen-
vectors !, andN. Thereforewe will denote theextended
shapeoperator Now we definethe anisotropicdiffusiontensor
7 asafunctionof aregularizedshapeoperator ¢ basednan
atleastlocally regularizedsurface M,

= ()

where (R?) — (R®). Here () denotesthe
spaceof symmetricmaps. As a suitablechoicefor this map-
ping we considerthe scalarfunctionG from the basicimage
processingnodel,with G(s) = (1 + A~ s )~1, now actingon

( M). Mappingthenormalspaceo the0 wetrivially ex-
pandit to (R®). Here \ senesasa steeringparametefor
the identificationof edges.For largervalue A morefeatureson
the surfacewill beregardedasedgesandpreseredby the pro-
poseddiffusionmethod. In our applicationswe alwayschoose
A = 0. . Letusrecall, thatin imageprocessinddy the Per
onaMalik model ) is exactly the switchbetweerbackwardand
forward diffusion. We suppose ¢ to diagonalizewith respect
tothebasis{ ' ° N°},where 1? 7 areeigervectors
correspondingo principalcurvatures ' = ¢ on M, andN°
is thenormal.Hencewe obtainthe matrix representation

G( 10')

0

(9=, G(

0') o -

0

Here , () is thebasistransformatiorfrom the regular
ized frame of principal directionsof curvatureandthe normal
{ '2 2 N9} ontothecanonicabasis{ 1 3}

Fig. 4. Fromtop left to bottomright a certain level set- visualizingthe shape
of oneventricelof the humanheart- is extractedfromthe anisotopic geo-
metricevolution. Here successivauccessivetepsof the smoothingorocess
are shown(cf. Fig. 1). Thecomputatiorwasperformedon a 1282 grid.

Figure4 picksup theinitial examplefor theintroduction(cf.
Fig. 1). A 3D echocardiographicamage of a humanheart
is taken asinitial data. Here, differenttime stepsof the evo-
lution underanisotropicgeometricdiffusionareshavn. A sec-
ondandthird exampleis concernedvith truemeasuremerdata.
Thesaltconcentrationn a densitydrivenflow througha porous
mediumfilled with fresh and salt wateris measuredn a lab-
oratory experimentby an MRI device. In Figure5 level sets
of the salt concentrationare dravn, whereaskFigure 6 shows
slicesthroughthe 3D datasetat different stagesof the exper
iment. In bothcasesve compareheoriginal measuremerdata
with smoothedesultsobtainedby our method. Below we will
furthermorebe concernedvith volume conseration especially
testedon this dataset. Figures7 and8 shav smoothingre-
sultsvia the anisotropicgeometricdiffusion methodin caseof
a fingering experiment,whereheary salt wateris enteringon
top of a basinfilled with lighter freshwater The saltwateris
pulled downwardsdueto gravity. The underlyinginstability in
this configurationeadsto a fingeringeffecton theinterfacebe-
tweenfreshandsaltwater

Remark: Obhviously, independenbof the questionof well-
posednesst is essentiathat 7 depend®ntheregularized
andnotontheactualshapeoperator . Otherwisewve would ob-
tain atrivial evolution problem,which restsat theinitial image.
Indeedfrom ()= { }weget ( )N =0.

Remark:Alreadymeancurvaturemotionin level setformula-
tionsleadsto adegeneratgaraboligoroblem wherediffusionis
restrictedo thetangenspace Consideringheregularizedevel
setM, in our modelwe immediatelyobsene thattheresulting



Fig. 5. Theapplication of the anisotiopic geometriclevel setmethodto ex-
perimentaldatafroma freshand salt water experiments depicted.On the
left isolevels of a salt-concenttion are shownat two different stages of
the experiment. Fir st, the salt water is floatinginto a containerfilled with
freshwater (top). Thenan outletis openedat oneof thetop corness of the
container(bottom). During the experiment,concentation of the salt was
measued usingan MR imaging device Theright columnshowsthe corre-
sponding3D images obtainedby anisotopic geometricdiffusionona 2
grid (cf. alsoFig. 6).

tangenspace M, nolongercoincideswith theactualttangent

space M. Thus,in caseof very noisydatait cannotbeguar

anteedhat ( ?) still actsasa positive definiteendomorphism

on M. Infact,N? mightbecontainedn M. Positve def-
initenesscanbe enforcedntroducinga small, positive diffusion

coeficient in thedirectionof N7 aswell. Hence we obtain
o = ( G') .
where ( 7) = ( (t9) ( ) ) with respectto

thebasis{ 1 ¢ N?}. In our applicationswe obsenedno
problemswith the latter type of degenerag andconfineto the
originalmodelwith = 0.

