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Abstract

We discusghe existenceof viscositysolutionsfor a classof anisotropidevel-setmethodswvhich can
beseenasanextensionof themean-curaturemotionwith anonlinearanisotropiadiffusiontensor In an
earlierwork [15, 20] we have appliedsuchmethodsor the denoisingandenhancementf staticimages
andimagesequencesThe modelsarecharacterizedby the factthat—unlile the mean-curaturemotion—
they arecapableof retainingimportantgeometricstructuredik e edgesandcornersof thelevel-sets.The
articlereviewsthede nition of themodelanddiscusseits geometridoehaior. Theproofof theexistence
of viscositysolutionsfor thesemodelsis basedon a x ed point agumentwhich utilizesa compactness
property of the diffusion tensor For the applicationto image processingsuitableregularizationsof
the diffusion tensorare presentedor which the compactnesassumption®f the existenceproof hold.
Finally, we considethehalf relaxedlimits of thesolutionsof auxiliary problemgo shav thecompactness
of the solutionoperatorandthusthe existenceof a solutionto the original problem.

1 Introduction

The deformationof imagesthroughparabolicpartial differentialequationgPDEs)hasbecomeanimpor-
tant topic in image processing.A givenimageis consideredasthe initial dataof a suitableevolution
problem.Thetime parameterepresentthe scalewhich leadsfrom noisy ne representation® smoothed
andenhancedoarserepresentationsf the giveninitial image. The useof level-setmethodsn this area
becomesparticularlyinterestingwhenever the actualimageintensityis of minor importanceor its depen-
denceontheimageacquisitiondevice shallbe alleviated. Becausdevel-setmethodsdependn the shapes
of isosurbcesof theimagedataratherthanthe actualgray-values they belongto the classof morphologic
or geometridmageprocessingnodelswhich behae invariantundermonotondransformationsf thegray
values.

The earlywork on level-setmethodsgoesbackto the seminalwork of OsherandSethian[17]. Later
on,theaxiomaticwork of Alvarezetal.[1] describedheclassof morphologicmethodghroughtheaxioms
of causalityandregularity aswell asmorphologicandrotationalinvariance.The mostprominentexample
in this classis the evolution of level-setsaccordingto their meancurvature(MCM) [3]. It is well known
thatfor imageprocessinghe usability of MCM is limited, sinceit is not capableof retainingimportant
geometriccontentwhile decreasinghe geometricnoise. Not only in this senseMCM can be seenas
the geometricequivalentof the heatequation[5]. As alternatvesPauwelset al. [18] took an approach
into accountwhich considersadditionalgeometrianformation. Sapiro[22] discussed level-setequation,
wherethegradientof animagesteersheevolution speed.

In this work we are concernedvith the existenceof viscosity solutionsof a level-setmethod,which
retainstheimportantgeometriacontentwhile decreasinghe geometrianoise[15, 20]. Sincethegeometric
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featuresof imagesaredescribedy the so calledshapeoperator S of the level-setsof theimage,we are
dealingwith level-setequation®f theform
. . Du . . . d

@u jDujdiv A(S )jD—uj =0 inQ:=(O;T] R 1)
for T > 0. We prescribeaninitial conditiong 2 C°(IR?) for someconstant whereC°(IR?) is the set
of continuoudunctionsv suchthatv is compactlysupportedn IRY . The performancef the model
resultsfrom thefactthatthe symmetricdiffusiontensorA depend®ntheeigervaluesandeigervectorsof
aregularizedshapeoperatorS . Thus,thediffusionis steeredby the so calledprincipal curvatuesand
theprincipal directionsof curvatue of thelevel-setsof aregularizationof theimageu.

With this constructionwe obtain a level-setequation,i.e. a nonlinearPDE, which is enrichedwith
anothemonlinearityin form of the diffusiontensorA(S ) = A(S [u]). To emphasize¢he factthatthe
diffusiontensordependsionlinearlyon u, we call the methodnonlinearanisotiopic geometricdiffusion
Moreover, becauséhe shapeoperatoron level-setsis a purely geometricquantity the resultingequation
(1) is geometricj.e. the shapeoperatorandconsequentlyl) behae invariantundermonotonechangeof
thegrayvalues.

From the analyticalpoint of view of the problem(1) we are concernedvith a degenerateparabolic
equationof theform
@u+ Ful(t; x;Du;D?u)=0 inQ:= (0;T] RY; )

u@©; )=g() inRY )

for T > 0 andgiveninitial datag 2 C°(IRY). For a given continuousfunctionv 2 C°(Q) the function
FIV]:[0:T] RY (R%nf0g) S(d)! IR denedby

p P

FMI(Ex piX) = div(AMI(tE X)) p tr A[VI(tx) Id 0

resultsfrom the differentiationin (1) anddependson the symmetricdiffusiontensorA[v] : Q !  S(d).
HereS(d) denoteshespaca),gsymmetricd d matricesandfor ary functionM : IRY! S(d) wede ne
thedivergenceasdiv(M ) = ( ; @M ); .

For MCM (i.e.for A Id in (1)) the existenceof viscositysolutionshasbeenshovn independently
by Evansand Spruck[8] andChen,Giga, Goto[4]. Lateron this work of Chenetal. hasbeenextended
to problemswherethe diffusiontensordependsxplicitly ontime andspace9]. But theseresultsandthe
existing theoryfor nonlinearsecond-ordedegeneratgarabolicequationgcf. [13, 12, 14]) do notapplyto
the problem(P), becausehe diffusiontensorA doesnot dependon theimagequantityu itself but on the
shapeoperatorS, i.e. onthederivativesof u. The existenceresultpresentedierebaseon a compactness
propertyof the diffusiontensor Moreover we will usethe great e xibility of viscosity solutionswhen
passingo limits underGammacorvergence.Thus,we aregoingto invoke a processwhich is known as
the half-relaxed-limitstechniqug2, 6]. The uniquenessf solutionsof MCM is includedin the proofsof
Evanset al. [8] andChenetal. [4], whereador the nonlinearanistropicgeometricdiffusion problem(1)
thisis still anopenissue.

