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Abstract

Wediscusstheexistenceof viscositysolutionsfor aclassof anisotropiclevel-setmethodswhichcan
beseenasanextensionof themean-curvaturemotionwith anonlinearanisotropicdiffusiontensor. In an
earlierwork [15, 20] we have appliedsuchmethodsfor thedenoisingandenhancementof staticimages
andimagesequences.Themodelsarecharacterizedby thefactthat–unlike themean-curvaturemotion–
they arecapableof retainingimportantgeometricstructureslike edgesandcornersof thelevel-sets.The
articlereviewsthede�nition of themodelanddiscussesitsgeometricbehavior. Theproofof theexistence
of viscositysolutionsfor thesemodelsis basedon a �x edpoint argumentwhich utilizesa compactness
propertyof the diffusion tensor. For the applicationto imageprocessingsuitableregularizationsof
the diffusion tensorarepresentedfor which the compactnessassumptionsof the existenceproof hold.
Finally, weconsiderthehalf relaxedlimits of thesolutionsof auxiliaryproblemsto show thecompactness
of thesolutionoperatorandthustheexistenceof a solutionto theoriginalproblem.

1 Intr oduction

Thedeformationof imagesthroughparabolicpartialdifferentialequations(PDEs)hasbecomeanimpor-
tant topic in imageprocessing.A given imageis consideredas the initial dataof a suitableevolution
problem.Thetimeparameterrepresentsthescalewhich leadsfrom noisy�ne representationsto smoothed
andenhancedcoarserepresentationsof thegiven initial image. Theuseof level-setmethodsin this area
becomesparticularlyinterestingwhenever theactualimageintensityis of minor importanceor its depen-
denceon theimageacquisitiondeviceshallbealleviated.Becauselevel-setmethodsdependon theshapes
of isosurfacesof theimagedataratherthantheactualgray-values,they belongto theclassof morphologic
or geometricimageprocessingmodelswhichbehaveinvariantundermonotonetransformationsof thegray
values.

Theearlywork on level-setmethodsgoesbackto theseminalwork of OsherandSethian[17]. Later
on,theaxiomaticwork of Alvarezetal. [1] describedtheclassof morphologicmethodsthroughtheaxioms
of causalityandregularityaswell asmorphologicandrotationalinvariance.Themostprominentexample
in this classis theevolution of level-setsaccordingto their meancurvature(MCM) [3]. It is well known
that for imageprocessingthe usability of MCM is limited, sinceit is not capableof retainingimportant
geometriccontentwhile decreasingthe geometricnoise. Not only in this senseMCM can be seenas
the geometricequivalentof the heatequation[5]. As alternativesPauwelset al. [18] took an approach
into accountwhichconsidersadditionalgeometricinformation.Sapiro[22] discusseda level-setequation,
wherethegradientof animagesteerstheevolutionspeed.

In this work we areconcernedwith the existenceof viscositysolutionsof a level-setmethod,which
retainstheimportantgeometriccontentwhile decreasingthegeometricnoise[15, 20]. Sincethegeometric
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featuresof imagesaredescribedby thesocalledshapeoperator S of the level-setsof the image,we are
dealingwith level-setequationsof theform

@t u � jDujdiv
�

A (S� )
Du
jDuj

�
= 0 in Q := (0; T ] � IRd (1)

for T > 0. We prescribean initial conditiong 2 C0
� (IRd) for someconstant� whereC0

� (IRd) is theset
of continuousfunctionsv suchthatv � � is compactlysupportedin IRd . Theperformanceof themodel
resultsfrom thefactthatthesymmetricdiffusiontensorA dependson theeigenvaluesandeigenvectorsof
a regularizedshapeoperatorS� . Thus,thediffusion is steeredby theso calledprincipal curvaturesand
theprincipal directionsof curvatureof thelevel-setsof a regularizationof theimageu.

With this constructionwe obtain a level-setequation,i.e. a nonlinearPDE, which is enrichedwith
anothernonlinearityin form of the diffusion tensorA(S� ) = A(S� [u]). To emphasizethe fact that the
diffusiontensordependsnonlinearlyon u, we call themethodnonlinearanisotropic geometricdiffusion.
Moreover, becausetheshapeoperatoron level-setsis a purely geometricquantity, the resultingequation
(1) is geometric,i.e. theshapeoperatorandconsequently(1) behave invariantundermonotonechangesof
thegrayvalues.

From the analyticalpoint of view of the problem(1) we areconcernedwith a degenerateparabolic
equationof theform

@t u + F [u](t; x; Du; D 2u) = 0 in Q := (0; T ] � IRd;

u(0; �) = g(�) in IRd;

)

(P)

for T > 0 andgiven initial datag 2 C0
� (IRd). For a givencontinuousfunctionv 2 C0(Q) the function

F [v] : [0; T ] � IRd � (IRd n f 0g) � S(d) ! IR de�ned by

F [v](t; x; p;X ) = � div(A[v](t; x)) � p � tr
�

A[v](t; x)
�

Id �
p 
 p
jpj2

�
X

�

resultsfrom the differentiationin (1) anddependson the symmetricdiffusion tensorA[v] : Q ! S(d).
HereS(d) denotesthespaceof symmetricd � d matricesandfor any functionM : IRd ! S(d) wede�ne
thedivergenceasdiv(M ) = (

P
i @i M ij ) j .

For MCM (i.e. for A � Id in (1)) theexistenceof viscositysolutionshasbeenshown independently
by EvansandSpruck[8] andChen,Giga,Goto [4]. Lateron this work of Chenet al. hasbeenextended
to problemswherethediffusiontensordependsexplicitly on time andspace[9]. But theseresultsandthe
existing theoryfor nonlinearsecond-orderdegenerateparabolicequations(cf. [13, 12, 14]) donotapplyto
theproblem(P), becausethediffusiontensorA doesnot dependon theimagequantityu itself but on the
shapeoperatorS, i.e. on thederivativesof u. Theexistenceresultpresentedherebaseson a compactness
propertyof the diffusion tensor. Moreover we will usethe great�e xibility of viscositysolutionswhen
passingto limits underGammaconvergence.Thus,we aregoing to invoke a processwhich is known as
thehalf-relaxed-limitstechnique[2, 6]. Theuniquenessof solutionsof MCM is includedin theproofsof
Evanset al. [8] andChenet al. [4], whereasfor thenonlinearanistropicgeometricdiffusionproblem(1)
this is still anopenissue.