In whatfollows, we will morecloselyexaminethe geometry
of the proposednethod. The underlyingevolution turnsout to
be equivalentto the propagatiorof the level setsM (t) with
speed in normaldirectionN,i.e.dx = N holdsfor

= ("(o= )+dv ) 7= ).

Herewedefine , = NY. Letusemphasiz¢hat , coincides
with the actually consideredegularizedshapeoperator 7, if

we evaluatethe latter on level setsof a globally prefilteredim-

age.Evaluating “ separatelyor eachpointz  Q onalocally

regularizedsurface M, wein generabbtain 7 = .

Proof: Picking up the above notationfor the anisotroyy,

Fig. 6. Fromthe developmenif the concentation distribution in the exper
imental data (cf. Fig. 5) vertical slicesare extracted. On the left slices
the actual measuementsare visualizedagain at the two different stages of
the experiment,wherason the right the correspondingslicesthroughthe
smoothediatasetsare shown.

thenormalvectorsN,N? on M, M7, respectiely, we obtain

div( °N)=(div )N+ (7 )
=(div )N +(div °)(N-N°)+ (7))
=div( "N7) = (7 )
+(div )YN-NY+ (7))
=0— (7 )+(dv ) = )+ (7).
Therefore our problemcanberewrittenas
ap+IIVell( (7( o= ))+div 7( 7= ))=0.

Dueto theequivalenceof thelevel setequationd; ¢+ || V|| =
0 andthe correspondingparametricevolution 9,z = N we
have verifiedour claim. |

Theevaluationof theshapeoperatolis basedon seconcbrder
derivatives,whereaghenormalonly reliesonfirst orderderiva-
tives.Thus,for noisyimageswe expect

| o(z) = (@)l

for generalpointsz Q. Therefore, ( °( , — )) will be
thedominanttermin the propagatiorspeedn normaldirection.
Finally, this allows usto give a nice geometricinterpretationof
theproposedvolution problem:

The anisotiopic level setevolutionis mainly driven by the dif-
ferenceof a regularizedshapeoperator and the true shapeop-
erator weightedapplying the anisotopic weightsgiven by the
diffusiontensor

Furthermorewe verify thatthepropagatiorspeed vanishesif
N? N (cf. SectionlX). Besidesthe morphologicalcharac-
ter of the proposedapproactespeciallythis built-in comparison
betweerregularizedandactualshapeoperatorandnormalgives

[N (z) = N° ()]



Fig. 7. Theanisotopic geometriclevel setmethods appliedto noisydatafrom
a fingering experimentin a two phaseporousmediumflow of freshand salt
water During the experimenthe salt concentation wasmeasuedusingan
MR imaging device In thetop row isosurfaceof the salt concentation at
an early time in the experimentare shown,wheeasthe bottomrow shows
data from a later time in the experiment. Theleft columnrepresentsthe
original data. In theright columnthe 3D imagesobtainedby the anisotiopic
diffusionona 2 grid are shown(cf. alsoFig. 8).

reasorfor themethods performanceFigure9 comparedliffer-
entevolution methodsin imageprocessing.We have balanced
parameterandconsideraratherlongtime in the evolution. For
noneof the methodshis reflectsa properchoiceof parameters
andtime but it stronglyreflectstheir principle behaiour.

In generalwe can not guaranteghat V¢ = 0 evenif the
initial datafulfills this regularity assumptions.In fact, Evans
andSpruck[16] gave anexamplefor meancurvaturemotionby
the level setapproactwherea certainlevel setdegeneratesind
the correspondingM (t) fattens,loosingits surfaceproperty
Thus,we have to regularizethe problemreplacingthe norm|| ||
in equation(2) by aregularapproximatiory| || . I. e. we choose
(cf. [16])

= +I1-

The correspondingegularizedvariationalformulation is then

givenby
09 ) ( oy VO ):0 3
(e )+ (Omar ™ ©
for all testfunctions C (). Here( ) indicatesthe

producton §2. Consideringa finite elementimplementatiorwe
will pick up this formulationin SectionVII.