In fact, the resultspresentedn this paperasserthe existenceof solutionsfor a more generalklassof
problemdike (1) wherefor @ [0;T] IR thediffusiontensors

A:L2Q)\ LY (Q)! cY¥Y(Q;Ss(d)

yield symmetricmatricesin S(d) for eachspatio-temporapointin Q andwhich are uniformly bounded
from above,i.e.0  A[]() Id. Moreoverwe requirethe compactnesproperty

For Q compacnd(v")  C°(Q) boundedthereexistsA 2 CY1(Q; S(d))
withA[v" ]! A inCHY(Q;S(d) (2)
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for asubsequence” andasn; ! 1 . Forthiscompactnespropertyto hold regularizationgnvolvedin
the constructionof the diffusiontensorA play animportantrole. In the applicationto imageprocessing
suchregularizationsareimportantfor the robust evaluationof curvatureon noisyimagesaswell. Finally
theregularizationdeadto aninterestingpropertyof the model: In [20] it hasbeenshavn thatdepending
ontheregularizationthereexistsa classof level-setswhich areinvariantunderthe evolution (1).

The remainderof this paperis organizedasfollows: In the next sectionwe are going to review the
applicationof the model (1) to imageandimage-sequencprocessing.A discussiorof the compactness
assumptionthe shapeoperatorand suitableregularizationss givenin Section3. Subsequentlyhe exis-
tenceof solutionsfor anauxiliary problemis discussedn Section4. This is the basisfor the mainresult
of the paperthe proof of existenceof solutionsfor (1) whichis givenin Section5. The appendixpresents
therathertechnicalproof of alemmausedin Sectior4.

2 Nonlinear anisotr opic geometric diffusion in image pro-
cessing

In this sectionwe aregoingto review the applicationof the nonlinearanisotropicgeometricdiffusionin
imageandimage-sequencprocessing. The equation(1) resultsfrom a level-setformulation of a gen-
eralizedanisotropiccurvaturemotion of the isosurficesof a given image,which hasbeenpresentedn
[20]. It is alsothe resultingequationfor the anisotropiccurvaturemotion of the time-spacasosurfices
of image-sequencd45]. In the following we restrict oursehesto three-dimensiona3D) imagesand
(3+1)D image-sequenceblpowever a reductionto 2D imagesandeven a generalizatiorto nD imagesis
straight-forvard.

For a spatialdomain IR® or a spatio-temporatiomain J IR®forJ = [0;S] whoseouter
normalis denotedvith andagiveninitial imageg: ! IR weconsidethefollowing level-setproblem:

Find a multi-scaleofimagesu : R* I IR which obeysthefollowing boundaryandinitial
valueproblem:

S Du _ . )
@u jDujdiv A[u]jD—uj =0 in IR; ;
A[u]% =0 onR; @;
u(6; ) =9() on

The diffusion tensorA[u] is designedsuchthat the modelis capableof retainingimportantgeometric
featuresn spaceaswell asin the sequence-time-directidor image-sequencdseebelon). Thenext two

paragraphslescribethe particularchoicesfor A in eithercaseof imageandimage-sequencgrocessing.
Let us mentionthat for image-sequencas is possibleto prescribeperiodic boundaryconditionsin the

sequence-timdirectionin contrasto the Neumanrboundaryconditionsabove [15]. For a descriptionof

thediscretizatiorandimplementatiorof themodelaswell astheregularizationgdiscussedh Section3 we

referthereadetto [15] and[20].

2.1 Static images

Letus rst considerstaticimagesonadomain IR®. Thegeneralizatiorf the curvaturemotionresults
from the fact that the motion doesnot dependon the mean-curatureof level-setsas MCM but on the
principal curvatuesandthe principal directionsof curvatue. Givenanimageu : ! IR of sufcient

smoothnesdget usassumdor the time beingthatfor ¢ 2 IR thenormalN := Du=jDuj on the level-set
M := fx2 ju(x) = cgof udoesnotvanish.We considerthetangentspaceTyM := sparf Ng’ and
theprojection onTyM . Theoperator canbewritenas = (Id N N)= (Id jDuj 2Du Du),

wherethetensormproductis de nedas(a b); = aby.
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Forthede nition of thediffusiontensorwe usethefactthattheisosurbicef theimageu aredescribed
by theshapeopetatorS : TyM ! T,M with

S:=jDuj ' ( D%u): 3)

Thus,S is thenormalizedprojectionof thesecondlerivative D 2u ontothetangenspacel,M . It is asym-
metric mappingon the tangentspace{7] which hasthreereal eigervaluesf *; ?;0g andcorresponding
eigervectorsf w!; w?; N g. Theeigervalues 12 arethe calledthe principal curvatuesandthe eigervec-
torsw?; w? aretheprincipal directionsof curvatue. Indeedthesequantitiesdescribehelocal shapeof the
isosurhce. In the vicinity of anedgetherewill be onelarge eigervalue ! andonesmall eigervalue 2.
Thecorrespondingigervectorsw! andw? pointin directionalongthe edgeandorthogonato the edge.

Fromthe de nition (3) it is easyto seethatthe shapeoperatoris a morphologicalquantity: Let h :
IR ! IR beasmoothmonotonencreasingransformatiorof the gray valuesandlet us denotethe shape
operatorf theimageh u with 8. Accordingto thede nition (3) we have

e- 1 hu hDu
~ jh9iDuj jh92Duj?

becausé®= jh% andh®©u Du liesin thekernelof theprojection Id jDuj ?(Du Du) andthus
vanisheslf h is only continuoushe morphologicainvarianceof the shapeoperatorcanbe provedaswell
usingtheideaspresentedn [4]. Consequentlyhewholeequation(1) is geometric/morphologic.