In fact, the resultspresentedin this paperasserttheexistenceof solutionsfor a moregeneralclassof
problemslike (1) wherefor Q � [0; T ] � IRd thediffusiontensors

A : L 2(Q) \ L 1 (Q) ! C1;1(Q; S(d))

yield symmetricmatricesin S(d) for eachspatio-temporalpoint in Q andwhich areuniformly bounded
from above,i.e. 0 � A[�](�) � � Id. Moreoverwe requirethecompactnessproperty

For Q compactand(vn ) � C0(Q) bounded,thereexistsA � 2 C1;1(Q; S(d))

with A[vn j ] ! A � in C1;1(Q; S(d)) (2)
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for a subsequencevn j andasn j ! 1 . For this compactnesspropertyto hold regularizationsinvolvedin
theconstructionof thediffusion tensorA play an importantrole. In theapplicationto imageprocessing
suchregularizationsareimportantfor therobustevaluationof curvatureon noisy imagesaswell. Finally
theregularizationsleadto an interestingpropertyof themodel: In [20] it hasbeenshown thatdepending
on theregularizationthereexistsa classof level-setswhichareinvariantundertheevolution (1).

The remainderof this paperis organizedas follows: In the next sectionwe aregoing to review the
applicationof the model(1) to imageandimage-sequenceprocessing.A discussionof the compactness
assumption,theshapeoperatorandsuitableregularizationsis given in Section3. Subsequentlytheexis-
tenceof solutionsfor anauxiliary problemis discussedin Section4. This is thebasisfor themainresult
of thepaper, theproofof existenceof solutionsfor (1) which is givenin Section5. Theappendixpresents
therathertechnicalproofof a lemmausedin Section4.

2 Nonlinear anisotr opic geometric diffusion in image pro-
cessing

In this sectionwe aregoing to review theapplicationof thenonlinearanisotropicgeometricdiffusion in
imageand image-sequenceprocessing.The equation(1) resultsfrom a level-setformulationof a gen-
eralizedanisotropiccurvaturemotion of the isosurfacesof a given image,which hasbeenpresentedin
[20]. It is alsothe resultingequationfor the anisotropiccurvaturemotion of the time-spaceisosurfaces
of image-sequences[15]. In the following we restrict ourselves to three-dimensional(3D) imagesand
(3+1)D image-sequences,however a reductionto 2D imagesandeven a generalizationto nD imagesis
straight-forward.

For a spatialdomain
 � IR3 or a spatio-temporaldomain
 � J � IR3 for J = [0; S] whoseouter
normalis denotedwith � andagiveninitial imageg : 
 ! IR weconsiderthefollowing level-setproblem:

Find a multi-scaleof imagesu : IR+ � 
 ! IR which obeysthefollowingboundaryandinitial
valueproblem:

@t u � jDujdiv
�

A[u]
Du
jDuj

�
= 0 in IR+

0 � 
 ;

A[u]
@u
@�

= 0 on IR+
0 � @
 ;

u(0; �) = g(�) on 
 :

The diffusion tensorA[u] is designedsuchthat the model is capableof retainingimportantgeometric
featuresin spaceaswell asin thesequence-time-directionfor image-sequences(seebelow). Thenext two
paragraphsdescribetheparticularchoicesfor A in eithercaseof imageandimage-sequenceprocessing.
Let us mentionthat for image-sequencesit is possibleto prescribeperiodicboundaryconditionsin the
sequence-timedirectionin contrastto theNeumannboundaryconditionsabove [15]. For a descriptionof
thediscretizationandimplementationof themodelaswell astheregularizationsdiscussedin Section3 we
referthereaderto [15] and[20].

2.1 Static images

Let us�rst considerstaticimagesonadomain
 � IR3. Thegeneralizationof thecurvaturemotionresults
from the fact that the motion doesnot dependon the mean-curvatureof level-setsasMCM but on the
principal curvaturesandtheprincipal directionsof curvature. Givenan imageu : 
 ! IR of suf�cient
smoothness,let usassumefor the time beingthat for c 2 IR thenormalN := Du=jDuj on the level-set
M := f x 2 
 j u(x) = cg of u doesnot vanish.We considerthetangentspaceTx M := spanf N g? and
theprojection� onTx M . Theoperator� canbewrittenas� = (Id � N 
 N ) = (Id � jDuj � 2Du
 Du),
wherethetensorproductis de�ned as(a 
 b) ij = ai bj .
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For thede�nition of thediffusiontensor, weusethefactthattheisosurfacesof theimageu aredescribed
by theshapeoperator S : Tx M ! Tx M with

S := jDuj � 1�( D 2u): (3)

Thus,S is thenormalizedprojectionof thesecondderivativeD 2u ontothetangentspaceTx M . It is asym-
metric mappingon the tangentspace[7] which hasthreerealeigenvaluesf � 1; � 2; 0g andcorresponding
eigenvectorsf w1; w2; N g. Theeigenvalues� 1;2 arethecalledtheprincipal curvaturesandtheeigenvec-
torsw1; w2 aretheprincipal directionsof curvature. Indeedthesequantitiesdescribethelocalshapeof the
isosurface. In thevicinity of an edgetherewill be onelargeeigenvalue� 1 andonesmall eigenvalue� 2.
Thecorrespondingeigenvectorsw1 andw2 point in directionalongtheedgeandorthogonalto theedge.

From the de�nition (3) it is easyto seethat the shapeoperatoris a morphologicalquantity: Let h :
IR ! IR bea smoothmonotoneincreasingtransformationof thegrayvaluesandlet usdenotetheshape
operatorof theimageh � u with eS. Accordingto thede�nition (3) wehave

eS =
1

jh0jjDuj

�
Id �

h0Du 
 h0Du
jh0j2jDuj2

�
(h00D 2u 
 Du + h0D 2u) = S;

becauseh0 = jh0j andh00Du 
 Du lies in thekernelof theprojection
�
Id � jDuj � 2(Du 
 Du)

�
andthus

vanishes.If h is only continuousthemorphologicalinvarianceof theshapeoperatorcanbeprovedaswell
usingtheideaspresentedin [4]. Consequentlythewholeequation(1) is geometric/morphologic.

Obviously, wecannotassumetheconditionDu 6= 0 to hold in general.For arobustimplementationthe
questionariseshow to de�ne derivativesin a consistentway on noisyimage-datawhich is at mostcontin-
uous.Thecomputationof the�rst andsecondderivativeson noisy imagesu might leadto a misdetection
of level-setfeatures.Thereforeit is essentialto go over to a regularizedversionS� of theshapeoperator.
Here� is the parametersteeringthe regularization. We denotethe correspondingregularizedgeometric
quantities,i.e. the eigenvaluesandeigenvectorsof S� , with a superscript� . Now for the processingof
staticimageswe setthediffusiontensorto be

A(S� ) := A[u] := (w1;� ; w2;� ; N � )

0

@
G(� 1;� )

G(� 2;� )
0

1

A (w1;� ; w2;� ; N � )T ;

whereG(y) = 1=(1 + y2=� 2) is thepopularPerona-Malikedgedetectionfunction[19].
In contrastto the MCM this evolution is capableof smoothinglevel-setswhile retainingedgesand

cornersaccordingto thecurvaturedetectionof theregularizedshapeoperatorS� . In Fig. 1 theresultfrom
theevolution of a noisysampledata-setis shown. The level-setsof this 65 � 65 � 65 data-setarenoisy
cubes.It is clearlyvisible that thecornersof thenoisycubesareretainedthroughouttheevolution, while
thefacesof thecubesaresmoothed.To emphasizethis effect,we have depictedslicesthroughthe image
volumeonwhich iso-linesareshown.