VI. A REGULARIZED SHAPE OPERATOR

In our modelabove we have madeextensve useof a regu-
larized shapeoperator 2, on which we basethe computation
of the anisotropicdiffusiontensor As alreadydescribedn the
previous SectionV we have differentchoicesfor the definition
of theregularization:

1. The geometricallynaturaland purely morphologicalpres-
moothingof animageis given by a shorttime evolution under

Fig. 8. Fromthe experimentaldata shownin Figure 7 vertical slicesare ex-
tracted. Again two successivastages of the experimentare depicted. The
left columnshowsslicesthrough the original data; correspondingslices
throughthe smoothedlata setsare shownin theright column.

meancurvatute motion Thus,for everyt 1R, we maysolve

. \Y
o — ||V | div (—) =0

with initial data (0 ) = ¢(¢ ) and naturalboundarycon-
ditions and evaluatethe shapeoperator “(z) = (¢ z) on

@7t )= (ﬁ ). Theadwantageof this approachis thatthe
resultingmodelis completelydefinedin morphologicalterms
only.

2. Anothersimpler— but not morphological— approachs
the regularizationvia corvolution of the imagewith a kernel
K, of width ¢, i.e. ¢° := K, * ¢, and againthe definition

()= (¢ =).

3. As alreadymentionedwith respecto a discretizationwe
are still left to define a discreteshapeoperatoron level sets
describedby a finite elementfunction. As long as we do
not use at least quadraticelementseven a suitabledefinition
— without taking into accountthe consisteng problem— re-
mainsan openquestion[31]. Sincetypically imagesaredis-
cretizedbasedon trilinear interpolationof pixel or voxel val-
ues, our methodof choiceis one basedon local regulariza-
tion. Unfortunatelythe local regularizationdefinedin the se-
quel is not guaranteedo be invariantundergray value trans-
formations. Neverthelesswe expectthe correspondingegu-
larized shapeoperatorto dependessentiallyonly on the mor-
phology of the local image. We basethe local regularization
on a leastsquaredit — in factlocal  projection— of the
image ¢ onto a subspacef the spaceof quadraticpolynomi-

als . Tothisendlet usfix a pointz  Q anddenoteby
= {z, 2 =3 :1x T123 T 3 21 T 23} thissub-
spaceof . We skip the constantfunctionsin , sincewe

assumehe image ¢ to be locally shiftedsuchthat ¢(x) = 0.
Thelocal projection ;¢ of theintensity¢ onto  is



Fig. 9. We compae the principle qualitative behaviorof different methods
extracting level setsat a relativelylarge timein the evolution: anisotiopic
geometricdiffusion (top left), meancurvatue motion (top right), isotropic
Perona Malik diffusion[27] (bottomleft), and anisotiopic diffusion model
proposedby Weidert [38] (bottomright). Alwaysthe sametime step

is depictedfrom the correspondingevolution. The computations
were performedona 2 grid andthebuild in regularizationwasbalanced
with respectto an equivalenceof a filter width . Thus,for the
isotropic and anistropic diffusionmodels(bottomline) we regularizedby a
timestep 2 2 of the heatequation.Finally, for the anisotopic geometric
diffusionwetook

thendefinedvia the orthogonalityrelation

(6( ) = (
)

«#)()) =0

where ,(z) is asmallneighborhoodf = (cf. Fig. 10 for the
effect of different stencil width parameterr on the evolution
result). For the easeof presentatiorwe write ¢?( ) instead
of ( ,¢)( )forafixedz . Locally, theprojectiondefines
asurface M, whosetangentspace M in generaldoesnot

coincidewith M becausén generalN?( ) := % =
N.