Obviously, we cannotassumeheconditionDu 6 0to holdin generalFor arobustimplementatiorthe
guestionariseshow to de ne derivativesin a consistentvay on noisyimage-datavhichis at mostcontin-
uous. The computatiorof the rst andsecondderivativeson noisyimagesu mightleadto a misdetection
of level-setfeatures.Thereforeit is essentiato go overto aregularizedversionS of the shapeoperator
Here is the parametesteeringthe regularization. We denotethe correspondingegularizedgeometric
guantities,i.e. the eigervaluesand eigervectorsof S , with a superscript . Now for the processingf
staticimageswe setthediffusiontensorto be

(h°D?u Du+ hD?u)=S;

0 G( 1, ) 1
A(S ) := Aful:= (w¥ ;w? ;N )@ G(%) Awr w? ;N)T;
0

whereG(y) = 1=(1 + y?= ?) is the popularPerona-Malikedgedetectiorfunction[19].

In contrastto the MCM this evolution is capableof smoothinglevel-setswhile retainingedgesand
cornersaccordingo the curvaturedetectionof theregularizedshapeoperatorS . In Fig. 1 theresultfrom
the evolution of a noisy sampledata-sets shovn. Thelevel-setsof this65 65 65 data-sefrenoisy
cubes.lt is clearlyvisible thatthe cornersof the noisy cubesareretainedthroughouthe evolution, while
thefacesof the cubesaresmoothed.To emphasizehis effect, we have depictedslicesthroughtheimage
volumeonwhichiso-linesareshown.

2.2 Image sequences

Let us now considera domainin sequence-timand space Ry IRY on which a noisy image-
sequencg : ! IR, (s;x) 7! g(s;x) is given. In additionto the estimationof the spatialcurvatureby
theshapeoperatorS from aborewe considettheoptic- ow problem[10, 16, 23]. Thecomputatiorof the
optic o w yields an estimationof the apparentvelocity vap, andthe apparenticceleratioracg,p, of the
level-setsn thesequence-time-spademain . Sincetheisosurficesof thesingleframesof thesequence
deformwith theoptic ow eld, theapparenvelocityandacceleratioraretheorientationandthe curvature
of motion-trajectoriesln otherwordsthey give the orientationandcurvatureof temporaledgeof thedata.

Now theideais to transferthe spatial-edge-preservirgehaior of the evolution of staticimagesoverto
thepresenrationof temporaledgesij.e. trajectorieswith high curvature which arecharacterizetby rapidly
acceleratednotions. Sinceagainthe needfor a regularizationon noisy imagesis obvious, we basethe
de nition of thediffusiontensorA ontheregularizedquantities:

Y — — 0] ©
A(S ;Vapp:aClyp) = Alu] i= G(acCypp)Vapp  Vapp *+ 0TAGS)
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Figure 1: From left to right the scale-step®; 1; 3; 7 of the anisotropiclevel-setevolution appliedto a
sample3D data-seshavn. Thetop row shaws the evolution of onelevel-setof the data,whereasn the
bottomrow the evolution of oneslice throughthe 3D imagevolumeis shavn. To emphasizéhe behaior
of themodelwe depictthe evolution of severalisosurficegenhancedines)in theslices.

Here A(S ) is the diffusiontensorfor static-images.The constructionis suchthat the spatialbehaior
describedn Section2.1is keptbut an additionalterm hasbeenaddedwhich steersthe evolution in the
sequence-timdirection. We emphasizehatin generalthe decompositionn the de nition of A is notor-
thogonal15]. Thus,theadditionaltermresultsin asmoothingn bothspatialandsequence-timdirection.

3 Compact diffusion tensors

In the following we are going to de ne the diffusion tensoras a mathematicabbjectand thus prepare
the existenceanalysis. Moreover, we will describethe assumption®n the diffusion tensorsusedin (P).
Finally, we will presentwo regularizationvariantsfor whichthe compactnesproperty(2) canbe shown.

We build therequiredregularizationdirectly into thede nition of thediffusiontensor Thus,weassume
thatthe diffusiontensordecomposemto

A(S)=Au=B R u (4)
whereB andR aresuchthatA is acontinuousnapping
ALHQ\ LY (Q! CHHQ;S(d)): ®)
Here,B = (b )j describeshecoefcients of thediffusiontensor
b :CHQ) C°Q)! CYQR);

which we assuméo be continuous.Theb; evaluate(3) basedon regularized rst andsecondderivatives
of u, which we assumeo be givenby the continuousmapping

R :L2(Q)\ LY Q! c¥Q) cC°%Q); v7 (Dv ;D3 ): (6)

With thesede nitions the compactnesproperty(2) canbe reformulatedasa conditioninvolving the
regularizationr :

For Q compacind(v")  C%(Q) boundedthere existsw 2 C?(Q)
withB R v I B(Dw;D?w)in CY¥Y(Q;S(d)) (7)

for asubsequence’ asn; ! 1.
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3.1 Regularizations

In theimageprocessingpplicationdescribedn Section2 we have avarietyof localandglobalregulariza-
tion variantsathand.Theregularizatiorapproachesangefrom morphologicor corvolutionregularizations
overto projectiong15, 20]. In thefollowing paragraphsve describewo regularizationvariantsfor which
we canprove the compactnesassumptioron the diffusiontensor(7). Thepresentationvill only consider
spatialregularizationshoweverthegeneralizatiorio image-sequencésnotdif cult anddescribedn [15].

(R1) Convolution with deriv atives of C§ -kernels

We de ne theregularizationasa corvolutionwith acompactlysupportedC?! -kernelK
Z

u(tx)=(K u)tx)= K (x yu(ty)dy:

We mirror theimageu atits boundarieg® to extendit to wholeIRY. Thecorvolution propertyenablesis
to de ne thenaturallyassignedlierivativesandthustheregularization

R, :L%(Q)\ LT (Q! cYQ) c%Q); R,(u)= (DK u;D%K u): (8)

For the following theoreticalanalysisit is notimportantfor K to be compactlysupportedput to allow
for ef cient implementationdt is of essenc¢o replacethe corvolution by discretesummationg15].