2.2 Image sequences

Let us now considera domainin sequence-timeand space
 � IR+
0 � IRd on which a noisy image-

sequenceg : 
 ! IR, (s; x) 7! g(s; x) is given. In additionto theestimationof thespatialcurvatureby
theshapeoperatorS� from aboveweconsidertheoptic-�ow problem[10, 16, 23]. Thecomputationof the
optic �o w yields an estimationof theapparentvelocity vapp andtheapparentaccelerationaccapp of the
level-setsin thesequence-time-spacedomain
 . Sincetheisosurfacesof thesingleframesof thesequence
deformwith theoptic �o w �eld, theapparentvelocityandaccelerationaretheorientationandthecurvature
of motion-trajectories.In otherwordsthey givetheorientationandcurvatureof temporaledgesof thedata.

Now theideais to transferthespatial-edge-preservingbehavior of theevolutionof staticimagesoverto
thepreservationof temporaledges,i.e. trajectorieswith highcurvature,whicharecharacterizedby rapidly
acceleratedmotions. Sinceagainthe needfor a regularizationon noisy imagesis obvious, we basethe
de�nition of thediffusiontensorA on theregularizedquantities:

A(S� ; v�
app ; acc�

app ) := A[u] := G(acc�
app )v�

app 
 v�
app +

�
0 0
0 A(S� )

�
:
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Figure 1: From left to right the scale-steps0; 1; 3; 7 of the anisotropiclevel-setevolution appliedto a
sample3D data-setshown. The top row shows theevolution of onelevel-setof thedata,whereasin the
bottomrow theevolution of oneslicethroughthe3D imagevolumeis shown. To emphasizethebehavior
of themodelwe depicttheevolutionof severalisosurfaces(enhancedlines)in theslices.

HereA(S� ) is the diffusion tensorfor static-images.The constructionis suchthat the spatialbehavior
describedin Section2.1 is kept but an additionalterm hasbeenaddedwhich steersthe evolution in the
sequence-timedirection.We emphasizethat in generalthedecompositionin thede�nition of A is not or-
thogonal[15]. Thus,theadditionaltermresultsin asmoothingin bothspatialandsequence-timedirection.

3 Compact diffusion tensor s

In the following we are going to de�ne the diffusion tensoras a mathematicalobjectand thusprepare
the existenceanalysis.Moreover, we will describethe assumptionson the diffusion tensorsusedin (P).
Finally, we will presenttwo regularizationvariantsfor which thecompactnessproperty(2) canbeshown.

Webuild therequiredregularizationdirectly into thede�nition of thediffusiontensor. Thus,weassume
thatthediffusiontensordecomposesinto

A(S� ) := A[u] := B � R � � u; (4)

whereB andR � aresuchthatA is acontinuousmapping

A : L 2(Q) \ L 1 (Q) ! C1;1(Q; S(d)) : (5)

Here,B = (bij ) ij describesthecoef�cients of thediffusiontensor

bij : C1(Q) � C0(Q) ! C1;1(Q; IR);

which we assumeto becontinuous.Thebij evaluate(3) basedon regularized�rst andsecondderivatives
of u, whichweassumeto begivenby thecontinuousmapping

R� : L 2(Q) \ L 1 (Q) ! C1(Q) � C0(Q); v 7! (Dv� ; D 2v� ): (6)

With thesede�nitions thecompactnessproperty(2) canbe reformulatedasa conditioninvolving the
regularizationR � :

For Q compactand(vn ) � C0(Q) bounded,thereexistsw 2 C2(Q)

with B � R� � vn j ! B (Dw; D 2w) in C1;1(Q; S(d)) (7)

for asubsequencevn j asn j ! 1 .
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3.1 Regularizations

In theimageprocessingapplicationdescribedin Section2 wehaveavarietyof localandglobalregulariza-
tion variantsathand.Theregularizationapproachesrangefrom morphologicor convolutionregularizations
over to projections[15, 20]. In thefollowing paragraphswe describetwo regularizationvariantsfor which
we canprovethecompactnessassumptionon thediffusiontensor(7). Thepresentationwill only consider
spatialregularizations,howeverthegeneralizationto image-sequencesis notdif�cult anddescribedin [15].

(R1) Convolution with deriv atives of C1
0 -kernels

We de�ne theregularizationasaconvolutionwith a compactlysupportedC1 -kernelK �

u� (t; x) = (K � � u)( t; x) =
Z

K � (x � y)u(t; y) dy:

We mirror theimageu at its boundaries@
 to extendit to wholeIRd. Theconvolutionpropertyenablesus
to de�ne thenaturallyassignedderivativesandthustheregularization

R�
1 : L 2(Q) \ L 1 (Q) ! C1(Q) � C0(Q); R�

1 (u) = (DK � � u; D 2K � � u): (8)

For the following theoreticalanalysisit is not importantfor K � to be compactlysupported,but to allow
for ef�cient implementationsit is of essenceto replacetheconvolutionby discretesummations[15].

(R2) Local L 2-projections

In this approachwe considerthe spaceQ := { 2(
) of polynomialsof degree2 over 
 . To regularize
theimagedatau(t; �), we computethelocal L 2-projectionof u(t; �) ontothespaceQ. Theresultinglocal
regularizationthenhasenoughregularity to computethesecondderivativesasneeded.

Let us�x a pointx 2 
 andconsidera neighborhoodB� (x) of diameter� aroundx. Thelocal spatial
L 2-projectionu�

x (t; y) of theimageu(t; �) ontoQ is thencomputedvia theorthogonalityrelation
Z

B � (x )

(u�
x (t; y) � u(t; y)) q(y � x) dy = 0 8q 2 Q: (9)

We build theglobalregularizationu� (x) from thelocalonesby thede�nition

u� (t; x) := u�
x (t; y)

�
�
�
y= x

:

And wede�ne theregularizationmappingR �
2 : L 2(Q) \ L 1 (Q) ! C1(Q) � C0(Q) by

R�
2 (u)( t; x) =

�
(D y u�

x )( t; y)
�
�
y= x ; (D 2

y u�
x )( t; y)

�
�
y= x

�
: (10)

In thenext sectionwewill seethatthis is a properde�nition whichgivesustherequiredregularity.
Fig. 2 shows theevaluationof curvaturesonaniso-surfaceshowing thehumanbraincortex. Fromthe

imageswe seethat both variantsgive goodapproximationson the curvature. However, for real images
our experimentshave shown that theprojectionapproachis muchmorerobustwith respectto noise.But
the convolution with smoothkernelsis computationallymuch cheaper[20]. So for real applicationsa
compromisebetweenrobustnessandcomputationalspeedhasto befound.