Now we definein analogyto the non-rgyularizedcasethe
shapeoperator 2 = (¢?( )) :=  N?( ), whichis again
asymmetricmappingfrom M _onto M _ (cf. SectionV).
Thus, ¢ is charaterizedy its eigervalues °, =1 and
theeigervectors{ 1 ¢ N?}. Thereforewith anappropri-
atebasistransformation ( ), weobtain

1o

Let usagainemphasizehatthis 7 = (¢“) is evaluatedfor
everyz separatelyandthereforeén general 2 = . Finallywe
obsene thatin caseof coinciding¢? and¢ the nonregularized
andregularizedshapeoperatorandnormalareequali. e. 7 =
- = andN’ = N. Thisespeciallyholdsif ¢ . Thus,
guadraticimageintensitiesand inducedellipsoidal shapesare
invariantunderthe proposednisotropiogeometriadiffusion.

Fig. 10. We compae theinfluenceof thefilter width parameter ontheresults
of theanisotiopic curvatue evolution. Asinitial dataweconsiderthenoisy
octaehedsn data setalreadyshownin Fig. 3 and choose 2 (top
line), (middleline), and 8 (bottomline). Theleft column
showsthe first time stepof the evolution wheeasin the right columnthe
third time stepof the evolution is shown. Theresultsobviouslyreflectour
theoetical expectationgcf. remarkin SectionVl).

Remark: Still we have to selecta properregularizationpa-
rametero, which alwaysplaystherole of a stencilwidth, either
in a geometricsmoothing(regularizationvariantl), in alinear
corvolution (variant2), or in the actuallyimplemented  pro-
jectionmethod(variant3). As usualin diffusion processeshe
stoppingtime ¢ of the geometricdiffusion processs relatedto
afilter width ¢ (cf. SectionlV). Thusit is reasonablavith
respectto the modelingto chooses ~t (cf. Morel and
Solimini [25]). Dueto thetradeoff betweensmallervaluesof
o leadingto more detailedfeaturedetectionand larger o val-
uesimproving the consisteng of the extractedshapeoperator
for smoothdatawe chooses h, e.g. in our appli-
cations.Independenof the choiceof regularizationthe derived
regularizedshapeoperatoractsasa quantizedndicatorfor the
relevanceof edgesandtheir directionandnot asa descriptorof
thesomehav optimallimit shape.

VIIl. FINITE ELEMENT DISCRETIZATION

Up to now we have consideredan imageintensity ¢ which
hasbeena sufficiently smoothfunction on the image domain
Q c R3. Concerningheimplementatiorof the proposednul-
tiscalemethodand its actualapplicationto digital imageswe
now have to discretizeour modelin spaceandtime. In the
applicationimagestypically ariseas arraysof pixels. We in-
terpretepixel valuesas nodal valueson a uniform hexahedral
mesh covering the whole imagedomain2 and considerthe



correspondingrilinear interpolationon cells C to obtain
discreteintensityfunctionsin the accompawing finite element
space. To clarify the notationwe will always denotespatially
discretequantitieswith uppercaselettersto distinguishthem
from the correspondingontinuousguantitiesin lower caselet-
ters. A subscripth indicatesthe grid size. Let us definethe
spaceof piecavisetrilinear, continuoudunctions

={ c'() 1 1 1 C}
where ; denoteghe spaceof linear polynomialsand” ” the
tensomproduct.

Now we areableto formulateourdiscreteproblem.Discretiz-
ing first only in spacewe obtaina variationalfinite elementor-
mulationof our level setevolution problem(cf. Eq. (2) for the
continuouscase):

Find : R, —  withinitial data (0) = ¢, sudthat
o1 ) T )
e T +| "o— V | =0
(IIV I IVl
for all
Here, :C0°(Q)) —  isthelLagrangenterpolationonthe

grid andthediffusiontensor ¢ is supposedo be a suitable
approximationof 7. Finally, we have usedthe lumpedmass
scalarproduct( ) , whichis definedby