(R2) Local L2-projections

In this approachwe considerthe spaceQ := {?() of polynomialsof degree2 over . To regularize
theimagedatau(t; ), we computethelocal L 2-projectionof u(t; ) ontothe spaceQ. Theresultinglocal
regularizationthenhasenoughregularity to computethe secondderivativesasneeded.
Letus x apointx 2 andconsideraneighborhoo® (x) of diameter aroundx. Thelocal spatial
L 2-projectionu, (t; y) of theimageu(t; ) ontoQ is thencomputedvia the orthogonalityrelation
Z

(U (ty) u(ty) oy x)dy=0 892 Q: )

B (x)

We build theglobalregularizationu (x) from thelocal onesby thede nition

u (t;x) = u.(ty) - :

X

And we de ne theregularizationmappingR, : L2(Q)\ L (Q)! C(Q) C°Q) by
Ry(U(tX) = (Dyu)(tiy) o s (Dyu (G y) oy (10)

In thenext sectionwe will seethatthisis aproperde nition which givesustherequiredregularity.

Fig. 2 shaws the evaluationof curvatureson aniso-surbiceshaving the humanbraincortex. Fromthe
imageswe seethat both variantsgive good approximationson the curvature. However, for real images
our experimentshave shavn thatthe projectionapproachis muchmorerobustwith respecto noise. But
the corvolution with smoothkernelsis computationallymuch cheape20]. So for real applicationsa
compromisebetweerrobustnesandcomputationaspeechasto befound.

3.2 Compactness of the diffusion tensor

For theregularizationvariantsdescribedbore we canshow thatthediffusiontensoris acompacboperator

Lemma 1. Suppose) is a compactspace-timelomain. Thenthe compactnes§2) respectively(7) holds
for thediffusiontensorA[ ] from(5) undertheregularizations(R1)or (R2),i.e. withR = R; ,i = 1;2.
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Figure 2: The computationof curvatureon a sggmented3D medicaldata-sebf the gray matterof the
humanbrainis shavn. On the left the evaluationwith regularization(R1) is displayed,whereason the
right the resultof the variant(R2) is shawvn. A color rampfrom blue to greento red codesthe dominant
principal curvatureof thelevel-sets.Thedatasetis of size129 129 129 A colorimageis availableat
www.mevis.de/ tp/imgs/curv-brain.png

Proof. Letustake aboundedsequencév”) C°(Q). We notethatsincethe coefcients by arecontinu-
ousaccordingo (5), it sufces to shav the existenceof afunctionw 2 C?(Q) suchthat
(Vi) =R VU ! (Dw;D?w) inC}Q) C%Q):

(R1)Corvolutionwith C} kernels.For amulti-index ,letD bea spatialderivative of orderlessthan

four,i.e.j ] 3. Wesubstitutehede nition of (v") = R; v" = K v" toobtain
4
kD (R vkt sup (D K )x y)Vv'(ty)dy
(tx)2Q
Z
sup (D K )x y)jjiv'(ty)idy Ckv'k.1 (g):
(tx)2Q

This is a boundof D (V") in C%(Q) andsinceQ is compact,we canapply the Theoremof Arzela-
Ascoli [21] andusethe compactinclusionC2 | C?2 to assertthe existenceof w 2 C?(Q) suchthat
R v ! (Dw;D?w)inC(Q) C%Q) for asubsequence” .

(R2) Local L 2-projectionontoQ  { ». Letus rst show thatthe projectionregularizationvariantcan
be consideredasa certaintype of convolution aswell. We denotea basisof Q with Q = sparfqg : i =

X«
vy (ty) = itx)ay x);

i=1

7 H (t;x) = R(t; x);Z

Hi =  (gg)y x)dy; Ri(tx)=  v(ty)g(y x)dy:

B (x) B (x)

(11)
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We caninterpretthe right handside this systemand thus the coefcients (t;x) = H !R(t; x) asa
corvolution:
Z Z

Ri(t; x) = vitby)gly x)dy= v(ty)gdy= (v(t; ) @)(tx);
B (x) Rd

wheretheL?() -functionsg resultfrom acut-off of thebasisfunctionsg = g(y x) g (x)- As above
let beamulti-index of orderlessthanfour. Accordingto thede nition canwrite the derivativesof the
global regularizationas

!

Xk Xk
D (R v)(tx)=D, iGx) Gy x) = i(t; x) Dy G (0):
i=1 y=X i=1

Fromthefactthattheright handsideis a corvolutionwe obtain

X
kD (R v"ki1 (g sup I (t;x)D, g (0)
(tx)2Q =1

X
C sup v @)t x)j]  Ckv'ki: (q);
(tx)2Q =1

wherethe constanC depend®onH * andD, g (0) andthuson the choserbasisf g g only. Thisis again
anestimateof thederivativesof theregularizationfrom which we proceedasabove for variant(R1). [

In thelastproofwe haveimplicitely shovn thecontinuityof theregularizationsasadirectconsequence
from thatfactthatbothvariantscanberegardedascorvolutions:

Lemma?2. TheregularizationoperatorsR; : L2(Q)\ L (Q)! C¥(Q) C°Q),i = 1;2arecontinuous,
i.e.forallw?2 L?(Q)\ L (Q)

kD (R W)kco(Q) CkaLl (Q)-
Consequentlshere existsa constant€ < 1 sudthatforallw 2 L?(Q)\ L! (Q)

kdIVA[W]kLl (Q) @kaLl (Q)-

4 An auxiliar y anisotr opic geometric diffusion problem

Let us now preparethe tools we are going to needin the remainderof this paper For adomainO
R", n 2 IN we denotethe upper respectiely lowersemi-continuougunctionson O with USQO)

respectiely LSC(O). For ary functionf : O ! IR we considerthe uppersemi-continuougu.s.c.)
ervelopef 2 USO) respectiely the lowersemi-continuougl.s.c.) ervelopef 2 LSC(O), which
arethe smallestu.s.c.function satisfyingf f respectiely the largestl.s.c. functionswith f f.