3.2 Compactness of the diffusion tensor

For theregularizationvariantsdescribedabovewecanshow thatthediffusiontensoris acompactoperator.

Lemma 1. SupposeQ is a compactspace-timedomain.Thenthecompactness(2) respectively(7) holds
for thediffusiontensorA[�] from(5) undertheregularizations(R1)or (R2),i.e. with R � = R�

i , i = 1; 2.
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Figure2: The computationof curvatureon a segmented3D medicaldata-setof the gray matterof the
humanbrain is shown. On the left the evaluationwith regularization(R1) is displayed,whereason the
right the resultof thevariant(R2) is shown. A color rampfrom blue to greento redcodesthedominant
principalcurvatureof thelevel-sets.Thedatasetis of size129� 129� 129. A color imageis availableat
www.mevis.de/˜tp/imgs/curv-brain.png

Proof. Let ustakeaboundedsequence(vn ) � C0(Q). We notethatsincethecoef�cients bij arecontinu-
ousaccordingto (5), it suf�ces to show theexistenceof a functionw 2 C2(Q) suchthat

(vn j )� = R� � vn j ! (Dw; D 2w) in C1(Q) � C0(Q):

� (R1)Convolutionwith C1
0 kernels.For a multi-index 
 , let D 
 bea spatialderivativeof orderlessthan

four, i.e. j
 j � 3. We substitutethede�nition of (vn )� = R�
1 � vn = K � � vn to obtain

kD 
 (R� � vn )kL 1 (Q) � sup
( t;x )2 Q

�
�
�
�

Z



(D 
 K � )(x � y) vn (t; y) dy

�
�
�
�

� sup
( t;x )2 Q

Z



j(D 
 K � )(x � y)j jvn (t; y)j dy � Ckvn kL 1 (Q ) :

This is a boundof D 
 (vn )� in C0(Q) andsinceQ is compact,we canapply the Theoremof Arzela-
Ascoli [21] andusethe compactinclusionC3 ,! C2;� to assertthe existenceof w 2 C2(Q) suchthat
R� � vn j ! (Dw; D 2w) in C1(Q) � C0(Q) for asubsequencevn j .

� (R2)Local L 2-projectionontoQ � { 2. Let us �rst show that theprojectionregularizationvariantcan
beconsideredasa certaintypeof convolution aswell. We denotea basisof Q with Q = spanf qi : i =
1; : : : ; kg suchthatwe canwrite thelocal projectionv� of a functionv as

v�
x (t; y) =

kX

i =1

� i (t; x) qi (y � x);

wherethecoef�cients � (t; x) := (� i (t; x)) i =1 ;::: ;k aredeterminedfrom thede�nition of theprojection(9):

H � (t; x) = R(t; x);

H ij =
Z

B � (x )

(qi qj )(y � x) dy; Ri (t; x) =
Z

B � (x )

v(t; y) qi (y � x) dy: (11)
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We can interpretthe right handside this systemand thus the coef�cients � (t; x) = H � 1R(t; x) as a
convolution:

Ri (t; x) =
Z

B � (x )

v(t; y) qi (y � x) dy =
Z

IRd

v(t; y) eqi dy = (v(t; �) � eqi )( t; x);

wheretheL 2(
) -functionseqi resultfrom acut-off of thebasisfunctionseqi := qi (y � x)� B � (x ) . As above
let 
 bea multi-index of orderlessthanfour. Accordingto thede�nition canwrite thederivativesof the
global regularizationas

D 
 (R� � v)( t; x) = D 

y

 
kX

i =1

� i (t; x) qi (y � x)

! �
�
�
�
�
y= x

=
kX

i =1

� i (t; x) D 

y qi (0):

Fromthefactthattheright handsideis a convolutionwe obtain

kD 
 (R� � vn )kL 1 (Q) � sup
( t;x )2 Q

kX

i =1

�
� � n

i (t; x)D 

y qi (0)

�
�

� C sup
( t;x )2 Q

kX

i =1

j(vn � eqi )( t; x)j � Ckvn kL 1 (Q) ;

wheretheconstantC dependson H � 1 andD 

y qi (0) andthuson thechosenbasisf qi g only. This is again

anestimateof thederivativesof theregularizationfrom whichweproceedasabovefor variant(R1).

In thelastproofwehaveimplicitely shownthecontinuityof theregularizations,asadirectconsequence
from thatfactthatbothvariantscanberegardedasconvolutions:

Lemma2. TheregularizationoperatorsR i : L 2(Q)\ L 1 (Q) ! C1(Q)� C0(Q), i = 1; 2arecontinuous,
i.e. for all w 2 L 2(Q) \ L 1 (Q)

kD 
 (R� w)kC 0 (Q) � CkwkL 1 (Q) :

Consequentlythereexistsa constanteC < 1 such that for all w 2 L 2(Q) \ L 1 (Q)

kdivA[w]kL 1 (Q) � eCkwkL 1 (Q) :

4 An auxiliar y anisotr opic geometric diffusion problem

Let us now preparethe tools we aregoing to needin the remainderof this paper. For a domainO �
IRn , n 2 IN we denotethe upper- respectively lower-semi-continuousfunctionson O with USC(O )
respectively LSC(O ). For any function f : O ! IR we considerthe upper-semi-continuous(u.s.c.)
envelopef � 2 USC(O ) respectively the lower-semi-continuous(l.s.c.) envelopef � 2 LSC(O ), which
are the smallestu.s.c.function satisfyingf � � f respectively the largestl.s.c. functionswith f � � f .
Moreoverwe de�ne theclassof continuousfunctionson O thatareconstantoutsidea ball of suf�ciently
largeradius,i.e.

C0
� (O ) := f v 2 C0(O )

�
� 9R; � 2 IR suchthatv(x) = � for x 62BR (0)g:

Similarly we de�ne theclassof continuousfunctionsv : I � O ! IR suchthatv(t; �) 2 C0
� (O ) for every

t 2 I , i.e.