()= ( )dz

for discretefunctions (cf. [37]). As animmediate
consequencéhe correspondingionlinearmassmatrix M ()
is diagonal. This simplifiesthe resultingschemesignificantly
We endup with a systemof ordinarydifferentialequationgor
thenodalvaluesof theintensityfunction . Obviouslytheregu-
larizationparameter shouldbecoupledsomehav with thegrid
size.Following Dziuk andDeckelnick [12] we select  h.
Next, we haveto discretizein time,whichincludesthechoice
of sometime steppingschemeandthe decisionwhich termto
handleimplicitly andwhich explicitly. Herewe choosea semi-
implicit backward Euler discretization.Expressedn geometric
termswe considetthe metricandtheregularizedshapeoperator
explicitly (cf. [15]). |I. e. the shapeoperatoris updatedev-
erytime stepandwe expectandexperimentallyobsene surface
featuresuchasedgedo besuccessiely betteridentifiedvia the
principle curvatureevaluationon ?. Let beaselectedime
stepsize. Thenwe obtainthetime andspacediscreteproblem:

Find a sequencef discreteintensityfunctions{ } o

with and = ¢, suhthat
) ()
+{ “=—— V | =0
(IIV ll v
for all
We expect  to beanapproximationof (). Finally, in

eachstepof the discreteevolution we have to solve a single
systemof linear equations.In termsof nodalvectorsindicated

by a bar on top of the correspondingliscretefunction we can
rewrite the schemeandget

)+ () (4)

for the new vectorof nodalvalues ! attimet ; = ( +
1) . Here,wehave appliedthenonlineadlumpedmassandstiff-
nessmatrices

v = (77 )
O = (T

where{ } isthenodalbasisof

In eachtime stepthediscretediffusiontensor 7 is evaluated
for every grid nodeseparatelyThen,oncellsC we usetri-
linearinterpolationto define ?. Furthermorein thenumerical
applicationwe havereplacedheintegrationof ( ~ )
by the onepoint numericalquadraturevhich refersonly to the
valueattheelements centerof mass.

Theresultingsystemf linearequationswhich arisein each
time step of the discreteanisotropiccurvature evolution are
solved by a preconditionedconjugategradient method For
computationson a1 2 grid the solver typically needs60 it-
erationgto decreas¢herelative residualbelon 10~ .

(M =M ()

VIIlI. SHAPE OPERATOR ON DISCRETE DATA

In this sectionwe will describehow to computethelocal

projectiondefinedin SectionVI on given discreteimagedata
. Withoutlossof generalitywe will assumehatz = 0

andfurthermorethat¢(x) = 0. Sincewe areworking on hier
archicalocttreegrids, it is naturalto definethe o neighborhood

+(z) inthemaximumnorm: Foran ~ { I } weset

-(x) tobeapatchcontaining( +1) ( +1) ( +1)nodes
having z in its center In otherwords , consistsof
elementsThenfor o = +(x), weobtainc = h.

To computethe projection “( ) := ( , )( ) ontothe

subspace = {z, £ =3 :12 7123 T T3 1 T X3}
of , we consider the representation 7( ; 3) =
1 in theabove canonicabasisof . Then( ) R

solvesthelinearsystemof equations

1 () ()

for = 1... . Forafixed , theinverseof the matrix on
the left handside of the above equationcan be precomputed
on regular grids. This speedaup the projectionprocessn the
implementatiorconsiderablyWe easilyderive that

and



Finally, recallingthedefinitionof theregularizedshapeoperator
7, weobtainaformulaof theshapeoperator ¢ in termsof the
above quantities). e.

1

(o [ (o

IV el -

After a restriction of the obtainedoperatoronto the tangent
space M_ = (N?) we easilycanevaluatethe principal
cunatures ? andprincipaldirectionsof curvature °.

To studythe consisteng of the curvatureevaluationwe again
pick up the secondegularizationmethodbasedn local convo-
lution of theimagewith a kernel K,,. We expectour actually
appliedthird regularizationmethodto behave similar concern-
ing theinterplayof filter width andgrid size. Let us supposep
to besmooth atleastcontainedn the usualSoboler spacef®
forl < . If we considera nodalinterpolation in the
finite elementspace,we obtaina secondorder approximation
result[9],i.e.||¢ — ||, < Ch . Next, we considerthecon-
volution 7 = K, * andevaluatesecondderivativeson ¢
asa simplification of the evaluationof curvatureson level sets
of . Inthiscaseaconsisteng analysids straightforvard. We
estimate

O'NG'

(Ko* )_ ¢ < ( Ka')*( _¢) +
Ko’* ¢_ ¢
< ¢ (Lo ol -

Balancingof the two error termsleadsto an optimal choiceof
o = h3 in caseof a smoothfunction ¢, whereadfor ¢ suffi-
ciently smallthefirst termwill bedominant.Thuswerecognize
thatthewidth of our stencil ,(z) shouldincreasesignificantly
with decreasingrid size to ensureconsisteng. Nevertheless
thisis unrealisticn trueimageprocessin@pplicationsvith non
smoothintensityandsteeptransitionshencewe have to fix the
stencilwidth somehav. Fromour experiencea suitablevalueis
,l.e.o= h.

