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Abstract

A morphologicalmultiscalemethodin 3D imageand 3D image sequencerocessings discussedvhich identifiesedgeson level setsand the motion of
featuresin time. Basedon theseindicator evaluationthe imagedatais processe@pplyingnonlineardiffusion andthe theory of geometricevolution problems.
Theaim is to smoothlevel setsof a 3D imagewhile preservinggeometricfeaturessuchasedgesand cornerson the level setsandto simultaneouslyespecthe
motionandacceleratiorof objectin time. An anisotropiccunatureevolution is consideredn space.Whereasjn caseof animagesequence weakcouplingof
theseseparateunatureevolutions problemsis incorporatedn the time directionof theimagesequenceThe time of the actualevolution problemsenesasthe
multiscaleparameterThe spatialdiffusiontensordepend®n aregularizedshapeoperatorof the evolving level setsandthe evolution speeds weightedaccording
to anapproximatiorof the apparenacceleratiorof objects.As onesuitableregularizationtool local I2—projectiononto polynomialsis consideredA spatialfinite
elementdiscretizatioron hexahedraimeshesa semi-implicit, regularizedbackward Euler discretizationn time, andan explicit couplingof subsequernimagesin
caseof imagesequencearethe building blocksof the algorithm. Differentapplicationsunderlinethe efficiengy of the presentedmageprocessingool.

|. INTRODUCTION

Processinghreedimensionaimagesandimagesequencess a taskof growing interestin variousapplications.Especiallyin
medicalimagingdifferentimagegeneratiorhardwaresuchasCT or MRI devices,andmorerecentlyalso3D ultrasounddevices
deliver large image dataat high resolutionfor further postprocessing.Basedon that dataanomaliescan be analyzedand the
progres®of deseasesanbestudied.Furthermorephysicalexperimentcanberecordedsia MRI or other3D measuremerdevices.
Thuscomparisonsvith 3D simulationdbecamepossible Frequenththeresultingimagesandimagesequencearecharacterizetyy
aratherunsatisfyingsignalto noiseratio, which leadsto seriousdifficultiesin thefurtherpostprocessingEspeciallyin 3D mary
featuresarehiddenandthe essentiastructureor theinvolvedmotionsanddevelopmentsrehardto catchvisually. Frequentlyone
is interestedn the extractionof certainlevel surfacesfrom the data,which boundvolumesor separateegionsof interest. Often
the actualintensityvalueis of minorimportanceanddependenbn the modalityin theimagegeneratiorprocess Methodswhich
behaeinvariantundertransformation®f theintensityor gray scalearecalledmorphological They only effectthe morphologyof
theimage,which coincideswith the geometryof the level sets. The aim of this paperis to combinerecentresultson anisotropic
geometricdiffusion for the denoisingof 3D imagesanda smoothingmethodfor 3D imagesequencewhich takesinto account
featuremotion andacceleration The peculiarity of the methodis, thatit is ableto presere edgesandcornerson level setswhile
still allowing tangentialsmoothingalongthe edges.Furthermorea suitableacceleratiomuantity— the apparentacceleration—
is usedto modulatethe speedf propagation.

The coreof the methodis anevolution drivenby anisotiopic geometricdiffusionof level surfaces.In caseof imagesequences
the diffusion processesire coupledon differentframesof the sequencén time andthensimultaneoushappliedto every frame.
Thus, an anisotropicdiffusion tensordependingon a presmoothedhapeoperatorandthus on presmoothegbrincipal curvatures
andprincipal directionsof curvature,is sensitve to theidentificationof the importantsurfacefeatures.Furthermorethe speedof
diffusionis modulatechasednthemeasurednotionof level setsin imagesequencedn theidentificationof curvatureandmotion
guantitiesabuild-in regularizationandprojectionon prototypeshapesurnsoutto beessentiato make theproposednethodrobust
andmathematicallywell-posed.