C0
� (I ; O ) := f v 2 C0(I � O )

�
� 9R; � 2 IR suchthatv(t; x) = � for t 2 I ; x 62BR (0)g:
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Thenotionof viscositysolutioncanbeformulatedconvenientlywith theuseof thesocalledjets[6]. The
parabolicsuper2-jet in I � 
 � IR � IRd is denotedwith P 2;+

I � 
 u(t; x), andit is the setof (a; p;X ) 2
IR � IRd � S(d) suchthat

u(s; y) � u(t; x) + a(s � t) + p � (y � x) +
1
2

(y � x) � X (y � x) + o(js � t j + jy � xj2)

for (s; y) ! (t; x) in I � 
 . Similarly we have the de�nition of the parabolicsub 2-jet P 2;�
I � 
 u =

�P 2;+
I � 
 (� u) (cf. [6]).

Wearegoingto provetheexistenceof viscositysolutionsfor theproblem(P)by a�x edpointargument.
Therebywe considertheproblemfor a �x eddiffusiontensorA[v]. We will regardto this problemasthe
auxiliary anisotropicgeometricdiffusionproblem:

For 
 � IRd,I := [0; T ], initial datag 2 C0
� (
) andarbitrary but �xed v 2 C0(I � 
) �nd a

viscositysolutionu 2 C0(I � 
) of

@t u + F [v](t; x; Du; D 2u) = 0 in I � 
 ;

u(0; �) = g(�) in 
 :

)

(P[v])

Thenwe aregoingto show thatthesolutionoperator

P : v 7! Solutionof (P[v]):

isacompactself-mappingonaconvex subsetof C0
� (I ; IRd) andthushasa�x edpoint[24]. In theremainder

of this sectionwe focuson theexistenceof a solutionto (P[v]). Theexistenceproof for thefull problem
(P) is givenin thefollowing Section5.

SincethefunctionF [v] hasasingularityfor vanishing(gradient)p = 0, we have to basethede�nition
of viscositysolutionfor this auxiliary problemandconsequentlyfor (P) on the upper- and lower-semi-
continuousrelaxationsF � andF� of F :

De�nition 3 (cf. [6]). Anuppersemi-continuousfunctionu 2 USC(I � 
) is calledviscositysub-solution
of (P[v]) on I � 
 , if

a + F� [v](t; x; p;X ) � 0 for all (t; x) 2 I � 
 ; and(a; p;X ) 2 P 2;+ u(t; x);

u(0; x) � g(x) for all x 2 
 :

Analogously, a lower semi-continuousfunction u 2 LSC(I � 
) is called viscosity super-solutionof
(P[v]) on I � 
 , if

a + F � [v](t; x; p;X ) � 0 for all (t; x) 2 I � 
 ; and(a; p;X ) 2 P 2;� u(t; x);

u(0; x) � g(x) for all x 2 
 :

A functionu 2 C0(I � 
) is calledviscositysolutionof (P[v]) if it is a sub-solutionanda super-solution
of (P[v]).

In thefollowing we will simplyspeakof solutionshaving in mind thatwe areworking with thenotion
of viscositysolutions. We will refer to thesub-solutionsof a problem@t u + F [v](t; x; Du; D 2u) = 0 as
thesolutionsof theproblem@t u + F� [v](t; x; Du; D 2u) � 0 andsimilarly thesuper-solutionsof @t u +
F [v](t; x; Du; D 2u) = 0 asthesolutionsof @t u + F � [v](t; x; Du; D 2u) � 0.

4.1 Comparison and existence for the auxiliar y problem

Theexistenceof solutionsfor theauxiliary problemhasbeenshown by Gigaet al. in [9, Thm.4.9]: They
provethatfor aninitial conditiong 2 C0

� (IRd) thereexistsa uniquesolutionu 2 C0
� (I ; IRd). To assertthe

existenceof a solutionfor (P) we aregoingto re�ne this resultby showing thatwe cancontrol theradius
R of theball outsidewhich u(t; �) � � vanishes.To this end,let us repeatthecomparisonresultof Giga
et al. �rst andcheckits assumptionsfor (P[v]).



SOLUTIONSOF AN ANISOTROPICLEVEL-SETMETHOD 10

Theorem4 (Giga et al. [9, Thm. 4.9]). Let 
 � IRd andI := [0; T ]. Let thefunctionH : I � 
 � (IRd n
f 0g) � S(d) ! IR satisfythefollowing conditions:

(H1) H : I � 
 � (IRd n f 0g) � S(d) ! IR is continuous,

(H2) H is degenerateelliptic and geometric, i.e. for all � > 0 and � 2 IR and for all (t; x) 2 I � 
 ,
(p;X ) 2 (IRd n f 0g) � S(d)

H (t; x; �p; �X + � p 
 p) = �H (t; x; p;X );

(H3) �1 < H � (t; x; 0; O) = H � (t; x; 0; O) < 1 for (t; x) 2 I � 
 ,

(H4) There is a modulus� 2 such that

H � (t; x; 0; O) � H � (t; y; 0; O) � � � 2(jx � yj)

for all (t; x) 2 Q, r 2 IR, y 2 
 .

(H5) Thereexistsa functiond 2 C1([0; 1 )) such that d(0) � d0 > 0 for someconstantd0 andsuch that
for (t; x) 2 Q, p 2 IRd

H � (t; x; p; � Id) � d(jpj) and H � (t; x; p; Id) � � d(jpj):

(H6) Let

� �
�

Id 0
0 Id

�
�

�
X 0
0 Y

�
� �

�
Id � Id

� Id Id

�
+ �

�
Id 0
0 Id

�
(12)

with �; � ; � � 0. AndsupposeR is such that R � max(�; 2� + � ) + 2� . Furthermore let � > 0.
Thenthere existsa modulus� = � R� independentof t; x; y; X ; Y; �; � ; � such that for � � jpj � R

H � (t; x; p;X ) � H � (t; y; p; � Y ) � � �
�
jx � yj(jpj + 1) + � jx � yj2

�
� � (2� ):

If u 2 USC(I � 
) is a sub-solutionandu 2 LSC(I � 
) a super-solutionof

@t u + H (t; x; Du; D 2u) = 0

on (0; T ] � 
 , andfurthermore u � u on theparabolic boundary(f 0g � 
) [ (I � @
) , thenu � u in
wholeI � 
 .

Let usverify theassumptions(H1)-(H6) of thecomparisonprinciplefor theauxiliary problem,i.e. for
F [v] with a�x edv 2 C0(Q): (H1)-(H4)follow immediatelyfrom thede�nition of F [v]. For theremaining
assumptionswe notethefollowing:

� The operator� = Id � (p 
 p)=jpj2 is the projectiononto the spaceorthogonalto p and it has
eigenvaluesf 0; 1; : : : ; 1g; consequentlyk� Y k � kYk for all Y 2 S(d). Dueto theboundon A[v]
we thenhave �

�
� tr (A[v](t; x)� X )

�
�
� � � kX k for all (t; x) 2 Q: (13)

Thisyieldsthede�nition of theC1 function

d : [0; 1 ) ! IR; s 7! skdivA[v]kL 1 (Q) + d0 (14)

with d0 = � andsuchthat(H5) holds.

