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A Level SetMethodfor AnisotropicGeometric
Diffusionin 3D ImageProcessing

TobiasPreußerandMartin Rumpf

Abstract—A newmorphologicalmultiscalemethodin 3D imageprocess-
ing is presentedwhich combinesthe image processingmethodologybased
on nonlinear diffusion equations and the theory of geometric evolution
problems.Its aim is to smoothlevel setsof a 3D imagewhile simultaneously
preserving geometric featuressuch as edgesand corners on the level sets.
This is obtained by an anisotropic curvature evolution, where time serves
as the multiscale parameter. Thereby the diffusion tensor dependson a
regularized shapeoperator of the evolving level sets. As onesuitable reg-
ularization local

���
projection onto quadratic polynomials is considered.

The method is compared to a related parametric surface approach and a
geometric interpretation of the evolution and its invariance propertiesare
given.

A spatial finite elementdiscretization on hexahedralmeshesand a semi-
implicit, regularizedbackward Euler discretization in time are the building
blocks of the easyto codealgorithm. Different applications underline the
efficiencyand flexibility of the presentedimageprocessingtool.

Keywords— Image Processing,Level Set Method, Geometric Modeling,
Curvature Evolution

I . INTRODUCTION

Multiscalemethodshaveprovedto besuccessfultoolsin im-
agedenoising,edgeenhancementandshaperecovery [1], [34],
[39], [27]. Thereby, the imageis consideredasinitial dataof a
suitableevolution problem. Time representsthe scaleparame-
terwhich leadsfrom noisyfinescaleto smoothedandenhanced
coarsescalerepresentationsof the data. Processingthreedi-
mensionalimagesis a taskof growing interestin variousappli-
cations. Especiallyin medicalimagingdifferent imagegener-
ation hardwaresuchasCT or MRI devices,andmorerecently
also3D ultrasounddevicesdeliver largeimagedataat high res-
olution for furtherpostprocessingandanalysis.Theseimages
andespecially3D ultrasoundimagesarecharacterizedby high
frequentnoisetypically dueto measurementerrors.Often,one
is interestedin the extractionof certainlevel surfacesfrom the
data,which boundvolumesor separateregionsof interest.Fre-
quentlytheactualintensityvalueis of minor importanceandde-
pendentonthemodalityin theimagegenerationprocess.Meth-
odswhich behave invariantundertransformationsof the inten-
sity or grayscalearecalledmorphological.They only effect the
morphologyof theimage,whichcoincideswith thegeometryof
thelevel sets.

The aim of this paperis to discussa new anisotropiclevel
set methodfor the denoisingof large, digital 3D images(cf.
SectionIV and[10] for a relatedmethodonparametricsurfaces
asthey typically appearin computergraphics).Thepeculiarity
of the methodis, that it is able to preserve edgesandcorners
on level setswhile still allowing tangentialsmoothingalongthe
edges.Furthermoreit is characterizedby arichclassof invariant
shapes.Indeedellipsoidsgivenaslevel setsof aquadraticpoly-
nomialareunaffectedby thecorrespondingevolution. Figure
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Fig.1. A noisy3D echocardiographicaldataset(topleft) is evolvedbyisotropic
PeronaMalik diffusion(top right), anisotropic PeronaMalik diffusion(bot-
tomleft) andby thenew anisotropic level setmethod(bottomright). Snap-
shotsdepictonespecificlevel setalwaysat the sameevolution time. The
computationwasperformedona ������� grid.

1 givesafirst glanceon theperformanceof thenew methodand
comparesit with othermethods:The new anisotropicgeomet-
ric diffusionapproachis characterizedby substantialtangential
smoothing,especiallycomparedto the original PeronaMalik
scheme,andconservessharpedgesanddetailsin the example
muchbetterthantheanisotropicPeronaMalik diffusion.

Thecoreof themethodis anevolution drivenby anisotropic
geometricdiffusionof level surfaces.Theanisotropicdiffusion
tensordependingonapresmoothedshapeoperator— andthere-
foredependingonpresmoothedprincipalcurvaturesandprinci-
pal directionsof curvature— is sensitive to the identification
of theimportantsurfacefeatures.It decreasesthediffusivity in
certaindirectionsin closevicinity to edgesor corners.Herewe
make usof theobservationthatedgeson surfacesareindicated
by onedominantandonesubdominantprincipalcurvature.The
curvaturedirectioncorrespondingto thedominantcurvaturecan
beconsideredasthetangentialdirectionalongtheedge.Mainly
two parametersareat the disposalof the userto influencethe
performanceof themethod:

- A thresholdvalue
	

relatedto principalcurvatureswhich are
assumedto indicateanedgeandthusrequirelocal preservation
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and
- a filter width 
 which controlsthenoisereductionon theac-
tual surfacebeforeevaluatingtheshapeoperator.
The differencebetweenthe actualand the presmoothedshape
operatorplaysan essentialrole in the control of the evolution
problem. Furthermore,the built-in prefiltering is essentialto
make the proposedmethod robust and mathematicallywell-
posed. In this paperwe first presenta continuousmodel,an-
alyze anddiscussits qualitative properties. Then in a second
stepwe seeka robustandefficient discretization. Hence,we
derive an appropriatefinite elementlevel set methodwith re-
spectto a formulationof thecontinuousproblemin variational
form. Valueson nodesof a hexahedralgrid correspondto voxel
valuesin the digital image. We find a finite elementapproach
preferablecomparedto a finite differencediscretizationdueto
its intrinsic Galerkin structure,which simplifies the modeling
andthestudyof thequalitativebehaviour. Recently, Deckelnick
andDziuk [11] provedconvergenceof thecloselyrelatedfinite
elementapproximationfor meancurvaturemotion in level set
formulationto a viscositysolutionof the continuousproblem.
Furthermore,in thefinite elementsettingtheanisotropy canbe
handeledelementwisein a naturalway. Basedon conceptsde-
velopedin [29] thecomputationalcostevenof anadaptivefinite
elementschemeis comparableto afinite differenceformulation
with thesamenumberof unknowns.

Thepaperis organizedasfollows. First, in SectionII we dis-
cusssomebackgroundwork on imageprocessing,surfacefair-
ing andcurvatureflow. In the following SectionIII we briefly
introducesomegeometricnotation. Thenin SectionIV we re-
view a parametricmodelfor surfaceprocessingwhich hasbeen
presentedrecently[10]. It furthermotivatesourmodelingin the
context of level sets. SectionV givesa detaileddescriptionof
thenew method,whereasin SectionVI wediscusspossiblereg-
ularizationsof the shapeoperator. Afterwards,in SectionsVII
andVIII we presenttheactualdiscretemodel. Finally, in Sec-
tion IX we comparetheparametricandthe level setmodeland
draw conclusionsin SectionX.

I I . REVIEW OF RELATED WORK

Let us considera noisy image given by an intensity map�
��������� �
on someimagedomain

����� ���
. Scalespace

methodsdefinean evolution operator ��� ��! which actson the
image

�
�
anddeliversa family of representations"#���$��! �
�&%#')(
�

onsuccessively coarserscales.Oneof thefirst successfulmeth-
odsalongthisconceptwaspresentedby PeronaandMalik [27].
They proposeda nonlineardiffusion method,which modifies
the diffusioncoefficient at edges,which areindicatedby steep
intensitygradients.For agiveninitial image* �

they considered
theevolutionproblem+ ' *-, div �/.0�21435*614!237*8!:9<;>=
Herethetime � actsasthescaleparameter. For increasing� the
original imageat theinitial time �?9<; is successfullysmoothed
andimagepatternsarecoarsened.Simultaneouslyedgesareen-
hancedif onechoosesa diffusion coefficient .0��= ! which sup-
pressesdiffusion in areasof high gradients.A suitablechoice

is .0�A@#!-9CBED�FHGJIK IELNM6O for a positive constant
	
. Thus,edges

areclassifiedby
	
. I. e. sharpeningby backward diffusion is

invoked whenever 1P35*Q1SR 	
whereasthe imageis smoothed

by forward diffusion for 1435*61ST 	
. Kawohl andKutev [19]