The paperis organizedasfollows. First, in Sectionll we discusssomebackgroundvork on imageandimagesequencero-
cessing.Sectionlll briefly introduceghe anisotropicgeometricdiffusionmethodon still imagesandin SectionlV we discusghe
generalizatiorto imagesequencesia a suitablecoupling of the diffusion problemson differentframesof the sequence After-
wards,in SectionV we sketchhow to extracttherequiredcurvatureandmotionquantitiesandin SectionVI we presentheactual
discretizatiorwith finite elements.

Il. REVIEW OF RELATED WORK

Let us considera noisy imagegiven by anintensitymap ¢, : © — R; z — ¢o(z) on someimagedomainQ c R? or a
continuousimagesequence, : [0,7] x 2 — R; (s,z) — ¢o(s,z). Scalespacemethodsdefinean evolution operatorE(t)
which actson the initial datag, anddeliversa family of representation$£(t)¢o }+>0 on successiely coarserscales.Here, the
time parametet actsasa scaleparameterleadingform afine, but noisy representatiofior time ¢ = 0 to successiely smoother
andcoarserrepresentatiofior increasingtime parametet. To avoid any confusionwe will alwaysuset for the time scaleof the
smoothingevolution and s for the sequencearameterwhich representsime in the imagesequencealatabase. One of the first
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successfumethodsalongthis conceptwaspresentedy PeronaandMalik [24]. For a giveninitial image¢, they consideredhe
evolution problem

0rp — div(G([[Vo[)Ve) =0

For increasingime t - the scaleparameter the original imageat theinitial time is successfullysmoothedcandimagepatternsare
coarsenedSimultaneouslyedges- indicatedby steepimagegradients areenhancedf onechooses diffusion coeficient G(.)

2\ —1
which suppressediffusionin areasof high gradients.A suitablechoiceis G(a) = (1 + i‘—g) for a positive constant\. Caté

etal. [6] proposeda regularizationmethodwherethe diffusion coeficient is no longerevaluatedon the exactintensitygradient.
Insteadthey suggestedo considerthegradientevaluationon a prefilteredimage,i.e., they considerthe equation

Oyp — div(G([IVs[) V) = 0

where¢, = K, % ¢ with a suitablelocal corvolution kernel K, of width o. Comparedo the original Perona—Malikmethod
this modelturnsoutto be well-posedandedgesarestill retained.Indead the prefilteringavoidsthe detectionandpronouncingof
artificial edgeswhich aredueto theinitial noise.

Weickert [34] improvedthis methodtaking into accountanisotropicdiffusion, wherethe Perona—Maliktype diffusionis con-
centratedn onedirection,for instancethe directionperpendiculato the level setor featuredirection. This leadsto anadditional
tangentialsmoothingon level setsandenablego amplify intensity correlationsalonglines or on level sets. The geometryof this
evolution problemespeciallyinfluencesour investigationson anisotropicdiffusion. In the axiomaticwork by Alvarezet al. [1]
generalnonlinearevolution problemsbasedon the scalespacedeawherederivedfrom a setof axioms. Especiallyincludingthe
axiomof grayvalueinvariancethey endup with a curvatureevolution model,i. e.

Ve V)¢
3 ~ V4| (td'V(m» B

Curvaturemotionshasbeenstudiedfor a long time in geometryandin physics,whereinterfacesare driven by surfacetension.
In dimensionshigherthantwo, singularitiesmay occurin the evolution. Existenceof generalizedviscosity solutionshasbeen
proved by Evansand Spruck[13]. Anisotropic curvatureflow hasbeenstudiedfor instanceby Bellettini and Paolini [5]. In

caseof planarcurvesKacur andMikula [19] consideredan evolution equationfor the curvature,from which onecanrecover the
shapeof the curves. Concerningthe applicationthis is closelyrelatedto the preferability of certaininterfaceorientationsin the
crystallinestructureof material(cf. [3], [31]). Startingwith theabose mentionedaxiomaticresultscurvaturemotionprovedto be
asuccessfuingredientin segmentatiorandimageenhancemennethodsg. g. comparePauwelsetal. [23]. Sapiro[28] proposed
amodificationof Mean-Cunature-Motion(MCM) consideringa diffusioncoeficientwhich dependontheimagegradient.