� Thede�nition of F [v] leadsusto

F� (t; x; p;X ) � F � (t; y; p; � Y ) = � (div A[v](t; x) � divA[v](t; y)) � p

� tr (A[v](t; x)� X + A[v](t; y)� Y ) :
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For the�rst termwe directly �nd

� (div A[v](t; x) � divA[v](t; y)) � p � � Cjx � yj jpj;

becausewe haveassumeddivA[v] to beLipschitz.Thesecondtermcanbeestimatedasfollows

� tr (A[v](t; x)� X + A[v](t; y)� Y ) � � tr ((A[v](t; x) � A[v](t; y)) � X )

� tr (A[v](t; y)�( X + Y ))

� � Cjx � yj kX k � � kX + Y k;

dueto thecontinuityof A[v] andtheupperbound� onA[v] (cf. (13)). Now (12)andtheassumptions
onR yield

X � (� + � )Id � R Id; and X + Y � 2� Id;

whichwe useto obtain

F� (t; x; p;X ) � F � (t; y; p;Y ) � � CRjx � yj(jpj + 1) � 2�� :

Fromthis estimatewe candirectlyconstructtherequiredmodulus� (s) := maxf C; � gs from (H6).

Thecomparisonprinciple immediatelyyields theexistenceof solutionswith theapplicationof Ishii's
PerronMethod [11] and by consideringthe functions constantequal �k gkL 1 (Q) as sub- and super-
solution:

Lemma 5 (cf. [9, Thm. 4.9]). Let I := [0; T ], Q := I � IRd, and v 2 C0(Q). Assumethe diffusion
tensorA[v] from(5) is uniformlybounded,i.e. 9� > 0 s.th.8(t; x) 2 Q : 0 � A[v](t; x) � � Id. Given
an initial conditiong 2 C0

� (IRd) there existsa uniqueviscositysolutionu 2 C0
� (I ; IRd) of the problem

(P[v]), i.e. thefunctionu(t; �) � � hascompactsupportfor all t 2 [0; T ]. Moreoverthemaximumprinciple
kukL 1 (Q) � kgkL 1 (IRd ) holds.

For thelaterusein the�x edpoint argumentof thesolutionoperatorP we needto control thesupport
of u(t; �) � � . Sucha resultis givenby thefollowing

Lemma 6. Let thehypothesesof Lemma5 hold. Thenthere exist a continuousandmonotoneincreasing
functionR = Rg;T : IR+ ! IR+ and familiesof functionsf u! g! 2 IR+ � USC(Q) and f u! g! 2 IR+ �
LSC(Q) such that thefollowingconditionshold:

1. u! (t; �) � � andu! (t; �) � � are compactlysupportedin BR(! ) (0) for all t 2 I ,

2. u! (0; x); u! (0; x) = g(x), i.e. thefunctionsattain theinitial valueat t = 0,

3. Let v 2 C0(Q) besuch that kdivA[v]kL 1 (Q) � ! . Thenthefunctionsu! respectivelyu! are sub-
respectivelysuper-solutionof (P[v]).

Theassertionof this lemmais obtainedby theexplicit constructionof thefamiliesof functionsu ! and
u! . Sincethis constructionis rathertechnicalwe have shiftedit to theappendix.We canusethesub-and
supersolutionsfrom Lemma6 to re�ne theexistenceresultof Gigaet al. from Lemma5:

Corollary 7. Let the hypothesesof Lemma5 hold. Thenthere exists a uniqueviscositysolution u 2
C0

� (I ; IRd) such that u(t; �) � � hascompactsupportin BR(! ) for all t 2 I . Here R is the monotone
increasingfunctionfromLemma6 and! 2 IR+ with kdivA[v]kL 1 (Q) � ! < 1 .

Proof. Accordingto (5)divA[v] is Lipschitz,thusweknow thatkdivA[v]kL 1 (Q) < 1 . FollowingLemma
6, for all ! � kdivA[v]kL 1 (Q) thereexist a sub-anda super-solutionu! andu! , suchthatu! (t; �) � �
andu! (t; �) � � havecompactsupportin BR(! ) for all t 2 I . Theapplicationof thecomparisonprinciple
(Theorem4) yieldsu! � u � u! , thusu(t; �) � � is compactlysupportedin BR(! ) aswell.
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5 Existence of viscosity solutions

Now we arereadyto stateour mainresultconcerningtheexistencefor theproblem(P). Thegoalof this
sectionis to prove

Theorem 8 (Existenceof solutions). Let thediffusiontensorA[v] from(5) beboundedfromaboveinde-
pendentlyof v, i.e. 9� > 0 s.th.8v 2 L 2(Q) \ L 1 (Q) and8(t; x) 2 Q : 0 � A[v](t; x) � � Id. Moreover,
assumethat A ful�lls the compactnessproperty(2). Then,givenan initial conditiong 2 C0

� (Q), there
existsa viscositysolutionu 2 C0

� (I ; IRd) of (P) (in thesensethatu solves(P[u])). Finally, themaximum
principleholds

kukL 1 (Q) � kgkL 1 (IRd ) :

To provethis existenceresultwe aregoingto show thatthesolutionoperatoris compact.Let usrecall
that thediffusiontensor(5) wasassumedto bea continuousmappingto C1;1(Q; S(d)) , thusthereexists
eC < 1 suchthat

kdivA[w]kL 1 (Q) � eCkwkL 1 (Q) : (15)

With theconstanteR := R
�

eCkgkL 1 (Q)

�
, whereR is themonotonefunction from Lemma6, we de�ne

thespace

W :=
n

w 2 C0
� (I ; B eR (0))

�
�
� kwkL 1 (Q) � kgkL 1 (IRd )

o
: (16)

Theorem9 (Compactnessof the solution operator). Let thehypothesesof Theorem8 holdandconsider
thespaceW asde�nedin (16). Thenthesolutionoperator is a compactmapping

P : W ! W; P : v 7! Solutionof (P[v]);

i.e. for any sequence(vn ) � W there exists a subsequencevn j and a function u 2 W such that the
solutionsun j to (P[vn j ]) convergeto u in W asn j ! 1

This compactnessresult immediatelyenablesus to prove the existenceof solutionsby a �x ed point
argument:

Proofof Theorem8. Obviously W is non-emptyandconvex. Sinceaccordingto Theorem9 themapping
P is compact,we canapply Schauder's �x ed point theorem[24]. Consequentlythereexists a function
u 2 W suchthatu solves(P[u]).