gave a detailedanalysisof the diffusion typesin this method.
Unfortunately, the above original Peronaand Malik model is
still ill-posedbecausethereis a true backward diffusion in ar-
easof largegradients.Catt́e et al. [6] proposeda regularization
methodwherethediffusioncoefficient is no longerevaluatedon
theexact intensitygradient.Insteadthey suggestedto consider
thegradientevaluationonaprefilteredimage,i.e.,they consider
theequation + ' *7, div �$.0�U1435*WVX14!�35*8!?9<; (1)

where* V 9ZY V\[ * with asuitablelocal convolutionkernel Y V
of width 
 . For instancewe may usea Gaussianfilter kernel.
This modelturnsout to bewell-posed,edgesarestill retained,
whereastheprefilteringavoidsthedetectionandpronouncingof
artificial edges,which aredueto theinitial noise.
Weickert [39] improved this method taking into account
anisotropicdiffusion, where the PeronaMalik type diffusion
is concentratedin the gradientdirectionof a prefilteredimage
anda constantdiffusioncoefficient is consideredin thetangent
plane. This leadsto an additionaltangentialsmoothingalong
edgesandenablesto amplify intensitycorrelationsalonglines
or on level sets. The geometryof this evolution problemes-
pecially influencesour investigationson anisotropicdiffusion,
which canberegardedasa furtherrefinementof Weickert’s ap-
proach. CarmonaandZhong[5] havepresentedananisotropic
filtering approachthataltersthedirectionsof smoothing.They
considerPerona-Maliktypediffusion in featuredirections,and
lineardiffusionorthogonalto them.Similar to theapproachwe
presenthere,they defineafeaturedirectionto betheeigenvector
of theHessiancorrespondingto thelargereigenvalue.

In [28] anisotropicdiffusion was taken up for the construc-
tion of streamlinetype patternsin flow fields. Concerningthe
numericalimplementationWeickert proposedfinite difference
schemes[39] and Kac̆ur and Mikula [18] suggesteda semi-
implicit finite elementimplementationfor the isotropicmodel
by Catt́eetal.[6]. Adaptivefinite elementmethodsin imagepro-
cessingarediscussedby BänschandMikula [3], Schn̈orr [32]
andin [29]. Kimmel [20] generalizesscalespacemethodology
to texturesonsurfaces,consideringtheappropriateintrinsicdif-
ferentialoperators.

Unfortunately, noneof the above modelsis invariantunder
grayvaluetransformations.An evolution is saidto beinvariant
undergrayvaluetransformations,if�]� ��!^�A_5` � !:9a_7`\�$�]� ��! � !
for mappings_ �b� �c�d� �

. In theaxiomaticwork by Alvarezet
al. [1] generalnonlinearevolution problemswerederivedfrom
a setof axioms. Especiallyincluding the axiom of gray value
invariancethey endup with a curvatureevolutionmodel,i. e.+ '�� ,Z1^3 � 1fe8� div e 3 �1P3 � 1>g�gihj 9<;k=
Curvaturemotion hasbeenstudiedfor a long time in geome-
try andin physics,whereinterfacesaredriven by surfaceten-
sion. The basic model is the evolution of surfacesby mean
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curvature, i.e.
+ 'Al 9m,�no� l !�po� l ! where no� l ! is the cor-

respondingq mean curvature (here defined as the sum of the
two principal curvatures),and po� l ! is the normalon the sur-
face r at point

l
. From differentialgeometry[14] we know

that the mean-curvaturevector nSp equalsthe LaplaceBel-
trami operatorappliedto the identity

l 9 Id on a surface r :no� l !sp�� l !t9u,wvyx l
. Thusgeometricdiffusion+ ')l ,zv x l 9c;

is equivalent to meancurvaturemotion ( {}|~{ ). Dziuk [15]
presenteda semiimplicit finite elementschemefor {}|~{ on
triangulatedsurfaces.In dimensionshigherthantwo, singulari-
tiesmayoccurin theevolution. Generalized,socalledviscosity
solutions,canbedefinedin termsof a level setformulation+ '�� ,Z1^3 � 1 div e 3 �1P3 � 1 g 9Z;k=
Existencein this context has beenproved independentlyby
Evansand Spruck [16] and Chenet al. [8]. The meancur-
vature n is known to be the first variationof the surfacearea� x d

l
. We obtainfor the areaAr ���w� ��!2! of a subset�w� ��! of a

smoothsurface r undergoingthe {}|~{ evolution (cf. [17])�� ' Ar � �w� ��!2!c9�, ��
� ' � n�� d
l
. This is one indication for the

strongregularizingeffectof {}|~{ .
In the context of Finsler geometry we consider for a

1-homogeneousconvex scalar function ���s��! a generalized
weightedarea

� x ���$pS! d
l

dependingon the surfaceorienta-
tion. As its first variation we obtain the weightedmeancur-
vature ny� . The correspondinganisotropiccurvatureflow has
beenstudiedfor instanceby Bellettini andPaolini [4]. In case
of planecurvesMikula andKacur[24] consideredanevolution
equationfor thecurvature,from whichonecanrecovertheshape
of thecurves.Concerningtheapplicationthis is closelyrelated
to the preferabilityof certaininterfaceorientationsin the crys-
talline structureof material(cf. [2], [36]). Deckelnick andDz-
iuk [11], [12] haveanalyzedacorrespondingfully discretefinite
elementmethodandprovedconvergencetowardviscositysolu-
tions.

Concerningtheimageprocessingapplication{}|~{ notonly
decreasesthe“geometric“noisebut alsosmoothesout geomet-
ric featuressuchasedgesandcornerson the surface. Never-
thelesscurvaturemotiontermsprovedto besuccessfulingredi-
entsin segmentationand imageenhancementmethods. They
have beenconsiderede. g. by Pauwelset al. [26]. Sapiro
[30] proposeda modificationof MCM consideringa diffusion
coefficient which dependson the imagegradient. Malladi and
Sethian[23] presenteda numericallevel setmethodon 2D im-
agescalled“min/max“ flow which alsoconsidersthecurvature
evolution,but differing betweenthesmoothingof locally “con-
cave“ perturbationsonconvex shapesandlocally “convex“ per-
turbationson concave shapes.We seekanothercurvatureevo-
lution modelwhich overcomesthe above mentioneddrawback
andnicely works on 3D imagesaswell. Our modelpresented
hereis basedonanisotropicdiffusion.As alreadymentionedthe
anisotropy will dependon a regularizedshapeoperatorandnot
like in the above anisotropiccurvatureflow on the normaldi-
rection. We emphasizethis differencedenotingthenew model

simply anisotropic geometricdiffusion. On parametricsurfaces
suchamodelhasalreadybeenpresentedin [10] (cf. SectionIV).

I I I . SOME USEFUL GEOMETRIC TOOLS

While introducingand discussingour methodand compar-
ing it to a correspondingmodelon parameterizedsurfaceswe
will make extensive useof somefundamentalnotion from dif-
ferentialgeometry. For a detailedintroductionto geometryand
differentialcalculuswe refer to [14] and[7, Chapter1]. Let us
considerasmoothcompactembeddedmanifold r ��� ���

with-
out boundary. Let

lz���a� r��8����Cl � ��! besomecoordinate
mapfrom anatlas.In a sloppy but usefulinterpretation,we as-
sumethat

l
is alsotheidentityontheembeddedsurfacer . For

eachpoint
l

on r atangentspace�8��r is spannedby thebasis"o��P� h>� ��P� I %
. Due to the embeddingin

� � �
we identify ��P�s� with

the tangentvector � ��P�s� . By �5r we denotethetangentbundle.
Measuringlengthon r requiresthedefinitionof ametric� �s� � ��!