In [7] aparametria@nisotropiccurvaturemotionwasappliedto the smoothingof noisytriangulatedsurfaces.It preseresedges
on the surfacesand incorporatediffusion solely along the edgeand not perpendiculato it. In [26] a correspondindevel set
formulationhasbeendiscussednd comparedo the parametrionodel. This methodwill be presentedn detail belov andenter
ourimagesequencamoothingschemevia theinvolvedspatialoperator

Motion detectionin imagesequencess alreadya classicalresearchareain computervision. Variousapproachesiave been
presentedo extract objectvelocitiesfrom movie dataandthe motion or deformationof objectstherein. Either one asksfor a
deformatiorcontrolledby elasticstresses/heretheelasticpropertiesnaydependnknowledgeaboutthematerialor oneconsiders
flow fields which give rise for the deformation. For detailswe referto [32], [18], [8]. Alternatively, optical flow techniquesan
beimplied, which arebasedn suitableregularizationof theinverseproblemto identify the deformation22], [11], [2], [27], [34].
An axiomaticscalespacetheoryfor continuousmagesequencebasbeendevelopedby Guichard[14].

Mikula etal. [21] presentedan extensionof the original Perona—Malikapproacho imagesequencesia a modulationof the
propagatiorspeeddependingon a measuredcceleratiorquantity The speedmodulationpresentederewill be basedon these
results. In their modelthey considera quantityintroducedby Guichard[15] which assumeshat points presere their intensity
alongthe smooth(lambertiar) motiontrajectoriesj.e. they proposed finite volumeschemédor the scalespacemodelfor image
sequences : Rt x [0,7] x Q —= [0, 1]

Oy — clt(¢o)div(G([IV s ) V) = 0

wheretheindex ¢ indicatesa usualregularization.The so calledcurvature of lambertiantrajectoriesclt (¢) attime s for scalet is
definedby

AN 2) = B0 it (AP

(1 < Vo(t, 5,2), w1 — w5 > |
+ |¢(t,8 - AS,ZE - ’LU1) - ¢(t,8,$)|
+ |¢(t73 - AS,(E +’LU2) - ¢(t,s,x)|),



Fig. 1. Asatestcasefor theanisotrpicgeometricdiffusionfor still imageswe considerthefunction 2 3 whoselevel setsare octahedons.
This functionwas perturbedand thentaken as initial data for the anisotopic geometricdiffusion methodfor singleimages. From left to right an original
perturbedlevel setand the correspondingfirst, second,and fifth time stepof its evolutionona 3 grid are depicted. In the bottomrow we visualizethe
dominantcurvatue onthelevel setsfromtheleft column.A color rampfromblueto redindicatesthe dominantcurvatue value

where is a small ball aroundz. It measureghe coherenceof the moving structuresin time. The first part of the clt(¢)
definition actually measureshe so called apparent acceleation and the secondand third term evaluategray value coherences.
In theimplementatioroneconfineswith As beingthe time offsetbetweentwo framesof the givendiscreteimagesequencend
considers asadiscreteball of pixelsaroundz.

Concerninghe generahumericalimplementatiorof PDE methodsn imageprocessingamongothersWeickert proposedinite
differencescheme$§34] andKacurandMikula [16] suggested semi-implicitfinite elemenimplementatiorior theisotropicmodel
by Caté etal.[6]. Adaptive finite elementmethodsn imageprocessingrediscussedby BanschandMikula [4], Schrorr [30] and
in [25]. Kimmel [17] generalizescalespacanethodologyto textureson surfacesconsideringhe appropriaténtrinsic differential
operatorsA finite volumeimplementatiorhasbeenstudiedby Mikula andRamarosy20].

Thenumericalapproximatiorof curvaturemotionin level setform hasrecentlybeeninvestigatedy DeckelnickandDziuk [9].
They have analyzeda correspondindully discretefinite elementmethodandprovedcornvergenceowardviscositysolutions.