Moreoverwe de ne theclassof continuoudunctionson O thatareconstanbutsidea ball of sufciently
largeradius,i.e.

C%©0):=fv2 C%0) 9R; 2 Rsuchthatv(x)= forx 62Br(0)g:

Similarly we de ne theclassof continuoudunctionsv : I O ! IR suchthatv(t; ) 2 C°(O) for every
t21,ie.

Co1:;0):=fv2C% 0O) 9R; 2 IRsuchthatv(t;x)= fort2|;x 62Bgr(0)g:
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Thenotionof viscositysolutioncanbe formulatedcorvenientlywith the useof the socalledjets[6]. The
parabolicsuper2-jetin | R RYis denotedwith P,Z;+ u(t; x), andit is the setof (a;p; X) 2
R RY S(d) suchthat

uisiy)  utx)+as t)+p (y X)+%(y X) X(y x)+o(s tj+jy x?)

for (s;y) ! (t;x) in | . Similarly we have the de nition of the parabolicsub 2-jet Plz: u=
P % ( u) (cf. [6).

We aregoingto provetheexistenceof viscositysolutionsfor theproblem(P) by a x edpointargument.
Therebywe considerthe problemfor a x eddiffusiontensorA[v]. We will regardto this problemasthe
auxiliary anisotiopic geometricdiffusionproblem

For RY,| := [0; T], initial datag 2 C°() andarbitrarybut xedv2 C°(1 ) nd a
viscositysolutionu 2 C°(I ) of

@u+ F[V](t; x;Du;D2u)= 0  inl :
u(G; )=g() in
Thenwe aregoingto shav thatthe solutionoperator

(PIV)

P :v 7! Solutionof (P[Vv]):

isacompacself-mappingnaconvex subsebf CO(l ; IRY) andthushasa x edpoint[24]. In theremainder
of this sectionwe focuson the existenceof a solutionto (P[v]). The existenceproof for thefull problem
(P)is givenin thefollowing Section5.

SincethefunctionF [v] hasa singularityfor vanishing(gradient)p = 0, we have to basethede nition

of viscosity solutionfor this auxiliary problemand consequentlyor (P) on the upper andlower-semi-
continuougelaxationd= andF of F:

De nition 3(cf.[6]). Anuppersemi-continuoufunctionu 2 USQ|l ) is calledviscositysub-solution
of (P[v]) onl , if

a+ F [V](t;x;p;X) O forall (t;x) 2 1 ;and(a;p;X) 2 PZ* u(t; x);
u(0;x)  g(x) forall x 2
Analogously a lower semi-continuougunctionu 2 LSC(l ) is called viscosity supersolution of
(P[v]) onl , if
at+F V(tx;p;X) O forall (t;x) 2 | and(a;p;X) 2 PZ u(t; x);
u(O;x)  g(x) forall x 2
Afunctionu 2 C°(I ) iscalledviscositysolutionof (P[v]) if it is a sub-solutioranda supersolution
of (P[V]).

In thefollowing we will simply speakof solutionshaving in mind thatwe areworking with the notion
of viscositysolutions We will referto the sub-solutionf a problem@u + F[v](t; x; Du; D?u) = 0as
the solutionsof the problem@u + F [V](t; x; Du;D2u) 0 andsimilarly the supersolutionsof @u +
F[V](t; x; Du; D?u) = 0 asthesolutionsof @u + F [v](t; x; Du;D?u) O.

4.1 Comparison and existence for the auxiliar y problem

Theexistenceof solutionsfor the auxiliary problemhasbeenshovn by Gigaetal. in [9, Thm.4.9]: They
provethatfor aninitial conditiong 2 C°(IRY) thereexistsa uniquesolutionu 2 C°(1; IRY). To asserthe
existenceof a solutionfor (P) we aregoingto re ne this resultby shawving thatwe cancontroltheradius
R of the ball outsidewhich u(t; ) vanishes.To this end,let usrepeatthe comparisorresultof Giga
etal. rst andcheckits assumptionsor (P[v]).
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Theorem4 (Gigaetal.[9, Thm. 4.9]). Let  IR%andl := [0; T]. LetthefunctionH : | (IR%n
fOg) S(d)! IR satisfythefollowing conditions:

(H1) H : 1 (R9nfog) S(d)! IR iscontinuous,

(H2) H is degenerateelliptic andgeometrigi.e. forall > Oand 2 IR andfor all (t;x) 2 |
(piX) 2 (Rnfog)  S(d)

Htx p; X + p p)= H (X p;X);
(H3) 1 <H (tx00)=H (x;0,0) <1 for(t;x) 21
(H4) Theris amodulus , suc that
H (tx0,0) H (ty;0,0) 2(1x i)
forall (t;x) 2 Q,r2IR,y2

(H5) Theerexistsa functiond 2 C*([0;1 )) sudthatd(0) do > 0 for someconstantdy andsud that
for (t;x) 2 Q,p2 RY

H (tx;p; 1d) d(p)) and H (t x;p;ld) d(jpi):

(H6) Let
id O X 0 Id Id id O
0 Id 0 Y d 1d * 0 i (12)
with ; 0. AndsupposeR issudthatR  max(; 2 + )+ 2 . Furthermoelet > O.
Thenthere existsamodulus— = g independendft; x;y; X;Y; ; ; sudthatfor ip R
H (tExpX) H (Gysps Y)  ~jx yjlpi+ D+ jx yi?  —@):
Ifau2 UsqQl ) isasub-solutiorandu 2 LSO ) asupersolutionof
@u+ H(t;x;Du;D?u)= 0
on(0; T] , andfurthermoet u ontheparabolicboundary(fOg ) [ (I @) ,theno uin

wholel .