� �8�Er ���8��r ��� � =
In matrixnotationwe obtain � 9�� ���¡  ! �¡  with���¡  9 + l+ � � � + l+ �   �where � indicatesthescalarproductin

� � �
. The inverseof � is

denotedby � M6O 9�� � �¡  ! �¡  . Thegradient3yx�¢ of a function ¢
is definedastherepresentationof £)¢ with respectto themetric� . In coordinateswe obtain3yx�¢i9a¤ � ¥   � ��  + �/¢¦` l !+ �   ++ � � =
We definethedivergencediv xo§ for a vectorfield §�¨ �7r as
thedualoperatorof thegradientwith respectto the © � product
on r andobtainin coordinates

div xo§ � 9 ¤ � ++ � � � § �2ª «8¬^­ � ! D® «>¬^­ � =
Finally, theLaplaceBeltramioperatorv x is givenbyv x°¯ � 9 div x 3 xo¯ =
Furthermore,we have to considersomefundamentalcurvature
quantities.Let usassumethat r is orientable;thenwe have a
well definednormal p � r �²± � ��� �w�

on r . Thesecond
fundamentalform _ � �8��r �³�8��r �´� �

is locally givenby
thematrix _]9��/_ ��  ! ��  with

_ �¡  9a_�e ++ � � �
++ �   g � 9},�pµ� l ¥ ��  9<p ¥ � � l ¥   =

For thissymmetricbilinearform weconsidertheshapeoperator±X¶#· x definedastheendomorphismon thetangentspace�8�Er
with � � ± ¶ · x § �

¸ !y9H_¹� § �
¸ ! . It is againsymmetric,but now

with respectto themetric. In matrix notationweobtain� ±X¶#· x ! �¡  9 ¤»º � � º _ º   =
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Theeigenvalues¼  
of

±½¶P· x arecalledprincipalcurvaturesand
the eigenvectors §  

are the principal directionsof curvature.
Finally we definethe mean-curvature n � 9 ­2¾Q¿ . Note that
throughoutthis paperthemean-curvaturen is only thesumof
theprincipalcurvatures.

IV. A PARAMETRIC MODEL REVISITED

In this sectionwe will review a first anisotropicdiffusion
modelon parametricsurfaces.The generalprocedurehassig-
nificant impacton the model to be describedin this paperand
in a subsequentsectionwe will give a detailedcomparison.
Smoothinga noisy signal ¯ �

is usuallybeingdoneapplyinga
low passfilter, in the most simplestcasea Gaussianfilter. It
is well known that the applicationof this filter with width 

is equivalent to the evaluationof the heatequationevolution+ ' ¯ �$��!�,<v ¯ �$��!À9�; for the signalas initial data ¯ �$;b!]9 ¯ �
at time V I� . In caseof noisyparametrizedsurfacesr �

with pa-
rameterization

l
�
we canproceedanalogouslyandconsiderthe

correspondinggeometricevolution problem. I. e., we seekan
one-parameterfamily of embeddedmanifolds "#rÁ�$��! % ')(��

and
correspondingparametrizations

l � ��! , whichobey themotionby
meancurvature( {}|~{ ). For the sake of simplicity we define{}|~{Â�$r �

� ��!
� 9<rÁ�$��! , whererÁ�$��! is thesolutionsurfaceat

time � . Thus {}|~{Â�/r � 
 �#Ã�Ä ! canberegardedastheapplica-
tion of a “geometric”Gaussianfilter of width 
 to r .

Processingof detailedtypically noisy or disturbedtriangu-
lated surfacesis an important topic in surface modeling and
computergraphics.A variety of modelshasbeenpresentedin
the literature[13], [21], [22], [35]. In termsof mathematical
modelingthey canbecomparedto discretevariantsof thebasic
continuoussurfaceevolutionproblemsof secondor fourthorder
for theparametrization

l+ ')l � ��!�,zv x � ' � l � ��!Å9 ; �+ ' l � ��!¹F�v x � ' � v x � ' � l � ��!Å9 ;>=
Unfortunately, thesemodelsdo not preserve singularfeatures
such

ascornersandedgesnordo they distinguishdirectionson the
surface.In [10] a novel anisotropicgeometricdiffusionmethod
wasintroducedwhichisableto preserveimportantfeaturessuch
asedgesandcornersonthesurfaceandwhichallowstangential
smoothingalongan edgebut not perpendicularto it. The core
of the methodis a geometricformulationof anisotropicscale
spaceevolution for surfaces.On images,gradientsaresuitable
egde indicators. But the gradientof a coordinatemappingis
no intrinsic objecton manifolds. The canonicalquantityis the
shapeoperator, that indicatesedgesandcornersby sufficiently
large eigenvalues. The eigenvector correspondingto a single
largeeigenvalueis supposedto beorthogonalto thedirectionof
anedge.

Becausethe evaluation of the shapeoperatoron a noisy
surface might be misleadingwith respectto the original but
unknown surface and its edges,we prefilter the current sur-
face rÁ� ��! by straightforward “geometricGaussian”filtering.
Hence,we computea shapeoperator

± V¶P· x on the resulting
prefilteredsurface r�V��$��! , where 
 is the correspondingfilter

Fig. 2. Two different noisy initial triangulatedsurfacesgivenon the left are
evolvedunder the parametric anisotropic geometricevolution. Smoothed
representationsextractedat suitablesscalesfromtheevolutionaredepicted
on theright (cf. [10]).

width. Finally oneobtainsthefollowing typeof evolutionprob-
lem + ' l , div x � ' � �$Æ V ¶ · x 3 x � ' � l !:9<Ç»=
ThediffusiontensorÆ V ¶P· x 9�ÆQ� ± V¶P· x ! is definedwith respect
to the orthonormalbasisof principal curvaturedirectionsonr�V by

Æ V ¶#· x 9 e .0�A¼ O ¥ V ! ;; .0�A¼ � ¥ V ! g
where . is a monotonedecreasingfunction with asymptotic
limit ; at È (cf. SectionIV). Thus,diffusion on the surface
is significantly reducedin directionsof high principal curva-
ture, i. e. thoseperpendicularto an egde. On the otherhand,
a larger diffusioncoefficient in the edgedirectionenablestan-
gentialsmoothingalongtheedge.Theright handside Ç of the
consideredevolutionproblemcanbechoosensuchthatthevol-
umeenclosedby r is preserved(cf. [10]) or onecanselecta
simpleretrieving forcewhich avoids largedeformations.Moti-
vatedby ourdefinitionof thediffusiontensorÆ V ¶ · x wedefinea
generalizedÆ V ¶#· x -meancurvaturen0É^ÊË ·4Ì � 9 ­2¾ �$Í V ¶^Î x ` ¿ ¶4Î x !
which turns out to be the negative propagationspeedof our
model in normaldirection. Figure2 shows resultsof this ap-
proach.

V. ANISOTROPIC GEOMETRIC DIFFUSION ON LEVEL SETS

On the backgroundof the previous expositionswe arenow
preparedto discussananisotropicgeometricdiffusionapproach
as a suitablemorphologicalscalespacemethodin 3D image
processing.We will definea level setformulationfor a general-
izedanisotropiccurvaturemotion of the isosurfaces.Thus,we
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Fig. 3. As a testcasewe considerthe function Ï8ÐÒÑ�ÓÕÔ}Ö ÑW×^Ö^ØÙÖ Ñ � Ö^ØÙÖ Ñ � Ö
whoselevel setsare octahedrons. This function was perturbedand then
taken as initial data for the anisotropic geometricdiffusionmethod.From
top to bottoman original perturbedlevel set and the correspondingfirst,
second,andfifth timestepof its evolutionona ÚÜÛ � grid aredepicted.In the
right columnwevisualizethedominantcurvature on thelevel setsfromthe
left column.A color rampfromblueto redindicatesthedominantcurvature
value.

simultaneouslydealwith all level sets,althoughin certainappli-
cationsour interestis focusedon onespecificimplicit surface,
possiblyin advanceconvertedfrom a parametricto an implicit
representation.Thesimilaritiesandespeciallythepeculiardif-
ferencesto the parametricmodel (cf. SectionIV) will be dis-
cussedin detail in SectionIX. First,we outlinethebasicingre-
dientsandthegeneralprocedure:Ý Let usdenoteby

� � �E���Þ� �
thegrayvaluefunctionof the

initial 3D imagewith inscribedlevel setsràß� � 9u" l ¨ �Ùá2��� � l !:9<â % =
We assume

�
�
and the set of correspondingimplicit surfaces"#r ß� % ß to be noisy and ask for a family of successively

smoothedimages" � � � � � !
á � ¨ � ��ã� %

where
� �$� � ��!