As mentionedabove, we expectour third regularizationap-
proachto behae similar to the corvolution methodin terms
of the relation betweenfilter width and grid size. To ana-
lyze the consisteng of our implementatiorexperimentally we
have consideredhe sphericallevel setsof theimage¢(z) :=

Jlz— || =( ) for afixed R anddefinedan
error
= o1
2()
thatisthe  normof thedifferencebetween andtherealcur
vaturel  of thesphericalevel sets.In ourcomputatiorwe set

Q:= 0 13andassume?, := {z Q (x o) 1 }
Thisturnsoutto bethemaximumsubsetf 2 suchthatthe con-
sideredprojectionstencilis always completelycontainedin 2
foreveryz Q.. In Tablel we collectfor threedifferentgrid
widths h, fixed andincreasingsize of the projection
stencilthevaluesof )

For sufficiently smallwe expect_ to bethedominantterm
in our consisteng analysisabove. Thus,recallingthatoc = 5,

Fig. 11. Curvatue evaluation of the noisy octahedon levelsetresolvedon
a 3 grid is compaed with respecto different stencilwidths of the L2
projection. Fromtop left to bottomright the noisylevel setand curvatue
evaluationwith stencilwidths 2 , and8, respectivelyare shown.A
color rampfromblueto redindicatesthe dominantcurvatue.

TABLE |
CONSISTENCY ERRORS FOR DIFFERENT SIZESOF  AND INCREASING

STENCIL WIDTH OF THE L2 PROJECTION.

L h ] ]
1/32 | 2 || 5.451e-02| 5.451e-02
4 || 1.398e-02| 1.398e-02
8 || 3.517e-03| 3.517e-03
16 || 8.806e-04| 8.806e-04
1/64 | 2 || 5.479e-02| 5.479e-02
4 || 1.405e-02| 1.405e-02
8 || 3.535e-03| 3.535e-03
16 || 8.852e-04| 8.852e-04
32 || 2.214e-04| 2.214e-04
1/128 | 2 || 5.493e-02| 5.493e-02
4 || 1.409e-02| 1.409e-02
8 || 3.544e-03| 3.544e-03
16 || 8.875e-04| 8.875e-04
32 || 2.220e-04| 2.220e-04
64 || 5.549e-05| 5.549e-05

of the errorsapproximatelyby a factor1
senethatfor fixed theerroris moreor lessindependentf the

grid sizeh.

. In additionwe ob-

Furthermorewe testthe invariancepropertyknown for the
continuousmodel in caseof our numericalimplementation.
Thereforewe studyellipsoidallevel setsdefinedby a quadratic
polynomialimagefunction ¢q interpolatedon the grid nodes.
We obsene that the relative loss of volume of the considered
level setsis in therangeof interpolationerrors.Moreoverin an
application(cf. Fig. 5 and6) we recognizethat the isotropic

we shouldobsene for a doublingthe stencilwidth adecrease PeronaMalik methodaswell astheMeanCurvatureMotion ap-



proachdecreasg¢heconsideredubvolumeduringtheevolution
aboutten timesfasterthe new anisotropicgeometricdiffusion
method.

IX. PARAMETRIC VERSUS LEVEL SET APPROACH

Besidesthe generaldifferencethatthe new level setmethod
propagatesll level setson a givenimage simultaneouslyand
the parametriomodel(cf. SectionlV) dealswith a single sur
face,the two modelsbehae surprisinglydifferentconcerning
the actualpropagationvelocity althoughthe considerediffu-
siontensorsarevery closelyrelated.

The parametricsurfaceprocessingroblemdiscussedn Sec-
tion IV is characterizethy a speedf propagation of asingle
surface M which splitsinto a tangentialanda normalcompo-
nent,i. e.