Let usverify theassumptiongH1)-(H6) of the comparisomprinciplefor theauxiliary problem,i.e. for
F[v]with a x edv 2 C%(Q): (H1)-(H4)follow immediatelyfrom thede nition of F [v]. For theremaining
assumptionsve notethefollowing:

Theoperator = Id (p p)5jpj? is the projectiononto the spaceorthogonalto p andit has
eigervaluesf 0; 1;:::;1g; consequentik Yk kYkforallY 2 S(d). Dueto theboundonA[v]
wethenhave

tr (A[V](t; x) X) kX k forall (t; x) 2 Q: (13)

Thisyieldsthede nition of theC* function
d:[0;1)! R s 7! skdivA[vlk 1 () + do (14)
withdp = andsuchthat(H5) holds.

Thede nition of F[v] leadsusto

F@xpX) F(Gy;p; Y)= (divANl(tx) divA(ty)) p
tr (ANVI(E x) X + ANI(Gy) Y):
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For the rst termwe directly nd

divA[vl(t; x) divAVI(EY) P Cix iR
becauseve have assumedlivA[v] to beLipschitz. The secondermcanbe estimatedasfollows

tr (AVI(t x) X+ ANIty) Y)  tr ((AVI(E x) AVt Y) X)
tr (AVI(ty) ( X +Y))
Cjx yjkXk kX + Yk;

dueto thecontinuityof A[v] andtheupperbound onA[v] (cf. (13)). Now (12) andtheassumptions
onR yield
X (+)d RId; and X+Y 2 1Id;

whichwe useto obtain
FxpX) F(y;pY)  CRix vyi(pi+1) 2
Fromthis estimatewe candirectly constructherequiredmodulus™(s) := maxf C; gs from (H6).

The comparisorprincipleimmediatelyyields the existenceof solutionswith the applicationof Ishii's
PerronMethod [11] and by consideringthe functions constantequal k gk, : (q) as sub-and super
solution:

Lemma5 (cf. [9, Thm. 4.9]). Letl := [0;T],Q := I RY andv 2 C°Q). Assumehe diffusion
tensorA[v] from(5) is uniformlyboundedj.e. 9 > 0s.th.8(t;x) 2 Q : 0  A[V](t; x) Id. Given
aninitial conditiong 2 C°(IRY) there existsa uniqueviscositysolutionu 2 C°(I; IRY) of the problem
(P[v]), i.e. thefunctionu(t; ) hascompactsupportfor all t 2 [0; T]. Moreoverthemaximunprinciple
kuk : (Q) koK, 1 (IRY) holds. O

For thelaterusein the x edpoint agumentof the solutionoperator® we needto controlthe support
of u(t; ) . Sucharesultis givenby thefollowing

Lemma 6. Letthe hypothesesf Lemmab hold. Thenthere exist a continuousand monotonéancreasing
functionR = Rgr : R" ! IR" andfamiliesof functionsftn g, , g+  USQQ) andfu' g ,r+
LSAQ) sud thatthefollowing conditionshold:

1.0 () andu' (t; ) are compactlysupportedn Br((0) forall t 2 I,
2. T (0;x);u' (0;x) = g(x), i.e. thefunctionsattaintheinitial valueatt = 0,

3. Letv 2 C%(Q) besud thatkdivA[v]k, : @ !. Thenthefunctionst, respectively' are sub-
respectivelsupersolutionof (P [v]).

Theassertiorof thislemmais obtainedby the explicit constructiorof the familiesof functionsta, and
u' . Sincethis constructioris rathertechnicalwe have shiftedit to the appendix.We canusethe sub-and
supersolutionfrom Lemmaé to re ne the existenceresultof Gigaetal. from Lemmab:

Corollary 7. Let the hypothese®f Lemma5 hold. Thenthere exists a uniqueviscositysolutionu 2
COo(1; IR such that u(t; ) hascompactsupportin By forall t 2 1. Here R is the monotone
increasingfunctionfromLemmab and! 2 R™ with kdivA[vlk.: o) ! < 1.

Proof. Accordingto (5) divA[v]is Lipschitz,thusweknow thatkdivA[v]k_: () < 1 . FollowingLemma
6, for all ! kdivA[vlk 1 () thereexist a sub-anda supersolutiont, andu' , suchthatt (t; )

andu' (t; ) have compactsupportin Bg(y for all t 2 | . Theapplicationof the comparisorprinciple
(Theoremd) yieldstu, u u', thusu(t; ) is compactlysupportedn Br: ) aswell. O
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5 Existence of viscosity solutions

Now we arereadyto stateour main resultconcerninghe existencefor the problem(P). The goal of this
sectionis to prove

Theorem 8 (Existenceof solutions). LetthediffusiontensorA[v] from(5) be boundedromaboveinde-
pendenthofv,i.e.9 > 0s.th.8v2 L2(Q)\ L! (Q)and8(t;x) 2 Q:0 A[V](t; x) Id. Moreover,
assumehat A ful lls the compactnesgroperty (2). Then,givenan initial conditiong 2 C°(Q), there
existsa viscositysolutionu 2 CO(l ; IRY) of (P) (in thesensethatu solves(P[u])). Finally, themaximum
principle holds

kuk, 1 (Q) kgk 1 (IRYY-

To provethis existenceresultwe aregoingto show thatthe solutionoperatolis compact.Let usrecall
thatthe diffusiontensor(5) wasassumedo be a continuousmappingto C11(Q; S(d)), thusthereexists

€ < 1 suchthat

kdIVA[W]kLl (Q) @kaLl (Q)- (15)

With theconstant® := R €kgk_: (q) , WhereR is the monotonefunction from Lemmas, we de ne
thespace n 0

W= w2C%;Bg(0) kwki:(q) koK i ray : (16)

Theorem9 (Compactnesof the solution operator). Letthehypothesesf Theoem8 hold andconsider
thespaceW asde nedin (16). Thenthe solutionoperator is a compactmapping

P:W! W, P : v 7! Solutionof (P[v]);

i.e. for any sequencgv") W there existsa subsequence” and a functionu 2 W sud that the
solutionsu™ to (P[v"i]) corvemetouin W asn; ! 1

This compactnessesultimmediatelyenablesus to prove the existenceof solutionsby a x ed point
argument:

Proof of Theoem8. Obviously W is non-emptyandcornvex. Sinceaccordingto Theorem9 the mapping
P is compact,we canapply Schaudes x ed point theorem[24]. Consequentlythereexists a function
u 2 W suchthatu solves(P [u]). O

Proof of Theoem9. The maximumprinciple (cf. Lemmab) assertghatfor any v 2 W the solutionto
(P[v]) liesin W aswell. SoP indeedis a mappingfrom W toW.