�E�ä�Þ� �
and� �$; � ��!:9 �
� �s��! . Throughoutthispaper

�
will alwaysbetheunit

cube å ; � D^æ
�
. As commonin multiscalecalculuson imagesand

surfacesthe time � servesasthe scaleparameter. Thereby, for

eachgrayvalue â a family of surfaces"#r ß � ��! % ')ç&è é�êë is gener-
ated,with r ß �$;E!�9<r ß� . Here,aslong aswe derive themodel
we assume

� �s� � ��! to be sufficiently smoothand 3 � �$� �
l !Sì9�;

for all � � �
l ! ¨ � �wã� � �

. Indeed,dueto the implicit function
theoremthecorrespondingsetsr ß �$��! thenareactuallysmooth
surfaces.

Themethodshouldbeinvariantundergrayscaletransforma-
tions. To ensurethis purely morphologicalcharacterwe con-
fine to curvaturequantitiesas the driving forcesfor the corre-
spondingevolutionof thelevelsets.Thesimplestmorphological
smoothingmodelwould be to considermeancurvaturemotion
of thelevel sets(cf. SectionII).Ý But in additionto thesmoothingof thelevel setsouraim is
to maintainor evenenhanceedgesonthesesurfaces.As already
describedin SectionIV an edgefeatureis characterizedby a
small curvaturein tangentialdirectionalongthe featureanda
sufficiently largecurvaturein theperpendiculardirectionin the
tangentspace.In caseof embeddedsurfacesthecorresponding
curvaturetensoris representedby theshapeoperator

± ¶ · x . In
the vicinity of an edgetherewill be a small anda large eigen-
value ¼ O and ¼ � respectively. The correspondingeigenvectors§ O and §b� indeedpoint in tangentialdirection along the egde
and in the orthogonaldirection respectively (cf. SectionIV).
Hence,we consideran anisotropicdiffusion tensordepending
on theextendedshapeoperator

±
, whichsignificantlydecreases

thediffusioncoefficient in thedominantcurvaturedirection § � ,
whereasa fixed diffusion coefficient is prescribedin the sub-
dominant§ O direction.Thisdistinctionwill againbemadevia a
function . appliedto theprinciplecurvatures¼ O , ¼ � . Fig. 3 il-
lustratesthemethod’sperformancefor a testcaseof aperturbed
3D imagewith originally sharpedgesandshows time stepsof
theevolution. Thechoiceof . is relatedto theselectionof the
diffusioncoefficient in thePeronaMalik model[27].Ý Theevaluationof theshapeoperatoronalevel setof anoisy
imagemightbemisleadingwith respectto thetruebut unknown
level setsandedges.E. g. noisemight beidentifiedasfeatures.
Thereforewe have to considera regularizationin advanceand
prefilter the current image

� � � � ��! beforeevaluatingthe shape
operator. Herewe have the choiceto eitherglobally or locally
regularizethe image.An appropriate“morphological”filter —
a short timestepof a level setevolution by meancurvature—
would deliver a global regularization. As a simplealternative
wecanconsidertheconvolutionof

� � � � � ! with somekernelwith
compactsupport. However, concerningan implementationon
discretedatathesetwo globalregularizationapproachesstill re-
quire the definition of a shapeoperator. This involvessecond
derivativeson a typical representationof imagedataby piece-
wise trilinear functions. On the other handwe can take into
accounta local projectionof the imageintensityon a suitable
finite dimensionalspaceof smoothfunctions.Then,onthis reg-
ularizationwe do not encounterthe problemof a definition of
theshapeoperatorandits evaluationis straightforward.In Sec-
tion VI we will analyzethedifferentregularizationmethodsin
detail.

We end up with the following type of nonlinearparabolic
problem.Givenan initial 3D image

�
�
on a domain

�
, we ask

for a scaleof images " � �$� � ��!
% ')(
�

which obey the anisotropic
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geometricevolutionequation:+ 'J� ,Z1^3 � 1 div e Æ V 3 �1^3 � 1Wg 9<; (2)

on
� ��ã � �

andsatisfytheinitial condition� �/; � ��!?9 ��� �s��!�=
Furthermore,we supposenaturalboundaryconditionson

+ �
,

i. e. Æ V + �+Qí 9c;
where

í
denotestheouternormalon

+ �
. ThediffusiontensorÆ V is supposedto be a symmetric,positive semidefiniteendo-

morphismon
� ���

, which caresaboutthe preservationof edges
andthetangentialsmoothingalongedges.

Now, ourmainobjective is theappropriateconcretechoiceof
theanisotropy at somepoint

l ¨ r � 9îr ß � ��! (
� � � �

l !~9îâ ).
Therefore,let usfirst examinetheJacobianof thenormal p � 9ï�ðñ ï�ð ñ . We define

±<� 9}ò]pÞ9H�$p �$¥   ! �$¥   . This symmetricmap-

ping
±

canberegardedasanextensionto
� � �

of theshapeopera-
tor

± ¶ · x on � � r . Obviously, from ò]pa�/p�9c; it followsthat
theorthogonalcomplement� � ràó of thetangentspace� � r is
containedin thekernelof

±
, i. e.

±wá ¶ · xzô 9c; . Hence,from the
symmetryof

±
(i. e. p �$¥   9cp  U¥ � ), wededucethat

±
maps�8�Er

onto � � r . The correspondingrestriction õ±ö� � � r � � � r
coincideswith theactualshapeoperator

± ¶ · x on � � r . Thus±
is characterizedby the eigenvalues ¼ O , ¼ � , ; andthe eigen-

vectors§ O , § � and p . Therefore,wewill denote
±

theextended
shapeoperator. Now we definetheanisotropicdiffusiontensorÆ V asa functionof a regularizedshapeoperator

± V basedon an
at leastlocally regularizedsurfacer VÆ V � 9c÷�� ± V !
where ÷ � ¿8øbù � � � � ! � ¿8øbù � � � � ! . Here ¿WøWù ��� ! denotesthe
spaceof symmetricmaps. As a suitablechoicefor this map-
ping ÷ we considerthescalarfunction . from thebasicimage
processingmodel,with .0�/@ú!k9Â�sDÕF 	 M � @ � ! M6O , now actingon¿WøWù �$�bû�rà! . Mappingthenormalspaceto the ; wetrivially ex-
pandit to ¿WøWù � � �w� ! . Here

	
servesasa steeringparameterfor

the identificationof edges.For largervalue
	

morefeatureson
thesurfacewill beregardedasedgesandpreservedby thepro-
poseddiffusionmethod.In our applicationswe alwayschoose	 9Þ;�= ü . Let us recall, that in imageprocessingby the Per-
onaMalik model

	
is exactly theswitchbetweenbackwardand

forwarddiffusion. We suppose
± V to diagonalizewith respect

to thebasis " § O ¥ V � § � ¥ V � p
V %

, where § O ¥ V � § � ¥ V areeigenvectors
correspondingto principalcurvatures¼ O ¥ V � ¼ � ¥ V on r V and p V
is thenormal.Hencewe obtainthematrix representation

÷�� ± V !?9<ý5þV�ÿ� .0�/¼ O ¥ V ! .0�A¼ � ¥ V ! ;
�� ý V\=

Here ý V ¨ ±�� �$üE! is thebasistransformationfrom theregular-
ized frameof principal directionsof curvatureandthe normal" § O ¥ V � § � ¥ V � p

V %
ontothecanonicalbasis"�� O � � � � � �

%
.

Fig. 4. Fromtop left to bottomright a certain level set- visualizingtheshape
of oneventricelof thehumanheart - is extractedfromtheanisotropic geo-
metricevolution.Heresuccessivesuccessivestepsof thesmoothingprocess
areshown(cf. Fig. 1). Thecomputationwasperformedona ������� grid.