= - ("mo M)
where is the tangentialcomponen{cf. [10]). In caseof
meancurvaturemotionwhere ” ,, =Id a4 thepropagation
is in normaldirection,i. e. vanishes.But for anisotropic
geometricdiffusion this tangentialdislocationturns out to be
a shortcomingin the correspondingnumericalimplementation
althoughit effectively doesnotchangehecontinuousevolution.
Indeedit leadsto a stretchingof atriangularfinite elemenmesh
in the neighborhoodof edgeson the surface. In comparison
to this model,the level setmethodpresentedhereby its nature
consideronly propagationn normaldirectionandwe avoid the
problemof tangentialdislocation.As propagatiorspeed one
obtains
N=( ("(o= )+dv 7)( 7=
Hence, the speedin the parametric model measuresthe
anisotropicmeancurvature,whereashe speedin the level set
methodmainly dependson an anisotropicallyweighteddiffer-
enceof prefilteredand actual curvatures,given by the corre-
spondingshapeoperators. This especiallyimplies the above
statedinvarianceof the level setmethodfor ellipsoidalshapes
definedaslevel setsof a quadraticpolynomial. In contrastto
that, generalizedninimal surfaceswith H = 0 arethe only
invariantsurfacesunderthe parametricevolution. Indeed there
is no compactnvariantsurfaceembeddedn R®.

The precisecounterparbf the parametricnodelin the level
setcontext is givenby theevolution equation

g —1IVell (7 )=0.

But, we can also adaptthe parametricevolution to the new
model,introducedherein the level setcontet. Thus,we con-
sidera parametricevolution describedy theequation

)) N.

Opx —divay( 7 m Vmpe) =

wherewe definealocal averagedorcing = ( 7 0 7 4)
for a corvoluted shapeoperator “ ,,. Let us underlinethat
this canberegardedasalocal versionof theglobalvolumecon-
senationmodelproposedn [10] where = ﬁ I (7 pmo

M)-

Although, originally designedfor 3D image datawe could
alsoapplythe presentedevel setmethodto parametricsurfaces
asinput dataasthey frequentlyappearin computergraphics.
To this end,we have to corvertthe parametriaepresentatioto
animplicit onevia the computatiorof a discreteapproximation
of the signeddistancefunction [33], run the algorithm, andfi-
nally extractagaina triangulationfrom the volumedatasetvia
somemarchingcube methodor processthe surfacefurtherin
volumetricform.

X. CONCLUSIONS

We have presentech level set methodfor generalizedgeo-
metric diffusion in 3D image processing. The corresponding
evolution equationinvokesmainly geometrioquantitiesof level
setsof the imageintensity This classifiesthe approachas a
morphologicalscalespacemethod. It is ableto successiely
smoothnoisy initial datawhile simultaneouslyetainingedges
and cornerson the level sets,which are characterizedy con-
siderablylargeprincipalcurvatures.Theevaluationof theshape
operatoy the surfacenormal,andtangentspacerespectiely is
basednaprefilteringof thenoisyinitial data.Therebythepro-
posedmethodof choiceis alocal  projectionontothe space
of quadraticpolynomials. The correspondingionlinearpartial
differential equationhasbeendiscretizedby finite elementsn
spaceand a semiimplicit backward Euler schemein time. In
eachtime steponly a sparsesystemof linear equationshasto
be solved. The usercontrolsthe surfaceevolution mainly by
two parameters— the prefilter width ¢ andthe threshold\ —
which bothhave anintuitive meaning.The methodcomesalong
with ageometrianterpretatiorof the propagatiorspeedf level
setsanda large setof invariantshapes. In facttheinvariance
principlefor level setsof secondrderpolynomialsandtheedge
indicatingshapeoperatorasa secondrderdifferentialoperator
on the level setsgive reasonfor the essentiatharacteristicef
thedescribednethod.Interestingfuture researchdirectionsare

to studythe actualcounterparbf the parametricsurfacepro-
cessingmodelin level setform andvice versa,

to generalizeahemethodfor inpaintingor restoratiorpurposes
on 3D images,

and to expand the evolution problem by consideringaddi-
tional termsin the propagatiorspeedwhich allow a moregen-
eralmodelingof thelevel sets.
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