Now letQ := [0;T] Bg. Wetakeasequencén (v") W thatis obviously boundedn CO(BR).
This enablesus to apply the compactnesgroperty (2) which yields the existenceof a diffusion tensor
A 2 CYY(Q;S(d)) suchthatA[v" ]! A in CH1(Q; S(d)) for asubsequencén thefollowing we will
denotethis subsequenceith (v") again.

We considerthe correspondingsolutionsu” to the problems(P[v"]) which exist dueto Theoremb.
Applying the half-relaxed-limitstechniqug2, 6] we learnthat

1. duetoA[v"]! A in CY(Q; S(d)) thelimit functionslimlsup*F[v”] 2 USQQ (IRYnfog)
S(d)) andlimlinf* FIV"]2 LSC(Q (IRYnf0g) S(d))néxist,

2. thelowerlimit Iimlinf* u" isasolutionof @u + IiT!ls,up*F[v”](t; x;Du;D?u) 0,

3. theupperlimit Iirgllsup* u" is asolutionof @u + Iimlinf* F[v"](t;x; Du;D%u) O,

4. thelimits coincide,i.e.lim sup*u" = Iirrnlinf* u" = u2 C%Q),

n'l

5. theu" corvergeuniformly tou in C°(Q),i.e.u” u.
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It remainsto shav thatu 2 W. Sinceaccordingto Lemmab all u™ fulll the maximum principle
ku"k_1 (g) kgki1 (ra) this obviously holds for u aswell. To shav thatu(t; ) is compactly
supportedn B, for allt 2 I, we notethat(15) yields

kdiVA[Vn]kLl (Q) @kvn k|_1 (Q) @kgkLl (IRd):

Therefore setting! := €kgk, : (r¢y We canapply Corollary 7 andseethatu” 2 coq ;Bg(0)). Dueto
the uniform corvergencethismeansu 2 CO(1 ;Bg(0)) aswell. O
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A Proof of Lemma 6

In the following we will describethe constructionof the familiesof sub-and supersolutions,which are
claimedto exist in Lemma6. Multiple timeswe will make useof the geometricpropertyof the problem
(cf. condition(H2) in Theoremy) in thefollowing way:

Lemma 10 (Chenetal. [4]). For | R, IRY and a geometricproblemH (t; x; Du; D2u) = 0 let
u2 USQl ) bea boundedviscositysolutionof H (t;x; Du;D?u) 0. Then,for any continuous
non-deceasingtransformatiorof thegrayvaluesh : IR ! IR, thefunctionh(u) is a viscositysolutionof
H (t;x; Du;D?u) 0aswell. Ananalogueresultholdsfor supersolutions.

Proof of Lemmab. For thisproofwe areinspiredby theideasof Chenetal. [4] for MCM. Theconstruction
of the family of sub-andsupersolutionss basedon ve stepsin which we constructtwo familiesof sub-
andsupersolutionswhich arethencombinedo yield thedesiredfamiliesof Lemmas:

1. Letus rst constructarrierfunctionswhich enableusto handlethe supportof the sub-andsuper
solution.We considertthe C? functions , : 1 I IR de nedby
iXj oD% ifjxp> It
(tX) = (xj to* i jx]
0 else

where! > 0 is the parameteiof the family of functionswe are going to de ne. We claim that

, area classicalsub- respectiely a supersolutionof @u + F[u](t; x; Du;D?u) = 0 if !
kdivA[vlk_: (q). We remindthe readerthatclassicalsolutionsaresolutionsin the viscositysense
aswell [6].

Theassertiorfor | follows from astraightforvardcalculation’Wehave@ , +!jD , j= O.If
D , 6 Owecanusethedegeneratellipticity of F [v] onthecorvex function , andderive

F V(t;x;D , ;D2 ,) F [V|(t;x;D ,;0)
= (divAp(tx)) D
kdivA[vlk,: (q) JD | J:
Thismeanghatsince!  kdivA[vlk_ 1 (g theassertion
@, +FNMEtxD ,;D*,) @, +!jD ,j=0

holds.Additionally, for D |, = 0, wetakeasequencefx, ! x suchthatD (x") 6 O0anduse
thelower semi-continuityof F [v] to obtain

@, + F [V](tx0,D? ) @, + Iimian VI(t; Xn;D | (Xn);D? | (Xn)) 0;

dueto theabove. Theassertiorfor | followsin asimilarmanner
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#" (A" (0; X))‘

# (Ai (0;x))

fOg£ -

Y

Figure3: Sketchof thetransformedsub-andsupersolutions# ( (t; x)) for (t; x) 2 fOg

2. Obviously the functions | (t; ) do not have compactsupportfor ary t 2 |. In this stepwe
modify our constructiorsuchthat |, (t; ) areconstanequal outsidea ball of certainradius: For
aconstant. > 0 to be chosenlater, let us considerthe following continuousand nondecreasing
transformationsf the grayvalues:

# (s):=minfs L; g and #"(s) = maxfs+L; ¢

Becauseof Lemma 10 thesetransformationsyield sub-solutions# ( , ) and supersolutions
#* () of @u+ F[u](t; x; Du; D2u) = Oagain.Theconstant is now chosersuchthat(cf. Fig. 3)