Figure4 picksup theinitial examplefor theintroduction(cf.
Fig. 1). A 3D echocardiographicalimageof a humanheart
is taken as initial data. Here, different time stepsof the evo-
lution underanisotropicgeometricdiffusionareshown. A sec-
ondandthird exampleis concernedwith truemeasurementdata.
Thesaltconcentrationin adensitydrivenflow throughaporous
mediumfilled with fresh andsalt water is measuredin a lab-
oratory experimentby an MRI device. In Figure 5 level sets
of the salt concentrationare drawn, whereasFigure 6 shows
slicesthroughthe 3D datasetat differentstagesof the exper-
iment. In bothcaseswecomparetheoriginalmeasurementdata
with smoothedresultsobtainedby our method.Below we will
furthermorebeconcernedwith volumeconservationespecially
testedon this dataset. Figures7 and8 show smoothingre-
sultsvia the anisotropicgeometricdiffusionmethodin caseof
a fingeringexperiment,whereheavy salt water is enteringon
top of a basinfilled with lighter freshwater. The salt water is
pulleddownwardsdueto gravity. Theunderlyinginstability in
this configurationleadsto a fingeringeffecton theinterfacebe-
tweenfreshandsaltwater.

Remark: Obviously, independentof the questionof well-
posedness,it is essentialthat Æ V dependson theregularized

± V
andnotontheactualshapeoperator

±
. Otherwisewewouldob-

tain a trivial evolutionproblem,which restsat theinitial image.
Indeedfrom � ¬P¾ ÷�� ± !?9	��
�Í
�Q"�� %

we get ÷�� ± !�p 9Z; .

Remark:Alreadymeancurvaturemotionin level setformula-
tionsleadsto adegenerateparabolicproblem,wherediffusionis
restrictedto thetangentspace.Consideringtheregularizedlevel
set r�V in ourmodelwe immediatelyobservethattheresulting
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Fig. 5. The applicationof the anisotropic geometriclevel set methodto ex-
perimentaldatafroma freshandsalt waterexperimentis depicted.On the
left isolevels of a salt-concentration are shownat two different stages of
theexperiment.First, the salt water is floating into a containerfilled with
freshwater (top). Thenan outlet is openedat oneof thetop corners of the
container(bottom). During the experiment,concentration of the salt was
measuredusingan MR imaging device. Theright columnshowsthecorre-
sponding3D imagesobtainedby anisotropic geometricdiffusionon a ÚÜÛ �
grid (cf. alsoFig. 6).

tangentspace� � r V nolongercoincideswith theactualtangent
space�8��r . Thus,in caseof verynoisydatait cannot beguar-
anteedthat ÷�� ± V ! still actsasapositivedefiniteendomorphism
on � � r . In fact, p V mightbecontainedin � � r . Positivedef-
initenesscanbeenforcedintroducingasmall,positivediffusion
coefficient � in thedirectionof p V aswell. Hence,weobtain

Æ V � 9<÷��½� ± V !Q=
where ÷ � � ± V !z9 «�� Í
�Q���¦�A¼ O ¥ V ! � �¦�/¼ � ¥ V ! � � ! with respectto
thebasis " § O ¥ V � § � ¥ V � p

V %
. In our applicationswe observedno

problemswith the latter type of degeneracy andconfineto the
originalmodelwith �³9c; .

In whatfollows,we will morecloselyexaminethegeometry
of theproposedmethod.Theunderlyingevolution turnsout to
be equivalent to the propagationof the level sets r ß �$��! with
speed¢ in normaldirection p , i. e.

+ ' l 9c¢\p holdsfor

¢ � 9 ­2¾ �$Í V � ¿ V , ¿ !�!½Fc� div Í V !4��� V ,�� !Q=
Herewedefine

± Vy9cò�p V . Let usemphasizethat
± V coincides

with the actuallyconsideredregularizedshapeoperator
± V , if

we evaluatethe latteron level setsof a globally prefilteredim-
age.Evaluating

± V separatelyfor eachpoint
l ¨ �

ona locally
regularizedsurfacer�V we in generalobtain

± V ì9 ± V .

Proof: Picking up the above notationfor the anisotropy,

Fig. 6. From the developmentof the concentration distribution in the exper-
imental data (cf. Fig. 5) vertical slicesare extracted. On the left slices
theactualmeasurementsare visualizedagain at the two different stagesof
the experiment,whereason the right the correspondingslicesthroughthe
smootheddatasetsareshown.

thenormalvectorsp , p V on r , r V , respectively, we obtain

div �/Æ V pS!?9}� div Æ V !sp F ­2¾ �$Í V�� � !9}� div Æ V !sp V Fc� div Æ V !4�$p ,Ùp V !XF ­U¾ �/Í V ¿ !9 div �$Æ V p V !N, ­2¾ �$Í V � � V !Fc� div Æ V !^�$p ,Ùp V !XF ­2¾ �$Í V ¿ !9Z;f, ­2¾ �$Í V ¿ V8!½F<� div Í V !^���<,�� V !½F ­U¾ �/Í V ¿ !Q=
Therefore,ourproblemcanberewrittenas+ ' � Fc143 � 1 � ­2¾ �$Í V � ¿ V5, ¿ !�!¹F div Í V ��� V ,�� !2!?9<;k=

Dueto theequivalenceof thelevel setequation
+ ' � F 143 � 1X¢i9; and the correspondingparametricevolution
+ ')l 9�¢\p we

haveverifiedourclaim.

Theevaluationof theshapeoperatoris basedonsecondorder
derivatives,whereasthenormalonly reliesonfirst orderderiva-
tives.Thus,for noisyimagesweexpect1 ± V6� l ! , ± � l !#1�� 1�p�� l !�, p V � l !#1
for generalpoints

l ¨ �
. Therefore,­2¾ �/Í V � ¿ V , ¿ !�! will be

thedominanttermin thepropagationspeedin normaldirection.
Finally, this allows usto give a nicegeometricinterpretationof
theproposedevolutionproblem:
Theanisotropic level setevolution is mainly driven by the dif-
ferenceof a regularizedshapeoperator and thetrue shapeop-
erator weightedapplying the anisotropic weightsgivenby the
diffusiontensor.
Furthermore,weverify thatthepropagationspeed¢ vanishes,ifp V�� p (cf. SectionIX). Besidesthemorphologicalcharac-
terof theproposedapproachespeciallythisbuilt-in comparison
betweenregularizedandactualshapeoperatorandnormalgives
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Fig. 7. Theanisotropicgeometriclevel setmethodis appliedto noisydatafrom
a fingering experimentin a two phaseporousmediumflow of freshandsalt
water. During theexperimentthesalt concentration wasmeasuredusingan
MR imaging device. In the top row isosurfacesof thesalt concentration at
an early time in theexperimentare shown,whereasthebottomrow shows
data from a later time in the experiment. The left columnrepresentsthe
original data.In theright columnthe3D imagesobtainedbytheanisotropic
diffusionon a ÚÜÛ � grid areshown(cf. alsoFig. 8).

reasonfor themethod’sperformance.Figure9 comparesdiffer-
ent evolution methodsin imageprocessing.We have balanced
parametersandconsidera ratherlong time in theevolution. For
noneof themethodsthis reflectsa properchoiceof parameters
andtimebut it stronglyreflectstheir principlebehaviour.

In generalwe can not guaranteethat 3 � ì9 ; even if the
initial datafulfills this regularity assumptions.In fact, Evans
andSpruck[16] gaveanexamplefor meancurvaturemotionby
the level setapproachwherea certainlevel setdegeneratesand
the correspondingr ß � ��! fattens,loosing its surfaceproperty.
Thus,we have to regularizetheproblemreplacingthenorm 1&� 1
in equation(2) by a regularapproximation1»� 1! . I. e. we choose
(cf. [16]) 1 § 1  9#" $ � Fc1 § 1 � =
The correspondingregularizedvariationalformulation is then
givenby e + 'J�143 � 1  �

% g FHe>÷]� ± V ! 3 �1P3 � 1  � 3
% g 9Z; � (3)

for all test functions
% ¨ |'& � � ! . Here �s� � ��! indicatesthe © �

producton
�

. Consideringa finite elementimplementationwe
will pick up this formulationin SectionVII.