Proofof Theorem9. The maximumprinciple (cf. Lemma5) assertsthat for any v 2 W the solutionto
(P[v]) lies in W aswell. SoP indeedis a mappingfrom W to W .

Now let Q := [0; T ] � B eR . We take a sequencein (vn ) � W that is obviously boundedin C0(B eR ).
This enablesus to apply the compactnessproperty(2) which yields the existenceof a diffusion tensor
A � 2 C1;1(Q; S(d)) suchthatA[vn j ] ! A � in C1;1(Q; S(d)) for asubsequence.In thefollowing wewill
denotethis subsequencewith (vn ) again.

We considerthe correspondingsolutionsun to the problems(P[vn ]) which exist dueto Theorem5.
Applying thehalf-relaxed-limitstechnique[2, 6] we learnthat

1. dueto A[vn ] ! A � in C1;1(Q; S(d)) thelimit functionslim sup*
n !1

F [vn ] 2 USC(Q � (IRd n f 0g) �

S(d)) andlim inf *n !1
F [vn ] 2 LSC(Q � (IRd n f 0g) � S(d)) exist,

2. thelower limit lim inf *n !1
un is asolutionof @t u + lim sup*

n !1
F [vn ](t; x; Du; D 2u) � 0,

3. theupperlimit lim sup*
n !1

un is a solutionof @t u + lim inf *n !1
F [vn ](t; x; Du; D 2u) � 0,

4. thelimits coincide,i.e. lim sup*
n !1

un = lim inf *n !1
un =: u 2 C0(Q),

5. theun convergeuniformly to u in C0(Q), i.e.un � u.
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It remainsto show that u 2 W . Sinceaccordingto Lemma5 all un ful�ll the maximumprinciple
kun kL 1 (Q) � kgkL 1 (IRd ) this obviously holds for u as well. To show that u(t; �) � � is compactly
supportedin B eR for all t 2 I , we notethat(15)yields

kdivA[vn ]kL 1 (Q) � eCkvn kL 1 (Q) � eCkgkL 1 (IRd ) :

Therefore,setting! := eCkgkL 1 (IRd ) we canapplyCorollary7 andseethatun 2 C0
� (I ; B eR (0)) . Dueto

theuniformconvergencethismeansu 2 C0
� (I ; B eR (0)) aswell.
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A Proof of Lemma 6

In the following we will describetheconstructionof the familiesof sub-andsuper-solutions,which are
claimedto exist in Lemma6. Multiple timeswe will make useof thegeometricpropertyof theproblem
(cf. condition(H2) in Theorem4) in thefollowing way:

Lemma 10 (Chen et al. [4]). For I � IR, 
 � IRd anda geometricproblemH (t; x; Du; D 2u) = 0 let
u 2 USC(I � 
) be a boundedviscositysolutionof H � (t; x; Du; D 2u) � 0. Then,for any continuous
non-decreasingtransformationof thegray valuesh : IR ! IR, thefunctionh(u) is a viscositysolutionof
H � (t; x; Du; D 2u) � 0 aswell. Ananalogueresultholdsfor super-solutions.

Proofof Lemma6. For thisproofweareinspiredby theideasof Chenetal. [4] for MCM. Theconstruction
of thefamily of sub-andsupersolutionsis basedon � ve stepsin which we constructtwo familiesof sub-
andsuper-solutionswhicharethencombinedto yield thedesiredfamiliesof Lemma6:

1. Let us �rst constructbarrierfunctionswhich enableusto handlethesupportof thesub-andsuper-
solution.We considertheC2 functions �

! : I � 
 ! IR de�ned by

 �
! (t; x) =

(
� (jxj � ! t)4 if jxj > ! t;

0 else;

where! > 0 is the parameterof the family of functionswe are going to de�ne. We claim that
 �

! are a classicalsub- respectively a super-solutionof @t u + F [u](t; x; Du; D 2u) = 0 if ! �
kdivA[v]kL 1 (Q) . We remindthereaderthatclassicalsolutionsaresolutionsin theviscositysense
aswell [6].

Theassertionfor  �
! follows from a straightforwardcalculation:We have@t  �

! + ! jD  �
! j = 0. If

D  �
! 6= 0 wecanusethedegenerateellipticity of F� [v] on theconvex function �

! andderive

F� [v](t; x; D  �
! ; D 2 �

! ) � F� [v](t; x; D  �
! ; O)

= � (div A[v](t; x)) � D  �
!

� kdivA[v]kL 1 (Q) jD  �
! j:

Thismeansthatsince! � kdivA[v]kL 1 (Q) theassertion

@t  �
! + F� [v](t; x; D  �

! ; D 2 �
! ) � @t  �

! + ! jD  �
! j = 0

holds.Additionally, for D  �
! = 0, we take a sequenceof xn ! x suchthatD  � (xn ) 6= 0 anduse

thelowersemi-continuityof F� [v] to obtain

@t  �
! + F� [v](t; x; 0; D 2 �

! ) � @t  �
! + lim inf

n !1
F� [v](t; xn ; D  �

! (xn ); D 2 �
! (xn )) � 0;

dueto theabove. Theassertionfor  +
! follows in a similarmanner.
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g(x)

#+ (Ã+ (0; x))

f 0g £ ­
#¡ (Ã¡ (0; x))

®

2L

Figure3: Sketchof thetransformedsub-andsuper-solutions# � ( � (t; x)) for (t; x) 2 f 0g � 
 .

2. Obviously the functions �
! (t; �) � � do not have compactsupportfor any t 2 I . In this stepwe

modify our constructionsuchthat �
! (t; �) areconstantequal� outsidea ball of certainradius:For

a constantL > 0 to be chosenlater, let us considerthe following continuousandnondecreasing
transformationsof thegrayvalues:

#� (s) := minf s � L; � g and #+ (s) := maxf s + L; � g:

Becauseof Lemma 10 these transformationsyield sub-solutions# � ( �
! ) and super-solutions

#+ ( +
! ) of @t u+ F [u](t; x; Du; D 2u) = 0 again.TheconstantL is now chosensuchthat(cf. Fig.3)

#� ( �
! (0; x)) � g(x) � #+ ( +

! (0; x)) for all x 2 
 :

Sinceg 2 C0
� (IRd) it is clearthesucha constantL exists.Denotinge
 := supp(g � � ) we canset

L = max
�

k �
! (0; �) � gkL 1 ( e
) ; k +

! (0; �) � gkL 1 ( e
)

	
:

Thischoiceof L doesnotdependon ! , since � (0; �) doesnotdependon ! .