# (1, O0;x) 9ox) #(,(0x) foralx?2
Sinceg 2 CO(IRY) it is clearthesuchaconstant exists. Denoting® := supf{(g ) we canset
L=max k , (0;) gk|_1 (5 !+(0; ) gk,_l 8

Thischoiceof L doesnotdependn! ,since (0; ) doesnotdepencon! .
Dueto the constructiorit is straightforvardto see that

8
2minf L; g forjxj It
# (, (X)) = S (X 1) L forjxj>!tand(jxj !t)* L< ;
' else
Thus# ( , (t; x)) isconstanequal outsideaball of radius
Rgr (1) =maxf! T;( + L)+ 1 Tg=!T+maxfl( +L)™ g
An analogueargumentholdsfor the supersolution#* ( | (t; x)). Sothereexists a monotonein-
creasingunctionR = Rgr : R* | IR" dependingntheinitial valueg andthe stoppingtime T
suchthat
# (, (tx)= for (Ex)21 fx2 R 1jXj > Rgr (1)g;

#( (X)) = for (x)21 fx2 RY:jxj> Rgr(!)g: a7

3. Next, we constructa secondsetof functionswhich attainstheinitial valueg for t = 0. In the nal
stepwe combinethesewith the previously constructedt ( , ).

Recallthede nition of themodulusd from (14) andconsidetherelatedmodulud, (s) := s! + dp.
Forary x edy 2 wede ne thefunctions
Z

typ (Ex)= (t+e(x o)) with e ()= s=h(s)ds:
0
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Againwe claimthat' .., aresub-respectiely supersolutionof @u + F[V](t; x; Du; D?u) = 0
whenever!  kdivA[vlk_: (q). Weassurehisclaimfor® ., :

(a) Startingwith thecasex 6 y weset = jx yjsuchthat 6 0. WehaveDe ( )= €’ ( )D

and 1

D2 ()=¢€e4)D D +¢€&()D?; D2 =Z(d D D):
With e ( ) = =I, () wefurthermorederive

De!():hDT; D% ()= e?‘()+|l() D D+|I§)Id:

Now we substitutetheseresultsinto the problem function F [v]. Since F is geometric
(cf. Theorem¥, (H2)) we canneglectthe rst termof D2e ( ) andfactorizethe scalarvalue
1=l (jx yj) outof F [v]. Thisyields

x y 1
Gx v hGx e
FMEGX (x o y); Id):

F V(D' y,;D* ., )=F M tx

__ 1
L (x i)
Applying (H5) from Theoremd to F [v](t; X; (x y); Id) wegettheestimate

. dix_yi)

@y, +F XD L (x i)

D% )

y;

becausé, (s) d(s) having in mind that! kdivA[vlk_ 1 (g). Thus,we have assertedhat

' ya isasolutionof F [v] 0Oincasex 6 y.

(b) Now let us considerthe casex = y in which' ., is not twice continuouslydifferentiable.
Thus,insteadof the classicalderivativeswe have to considerthe 2-jets. It is straightforwardto
seethatthesuper2-jetof' ., atx = yisgivenby

PE* . (tx)=f 1g fog S(d):

We take an element( 1;0;X) 2 Pé”' « (t;x) andconsidersequencex 6 x" ! X,
06 ,! = 0andX, ! X. Thepreviousresultfor x 6 y andthe semi-continuityof
F [v] thenyield thedesiredresult

1+ F [v](t; x;0; X) 1+ Iirmlian VI(t; Xn; n;Xn) O
4. Becausehe' ., arenon-decreasingith respectojx yj andt, thecontinuityof theinitial datag

guaranteefor eachy 2  theexistenceof a continuousandnon-decreasinéunctionhy : IR! R
suchthat(cf. Fig. 4)

hy(0) = g(y) and hy("y, (X)) g(x) 8x2
We recordthefollowing propertiesof hy (* ., (t; x)):

() hy(" . (t x)) is asub-solutiorin view of Lemmal0,
(i) hy(C y. (G3y)) = hy(0) = g(y).

We continueby taking the supremumover all y 2 . Sincesupremaof sub-solutionsare sub-
solutionsagain[6], thefunction

L (6x) = supthy (yy (6X)) 1y 2 g
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hy, (" §.1 (0:X))

fur (05)

fOg £ -

o’ o1 (05)

Yo

D

Y2

Figure 4: Sketchof the transformedsub-and supersolutionshy (' ., (t; x)) for (t; x) 2 fOg and
variousy 2

is againa sub-solutiorof @u + F [v](t; x; Du; D2u) = 0. But this functionattainstheinitial value
att = 0. Indeeddueto theconstructiorhy (' ., (t; )) g andbecaus®f property(ii):

" (0;x) = supfhy (" . (05x)) 1y 2 g= g(X):
In ananalogudashionwe constructa supersolution
"T(6x) = inffhy (D, (X)) 1y 2 g

5. In this last step,we cancombinethe two familiesof sub-andsupersolutions# ( , )) and' | to
obtain
U =maxt# (,);', 0 and u =minf# ()" o

Letus nally verify thattheseful Il theclaimsof Lemmaé6:

The maximum of sub-solutionsis a sub-solution[6] and thus U, is a sub-solutionfor !
kdivA[v]k_: (q) because ( , ) and', aresuchfor ! kdivA[vlk_ 1 (q). Theanaloguerea-
soningholdsfor u' .

Fromtheconstructionve seethat' y (t; x)  g(x). Thus,recalling(17) we assurahatt; ful lls
m(tx)= for (Ex)21 fx2RY:jxj> R(!)g
Theanalogueholdsfor u' .

Since' | (0;x) = g(x) and# ( , (0;x)) gd(x) wehaveu, (0;x) = g(x). Theanaloguaeason-
ingis valid for u' .

O
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