VI . A REGULARIZED SHAPE OPERATOR

In our modelabove we have madeextensive useof a regu-
larizedshapeoperator

± V , on which we basethe computation
of theanisotropicdiffusiontensor. As alreadydescribedin the
previousSectionV we have differentchoicesfor thedefinition
of theregularization:

1. Thegeometricallynaturalandpurelymorphologicalpres-
moothingof an imageis givenby a short timeevolutionunder

Fig. 8. From the experimentaldata shownin Figure 7 vertical slicesare ex-
tracted. Again two successivestagesof the experimentare depicted. The
left columnshowsslices through the original data; correspondingslices
throughthesmootheddatasetsareshownin theright column.

meancurvaturemotion. Thus,for every � ¨ � � ã�
we maysolve+ ')( ,Z143 ( 1 div e 3 (1P3 ( 1 g 9<;

with initial data
( �$; � � !z9 � �$� � ��! and naturalboundarycon-

ditions andevaluatethe shapeoperator
± V � l !¦9 ± � � V

�
l ! on� V � � � � !

� 9 ( � V I� � � ! . Theadvantageof this approachis that the
resultingmodel is completelydefinedin morphologicalterms
only.

2. Anothersimpler— but not morphological— approachis
the regularizationvia convolution of the imagewith a kernelY V of width 
 , i.e.

� V � 9ÞY V][ �
, and againthe definition± V � l !:9 ± � � V

�
l ! .

3. As alreadymentionedwith respectto a discretization,we
are still left to define a discreteshapeoperatoron level sets
describedby a finite elementfunction. As long as we do
not useat least quadraticelementseven a suitabledefinition
— without taking into accountthe consistency problem— re-
mainsan openquestion[31]. Sincetypically imagesaredis-
cretizedbasedon trilinear interpolationof pixel or voxel val-
ues, our methodof choice is one basedon local regulariza-
tion. Unfortunatelythe local regularizationdefinedin the se-
quel is not guaranteedto be invariantundergray value trans-
formations. Neverthelesswe expect the correspondingregu-
larizedshapeoperatorto dependessentiallyonly on the mor-
phology of the local image. We basethe local regularization
on a leastsquaresfit — in fact local © � projection — of the
image

�
onto a subspaceof the spaceof quadraticpolynomi-

als * � . To this end let us fix a point
l ¨ �

and denoteby+ � 9#�,
�Í-�6" l � O �
l �� �

l �� �
l O l � �

l O l �
�
l � l �

�
l O �

l � �
l � %

this sub-
spaceof * � . We skip the constantfunctions in

+
, sincewe

assumethe image
�

to be locally shiftedsuchthat
� � l !�9�; .

Thelocal © � projection . � ¥ V � ¨ +
of theintensity

�
onto

+
is
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Fig. 9. We compare the principle, qualitative behaviorof different methods
extracting level setsat a relativelylarge time in theevolution: anisotropic
geometricdiffusion(top left), meancurvature motion(top right), isotropic
PeronaMalik diffusion[27] (bottomleft), and anisotropic diffusionmodel
proposedby Weickert [38] (bottomright). Alwaysthe sametime step /�Ô021 030346587

is depictedfrom the correspondingevolution. Thecomputations
wereperformedona ÚÜÛ � grid andthebuild in regularizationwasbalanced
with respectto an equivalenceof a filter width 9oÔ�Û;: . Thus, for the
isotropic andanistropic diffusionmodels(bottomline) weregularizedby a
timestep 9 �3< � of theheatequation.Finally, for theanisotropic geometric
diffusionwetook =�ÔiÛ .

thendefinedvia theorthogonalityrelation>@? Ê � � � � � �BA>! ,ä��. � ¥ V � !^��A>!�!DC\£-A09<; EFC ¨ +
�where G?VQ� l ! is a smallneighborhoodof

l
(cf. Fig. 10 for the

effect of different stencil width parameter
 on the evolution
result). For the easeof presentationwe write

� V� �BA>! instead
of ��. � ¥ V � !^��A>! for afixed

l ¨ �
. Locally, theprojectiondefines

a surface r �V , whosetangentspace��H»r �V in generaldoesnot

coincidewith �8��r becausein generalp V� �BA>! � 9 ï�ð Ê· � H �ñ ï�ð Ê· � H � ñ ì9p .

Now we define in analogyto the non-regularizedcasethe
shapeoperator

± V 9 ± � � V� ��A>!�! � 9µòIH»p V� �BA>! , which is again
a symmetricmappingfrom � H r �V onto � H r �V (cf. SectionV).
Thus,

± V is charaterizedby its eigenvalues ¼  2¥ V , Jz9àD � Ä and
theeigenvectors" § O ¥ V � § � ¥ V � p

V %
. Therefore,with anappropri-

atebasistransformationý V ¨ ±K� �$üb! , we obtain

± V 9cý þV ÿ� ¼ O ¥ V ¼ � ¥ V ;
�� ý V�=

Let us againemphasizethat this
± V 9 ± � � V� ! is evaluatedfor

every
l

separatelyandthereforein general
± V ì9 ± V . Finally we

observe that in caseof coinciding
� V� and

�
thenonregularized

andregularizedshapeoperatorandnormalareequal,i. e.
± V 9± V 9 ±

and p V 9�p . This especiallyholdsif
� ¨ * � . Thus,

quadraticimageintensitiesand inducedellipsoidal shapesare
invariantundertheproposedanisotropicgeometricdiffusion.

Fig. 10. Wecompare theinfluenceof thefilter widthparameter9 on theresults
of theanisotropiccurvatureevolution.Asinitial dataweconsiderthenoisy
octaehedron data set alreadyshownin Fig. 3 and choose 9ÙÔ �L: (top
line), 90ÔÙÛ;: (middleline), and 90Ôz�L: (bottomline). Theleft column
showsthe first time stepof the evolution whereasin the right columnthe
third timestepof theevolution is shown.Theresultsobviouslyreflectour
theoretical expectations(cf. remarkin SectionVI).

Remark: Still we have to selecta properregularizationpa-
rameter
 , which alwaysplaystherole of a stencilwidth, either
in a geometricsmoothing(regularizationvariant1), in a linear
convolution (variant2), or in theactuallyimplemented© � pro-
jectionmethod(variant3). As usualin diffusionprocessesthe
stoppingtime � of the geometricdiffusionprocessis relatedto
a filter width

® Ä � (cf. SectionIV). Thusit is reasonablewith
respectto the modelingto choose
NM ® Ä � (cf. Morel and
Solimini [25]). Due to the tradeoff betweensmallervaluesof
 leadingto moredetailedfeaturedetectionand larger 
 val-
uesimproving the consistency of the extractedshapeoperator
for smoothdatawe choose
OMQP&_ , e. g. PFMSR in our appli-
cations.Independentof thechoiceof regularizationthederived
regularizedshapeoperatoractsasa quantizedindicatorfor the
relevanceof edgesandtheir directionandnot asa descriptorof
thesomehow optimallimit shape.

VI I . FINITE ELEMENT DISCRETIZATION

Up to now we have consideredan imageintensity
�

which
hasbeena sufficiently smoothfunction on the imagedomain�u�Z� ���

. Concerningtheimplementationof theproposedmul-
tiscalemethodand its actualapplicationto digital imageswe
now have to discretizeour model in spaceand time. In the
applicationimagestypically ariseas arraysof pixels. We in-
terpretepixel valuesasnodalvalueson a uniform hexahedral
mesh T covering the whole imagedomain

�
andconsiderthe
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correspondingtrilinear interpolationon cells | ¨ T to obtain
discreteintensityfunctionsin the accompanying finite element
space.To clarify the notationwe will alwaysdenotespatially
discretequantitieswith uppercaselettersto distinguishthem
from thecorrespondingcontinuousquantitiesin lower caselet-
ters. A subscript _ indicatesthe grid size. Let us definethe
spaceof piecewisetrilinear, continuousfunctionsU�V 9}"XW ¨ | � � � ! á W á Y ¨ * O[Z * O[Z * O EX| ¨ T %

�where * O denotesthespaceof linearpolynomialsand” Z ” the
tensorproduct.