Dueto theconstructionit is straightforwardto see,that

#� ( �
! (t; x)) =

8
><

>:

minf� L; � g for jxj � ! t;

(jxj � ! t)4 � L for jxj > ! t and(jxj � ! t)4 � L < �;

� else:

Thus,#� ( �
! (t; x)) is constantequal� outsideaball of radius

Rg;T (! ) = maxf ! T; (� + L )1=4 + ! Tg = ! T + maxf 1; (� + L )1=4g:

An analogueargumentholdsfor the super-solution#+ ( +
! (t; x)). So thereexists a monotonein-

creasingfunctionR = Rg;T : R+ ! IR+ dependingon theinitial valueg andthestoppingtime T
suchthat

#� ( �
! (t; x)) = � for (t; x) 2 I � f x 2 IRd : jxj > Rg;T (! )g;

#+ ( +
! (t; x)) = � for (t; x) 2 I � f x 2 IRd : jxj > Rg;T (! )g:

(17)

3. Next, we constructa secondsetof functionswhich attainsthe initial valueg for t = 0. In the �nal
stepwe combinethesewith thepreviouslyconstructed# � ( �

! ).

Recallthede�nition of themodulusd from (14)andconsidertherelatedmodulusl ! (s) := s! + d0.
For any �x edy 2 
 we de�ne thefunctions

' �
y ;! (t; x) = � (t + e! (jx � yj)) with e! (� ) =

Z �

0
s=l! (s) ds:
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Again we claim that ' �
y ;! aresub-respectively super-solutionof @t u + F [v](t; x; Du; D 2u) = 0

whenever ! � kdivA[v]kL 1 (Q) . We assurethis claim for ' �
y ;! :

(a) Startingwith thecasex 6= y weset� = jx � yj suchthat� 6= 0. WehaveDe! (� ) = e0
! (� )D �

and
D 2e! (� ) = e00

! (� )D � 
 D � + e0
! (� )D 2�; D 2� =

1
�

(Id � D � 
 D � ) :

With e0
! (� ) = �=l ! (� ) we furthermorederive

De! (� ) =
�D �
l ! (� )

; D 2e! (� ) =
�

e00
! (� ) +

�
l ! (� )�

�
D � 
 D � +

1
l ! (� )

Id:

Now we substitutetheseresults into the problem function F � [v]. Since F is geometric
(cf. Theorem4, (H2)) we canneglect the �rst termof D 2e! (� ) andfactorizethescalarvalue
1=l! (jx � yj) outof F� [v]. This yields

F� [v](t; x; D ' �
y ;! ; D 2' �

y ;! ) = F� [v]
�

t; x; �
x � y

l ! (jx � yj)
; �

1
l ! (jx � yj)

Id
�

=
1

l ! (jx � yj)
F� [v](t; x; � (x � y); � Id) :

Applying (H5) from Theorem4 to F� [v](t; x; � (x � y); � Id) we gettheestimate

@t ' �
y ;! + F� [v](t; x; D ' �

y ;! ; D 2' �
y ;! ) � � 1 +

d(jx � yj)
l ! (jx � yj)

� 0;

becausel ! (s) � d(s) having in mind that! � kdivA[v]kL 1 (Q) . Thus,we have assertedthat
' �

y ;! is a solutionof F� [v] � 0 in casex 6= y.

(b) Now let us considerthe casex = y in which ' �
y ;! is not twice continuouslydifferentiable.

Thus,insteadof theclassicalderivativeswe have to considerthe2-jets.It is straightforwardto
seethatthesuper-2-jetof ' �

y ;! atx = y is givenby

P2;+
Q ' �

x;! (t; x) = f� 1g � f 0g � S(d):

We take an element(� 1; 0; X ) 2 P 2;+
Q ' �

x;! (t; x) and considersequencesx 6= xn ! x,
0 6= � n ! � = 0 andX n ! X . The previous result for x 6= y andthesemi-continuityof
F� [v] thenyield thedesiredresult

� 1 + F� [v](t; x; 0; X ) � � 1 + lim inf
n !1

F� [v](t; xn ; � n ; X n ) � 0:

4. Becausethe' �
y ;! arenon-decreasingwith respectto jx � yj andt, thecontinuityof theinitial datag

guaranteesfor eachy 2 
 theexistenceof a continuousandnon-decreasingfunctionhy : IR ! IR
suchthat(cf. Fig. 4)

hy (0) = g(y) and hy (' �
y ;! (t; x)) � g(x) 8x 2 
 :

We recordthefollowing propertiesof hy (' �
y ;! (t; x)):

(i) hy (' �
y ;! (t; x)) is a sub-solutionin view of Lemma10,

(ii) hy (' �
y ;! (0; y)) = hy (0) = g(y).

We continueby taking the supremumover all y 2 
 . Sincesupremaof sub-solutionsare sub-
solutionsagain[6], thefunction

' �
! (t; x) := supf hy (' �

y ;! (t; x)) : y 2 
 g
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hy1 (' +
y1 ;! (0; x))

y0 y1 y2

g(x)

f 0g £ ­

®

hy0 (' ¡
y0 ;! (0; x))

hy2 (' ¡
y2 ;! (0; x))

Figure4: Sketchof the transformedsub-andsuper-solutionshy (' �
y ;! (t; x)) for (t; x) 2 f 0g � 
 and

variousy 2 
 .

is againa sub-solutionof @t u + F� [v](t; x; Du; D 2u) = 0. But this functionattainstheinitial value
at t = 0. Indeed,dueto theconstructionhy (' �

y ;! (t; �)) � g andbecauseof property(ii):

' �
! (0; x) = supf hy (' �

y ;! (0; x)) : y 2 
 g = g(x):

In ananaloguefashionwe constructa super-solution

' +
! (t; x) := inf f hy (' +

y;! (t; x)) : y 2 
 g:

5. In this laststep,we cancombinethe two familiesof sub-andsuper-solutions# � ( �
! )) and' �

! to
obtain

u! := maxf #� ( �
! ); ' �

! g; and u! := minf #+ ( +
! ); ' +

! g:

Let us�nally verify thattheseful�ll theclaimsof Lemma6:

� The maximum of sub-solutionsis a sub-solution[6] and thus u! is a sub-solutionfor ! �
kdivA[v]kL 1 (Q) because#� ( �

! ) and' �
! aresuchfor ! � kdivA[v]kL 1 (Q) . The analoguerea-

soningholdsfor u! .

� Fromtheconstructionweseethat' +
! (t; x) � g(x). Thus,recalling(17)we assurethatu! ful�lls

u! (t; x) = � for (t; x) 2 I � f x 2 IRd : jxj > R(! )g:

Theanalogueholdsfor u! .

� Since' �
! (0; x) = g(x) and#� ( �

! (0; x)) � g(x) we haveu! (0; x) = g(x). Theanaloguereason-
ing is valid for u! .
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