Now weareableto formulateourdiscreteproblem.Discretiz-
ing first only in spacewe obtaina variationalfinite elementfor-
mulationof our level setevolution problem(cf. Eq. (2) for the
continuouscase):

Find W ��� � ã� � U V
with initial data W\�$;b!?9]\ V �
�

, such that

e + ' W143^Wf1  �
_ g V F ea` V 3^W1^3^Wf1  � 3

_ g 9c;
for all

_ ¨ U V .
Here,\ V � | � � � ! � U V

is theLagrangeinterpolationon the
grid T andthe diffusiontensor̀ V is supposedto bea suitable
approximationof Æ V . Finally, we have usedthe lumpedmass
scalarproduct �s� � ��!

V
, which is definedby

�cb �
U ! V � 9 ¤Y?ç
d > Y \ V �cb U ! d

l
for discretefunctions b �

e ¨ U V
(cf. [37]). As an immediate

consequencethe correspondingnonlinearmassmatrix { V �cWÕ!
is diagonal. This simplifies the resultingschemesignificantly.
We endup with a systemof ordinarydifferentialequationsfor
thenodalvaluesof theintensityfunction W . Obviouslytheregu-
larizationparameter$ shouldbecoupledsomehow with thegrid
size.Following Dziuk andDeckelnick [12] weselect$fMa_ .

Next, wehaveto discretizein time,whichincludesthechoice
of sometime steppingschemeandthe decisionwhich term to
handleimplicitly andwhich explicitly. Herewe choosea semi-
implicit backwardEulerdiscretization.Expressedin geometric
termsweconsiderthemetricandtheregularizedshapeoperator
explicitly (cf. [15]). I. e. the shapeoperatoris updatedev-
ery timestepandweexpectandexperimentallyobservesurface
featuressuchasedgesto besuccessively betteridentifiedvia the
principle curvatureevaluationon

± V . Let g be a selectedtime
stepsize.Thenweobtainthetimeandspacediscreteproblem:

Find a sequenceof discrete intensityfunctions "
Wfh % h
i � ¥kjkjkj
with Wfh ¨ U V and W � 9l\ V � �

, such that

e D1P3^W h 1  Wfh ã O ,]Wfhg �
_ g V FHe ` V 3IWfh ã O1^3^W h 1  � 3

_ g 9<;
for all

_ ¨ U V .
We expect Wfh to be anapproximationof W\��mng�! . Finally, in

eachstepof the discreteevolution we have to solve a single
systemof linearequations.In termsof nodalvectorsindicated

by a bar on top of the correspondingdiscretefunction we can
rewrite theschemeandget�){ V �oW h !XF]g>© V �cW h !�!qpW h ã O 9c{ V �oW h !�pW h (4)

for the new vectorof nodalvalues pWfh ã O at time � h ã O 9 �Bm FD#!rg . Here,wehaveappliedthenonlinearlumpedmassandstiff-
nessmatrices

{ V �oWÕ! 9 s\e t �143^W h 1  � t   g V-u �¡  �© V �oWÕ! 9 e�ea` Vh 3 t �1P3^W h 1! � t   g�g �¡  �where " t   %   is thenodalbasisof
U V

.
In eachtimestepthediscretediffusiontensor̀ Vh is evaluated

for everygrid nodeseparately. Then,on cells | ¨ T we usetri-
linearinterpolationto definè Vh . Furthermore,in thenumerical
applicationwehavereplacedtheintegrationof � ` Vh ïwv �ñ ïwx;y ñ)z

� t   !
by theonepoint numericalquadraturewhich refersonly to the
valueat theelement’scenterof mass.

Theresultingsystemsof linearequations,whicharisein each
time step of the discreteanisotropiccurvature evolution are
solved by a preconditionedconjugategradient method. For
computationson a D Ä-{ � grid the solver typically needs60 it-
erationsto decreasetherelativeresidualbelow DP; M}| .

VI I I . SHAPE OPERATOR ON DISCRETE DATA

In this sectionwe will describehow to computethe local © �
projectiondefinedin SectionVI on given discreteimagedataW ¨ U V

. Without lossof generalitywe will assumethat
l 9u;

andfurthermorethat
� � l !f9ö; . Sincewe areworking on hier-

archicalocttreegrids,it is naturalto definethe 
 neighborhoodG?VQ� l ! in themaximumnorm: For an P ¨ " Ä
~ á ~ ¨ � � %
we setG V � l ! to beapatchcontaining��PEFoD#!�����P�F�D#! � ��P�F�Dú! nodes

having
l

in its center. In otherwords G V consistsof Pt��Pt��P
elements.Thenfor 
 9 «a� Í ù G?VQ� l ! , we obtain 
 9	P�_ .

To computethe projection W V� �BA>! � 9 ��. � ¥ VLWÕ!4�BA>! onto the
subspace�à9��,

Í
�6" l � O �

l �� �
l �� �

l O l � �
l O l �

�
l � l �

�
l O �

l � �
l � %

of * � , we consider the representationW V� �BA O � A � � A � !
� 9�O�� i O � � C � in theabovecanonicalbasisof

+
. Then ��� � ! � ¨ � � �

solvesthelinearsystemof equations�¤  i O
s > ? Ê � � � C � C   £�A u �   9 > ? Ê � � � W�C � £�A

for ��9 D � =P=4= ��� . For a fixed P , the inverseof the matrix on
the left handside of the above equationcan be precomputed
on regular grids. This speedsup the projectionprocessin the
implementationconsiderably. We easilyderive that

p V ��A8!
�� H i � 9 Dª � �� Fl� �� F�� �� ÿ� � �� �� � ��
and ò � W V �BA>!X�� H i � 9 ÿ� Ä � O ��� � |��� Ä � � ���� | � � Ä � �

�� =



11

Finally, recallingthedefinitionof theregularizedshapeoperator± V , weobtainaformulaof theshapeoperator
± V in termsof the

abovequantities,i. e.± V 9 D1P3^W V 1I� ò � W V ,Ùp V Z ò � W V p Va� =
After a restriction of the obtainedoperatoronto the tangent
space� H r �V 9´�/p V ! ó we easily can evaluatethe principal
curvatures¼  2¥ V andprincipaldirectionsof curvature§  2¥ V .

To studytheconsistency of thecurvatureevaluationweagain
pick up thesecondregularizationmethodbasedon local convo-
lution of the imagewith a kernel Y V . We expectour actually
appliedthird regularizationmethodto behave similar concern-
ing theinterplayof filter width andgrid size. Let ussuppose

�
to besmooth,at leastcontainedin theusualSobolev spacen � ¥ �
for D�T	���îÈ . If we considera nodalinterpolation W in the
finite elementspace,we obtain a secondorderapproximation
result[9], i. e. 1 � ,lWf1 � ¥ � Tc|Ù_ � . Next, we considerthecon-
volution W V 9 Y V5[ W andevaluatesecondderivativeson W V
asa simplificationof the evaluationof curvatureson level sets
of W V . In thiscaseaconsistency analysisis straightforward.We
estimate�� ò � �/Y Vf[ WÕ!N,zò � � ��!�@� T �� �/ò � Y V ! [ �oW�, � ! ��!�@� F�� Y V\[ ò � � ,Ùò � � ���� �T |Ce _ �
 � F�
 g 1 � 1!� j,� �
Balancingof the two error termsleadsto an optimal choiceof
�9�_ Ij in caseof a smoothfunction

�
, whereasfor 
 suffi-

cientlysmallthefirst termwill bedominant.Thuswerecognize
thatthewidth of ourstencil G V � l ! shouldincreasesignificantly
with decreasinggrid size to ensureconsistency. Nevertheless
this is unrealisticin trueimageprocessingapplicationswith non
smoothintensityandsteeptransitions,hencewe have to fix the
stencilwidth somehow. Fromour experiencea suitablevalueisP½9�R , i.e. 
�9	R�_ .

As mentionedabove, we expectour third regularizationap-
proachto behave similar to the convolution methodin terms
of the relation betweenfilter width and grid size. To ana-
lyze theconsistency of our implementationexperimentally, we
have consideredthe sphericallevel setsof the image

� � l ! � 91 l ,³Ç>1 � Ç°9 ��� � � � �~! þ for a fixed � ¨ � �
anddefinedan

error � � � 9
���� ¼ V� , D�

������ I ��� Ê � �thatis the © � normof thedifferencebetween¼ � andtherealcur-
vature D Ã � of thesphericallevel sets.In ourcomputationweset�µ� 9 å ; � D4æ

�
andassume

� V � 9à" l ¨ � á «�� � ­ � l �
+ � !q cD Ã R % .

This turnsout to bethemaximumsubsetof
�

suchthatthecon-
sideredprojectionstencil is alwayscompletelycontainedin

�
for every

l ¨ � V . In TableI we collect for threedifferentgrid
widths _ , fixed ��9¡R and increasingsize P of the projection
stencilthevaluesof � � .

For P sufficiently smallweexpect
V IV I to bethedominantterm

in our consistency analysisabove. Thus,recallingthat 
 9¢P�_ ,
we shouldobserve for a doublingthestencilwidth P a decrease

Fig. 11. Curvature evaluation of the noisy octahedron levelsetresolvedon
a ÚÜÛ^� grid is compared with respectto different stencilwidthsof the

� �
projection. Fromtop left to bottomright thenoisylevel setandcurvature
evaluationwith stencilwidths =QÔz�2£/Û , and � , respectively, are shown.A
color rampfromblueto redindicatesthedominantcurvature.

TABLE I

CONSISTENCY ERRORS FOR DIFFERENT SIZES OF : AND INCREASING

STENCIL WIDTH = OF THE
� �

PROJECTION.

_ P � O � �
1/32 2 5.451e-02 5.451e-02

4 1.398e-02 1.398e-02
8 3.517e-03 3.517e-03
16 8.806e-04 8.806e-04

1/64 2 5.479e-02 5.479e-02
4 1.405e-02 1.405e-02
8 3.535e-03 3.535e-03
16 8.852e-04 8.852e-04
32 2.214e-04 2.214e-04

1/128 2 5.493e-02 5.493e-02
4 1.409e-02 1.409e-02
8 3.544e-03 3.544e-03
16 8.875e-04 8.875e-04
32 2.220e-04 2.220e-04
64 5.549e-05 5.549e-05

of theerrorsapproximatelyby a factor D Ã R . In additionwe ob-
serve thatfor fixed P theerroris moreor lessindependentof the
grid size _ .

Furthermore,we test the invariancepropertyknown for the
continuousmodel in caseof our numerical implementation.
Therefore,westudyellipsoidallevel setsdefinedby a quadratic
polynomial imagefunction

� �
interpolatedon the grid nodes.

We observe that the relative lossof volume of the considered
level setsis in therangeof interpolationerrors.Moreover in an
application(cf. Fig. 5 and6) we recognizethat the isotropic
PeronaMalik methodaswell astheMeanCurvatureMotion ap-
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proachdecreasetheconsideredsubvolumeduringtheevolution
aboutten timesfasterthe new anisotropicgeometricdiffusion
method.

IX. PARAMETRIC VERSUS LEVEL SET APPROACH

Besidesthe generaldifferencethat the new level setmethod
propagatesall level setson a given imagesimultaneouslyand
the parametricmodel(cf. SectionIV) dealswith a singlesur-
face,the two modelsbehave surprisinglydifferentconcerning
the actualpropagationvelocity althoughthe considereddiffu-
siontensorsareverycloselyrelated.

Theparametricsurfaceprocessingproblemdiscussedin Sec-
tion IV is characterizedby a speedof propagation

U
of a single

surface r which splits into a tangentialanda normalcompo-
nent,i. e. U 9 U�¤�¥�¦!§ , ­U¾ �/Í V ¶4Î x ` ¿ ¶^Î x !,�
where

U�¤�¥�¦�§
is the tangentialcomponent(cf. [10]). In caseof

meancurvaturemotionwhere Æ V ¶#· x 9 Id
á ¶#· x thepropagation

is in normaldirection,i. e.
U ¤�¥�¦!§

vanishes.But for anisotropic
geometricdiffusion this tangentialdislocationturns out to be
a shortcomingin the correspondingnumericalimplementation
althoughit effectivelydoesnotchangethecontinuousevolution.
Indeedit leadsto astretchingof atriangularfinite elementmesh
in the neighborhoodof edgeson the surface. In comparison
to this model,the level setmethodpresentedhereby its nature
considersonly propagationin normaldirectionandweavoid the
problemof tangentialdislocation.As propagationspeed

U
one

obtainsU 9a¢ p�9�� ­U¾ �$Í V � ¿ V5, ¿ !�!NF<� div Í V !4��� V ,�� !>!�pö=
Hence, the speed in the parametric model measuresthe
anisotropicmeancurvature,whereasthe speedin the level set
methodmainly dependson an anisotropicallyweighteddiffer-
enceof prefilteredand actualcurvatures,given by the corre-
spondingshapeoperators. This especiallyimplies the above
statedinvarianceof the level setmethodfor ellipsoidalshapes
definedas level setsof a quadraticpolynomial. In contrastto
that, generalizedminimal surfaceswith n0É Ê 9µ; arethe only
invariantsurfacesundertheparametricevolution. Indeed,there
is no compactinvariantsurfaceembeddedin

� �k�
.

The precisecounterpartof the parametricmodelin the level
setcontext is givenby theevolutionequation+ '�� ,ä1^3 � 1 ­U¾ �/Í V ¿ !:9Z;�=
But, we can also adapt the parametricevolution to the new
model,introducedherein the level setcontext. Thus,we con-
sidera parametricevolutiondescribedby theequation+ ' l , div x � ' � �$Æ V ¶ · x 3 x � ' � l !�9ZÇ �wherewedefinea localaveragedforcing Ç~9 ­U¾ �/Í V ¶4Î x ` ¿ V ¶^Î x !
for a convolutedshapeoperator

± V¶ · x . Let us underlinethat
thiscanberegardedasa localversionof theglobalvolumecon-
servationmodelproposedin [10] whereÇ-9 O¨ x ¨ ��© ­U¾ �$Í V ¶^Î x `¿ ¶ Î x°! .

Although, originally designedfor 3D imagedatawe could
alsoapplythepresentedlevel setmethodto parametricsurfaces
as input dataas they frequentlyappearin computergraphics.
To this end,we have to convert theparametricrepresentationto
animplicit onevia thecomputationof a discreteapproximation
of the signeddistancefunction [33], run the algorithm,andfi-
nally extractagaina triangulationfrom thevolumedatasetvia
somemarchingcubemethodor processthe surfacefurther in
volumetricform.

X. CONCLUSIONS

We have presenteda level set methodfor generalizedgeo-
metric diffusion in 3D imageprocessing. The corresponding
evolution equationinvokesmainly geometricquantitiesof level
setsof the imageintensity. This classifiesthe approachas a
morphologicalscalespacemethod. It is able to successively
smoothnoisy initial datawhile simultaneouslyretainingedges
andcornerson the level sets,which arecharacterizedby con-
siderablylargeprincipalcurvatures.Theevaluationof theshape
operator, the surfacenormal,andtangentspacerespectively is
basedonaprefilteringof thenoisyinitial data.Thereby, thepro-
posedmethodof choiceis a local © � projectiononto thespace
of quadraticpolynomials. The correspondingnonlinearpartial
differentialequationhasbeendiscretizedby finite elementsin
spaceanda semi implicit backward Euler schemein time. In
eachtime steponly a sparsesystemof linear equationshasto
be solved. The usercontrolsthe surfaceevolution mainly by
two parameters— the prefilterwidth 
 andthe threshold

	
—

whichbothhaveanintuitivemeaning.Themethodcomesalong
with ageometricinterpretationof thepropagationspeedof level
setsanda largesetof invariantshapes. In fact the invariance
principlefor level setsof secondorderpolynomialsandtheedge
indicatingshapeoperatorasasecondorderdifferentialoperator
on the level setsgive reasonfor the essentialcharacteristicsof
thedescribedmethod.Interestingfutureresearchdirectionsareª to studytheactualcounterpartof theparametricsurfacepro-
cessingmodelin level setform andviceversa,ª togeneralizethemethodfor inpaintingor restorationpurposes
on 3D images,ª and to expand the evolution problem by consideringaddi-
tional termsin thepropagationspeed,which allow a moregen-
eralmodelingof thelevel sets.
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