I1l. ANISOTROPIC GEOMETRIC DIFFUSION ON STILL IMAGES

At first, we confineto the processingf still images. Thus,we considera noisy initial imagego : @ — R; x — ¢o(z) with
Q C R? andaskfor a scaleof images{¢(t, ) |t 0} with ¢(0, ) = ¢o. Throughoutthis paperQ will alwaysbe the unit cube
[0,1]3. Wewill definealevel setformulationfor ageneralizednisotropiccurvaturemotionof theisosurfces.

Here,aslong aswe derive the modelwe assumep( , ) to be sufficiently smoothandVé(t,z) = 0 for all (t,2) R x Q.
Indeed dueto theimplicit functiontheorenthe correspondindevel setsareactuallysmoothsurfaces.

To keepour methodinvariantundergray scaletransformationsve confineto curvaturequantitiesasthe driving forcesfor the
correspondingevolution of the level sets. The simplestmorphologicalsmoothingmodelwould be to considermeancurvature
motion of thelevel sets(cf. Sectionll). Butin additionto the smoothingof the level setsour aim is to maintainor evenenhance
edgeson thesesurfaces.Edgetype featureson a smoothlevel setarecharacterizedy a smallcurvaturein the directionalongthe
featureanda sufficiently large curvaturein the perpendiculadirectionin the tangentspace.For implicit surfacesthesecurvature
guantitiesarerepresentetby the shapeoperator = (¢) := , Wwhere = ——. In thevicinity of anedgetherewill bea

smallandalargeeigervalue ' and 2 respectiely. The correspondingigervectors ! and ? pointin tangentiadirection. The
evaluationof theshapeoperatoron alevel setof a noisyimagemight be misleadingwith respecto thetrue but unknown level sets
andedgesE. g. noisemightbeidentifiedasfeatures Thuswe haveto consideraregularizationin advanceandprefilterthecurrent
image(t, ) beforeevaluatingthe shapeoperator We take into accountalocal 2 projectionof theimageintensityon the space
of quadraticpolynomials.Thewidth o of the projectionstencilis consideredo be the parametesteeringthis regularization.The
evaluationof the shapeoperatoron this polynomialsis straightforward. We endup with the following type of nonlinearparabolic
problem. Giventheinitial 3D image¢o on a domain{2, we askfor a scaleof images{#(t, ) }+>o which obey the anisotropic



Fig. 2. Fromleft to right a certain level set- visualizingthe shapeof one ventricelof the humanheart - is extractedfrom the anisotopic geometricevolution
procesgor still images. Here successivatepsof the smoothingorocessare shown. Thecomputationwasperformedona 2 2 grid.
geometricevolution equation:

V¢
Vol

3ud(t,) — [IV6(t, )| div( “(t, 2) <t,w)) =0 o

onR™ x Q andsatisfytheinitial condition

$(0, ) = ¢o()-
Furthermorewe supposaaturalboundaryconditionson 912, i. e.
‘T(t,m)g—qs(t,a:) =0

where denotesheouternormalon 9. Thediffusiontensor 7 is supposedo dependntheregularizedshapeoperator 7

“(tx) = ( ()

where : m(R?® — m(R®). Here m() denotesghe spaceof symmetricmaps. Finally “(z) is the shapeoperator
at the position z evaluatedon the local 2 projectionon quadraticpolynomialswith respectto a stencilball ,(z) of radius
o. As a suitablechoicefor this mapping we considerthe scalarfunction G from the basicimage processingnodel, with

G(a) = (1 + A2a?)~1, now actingon the shapeoperatorof the projection. Mapping the normal spaceto the 0 we trivially

expandit to  m(R®). Here\ senesasa steeringparametefor theidentificationof edges.The shapeoperator “ diagonalizes
with respecto thebasis{ 1.7, 2, “} where 1., 27 areeigervectorscorrespondingo principalcurvatures v, 2. onthe
level setand 7 isthecorrespondingnormal. Hencewe obtainthe matrix representation

G( 1)
( J): o G( 2’0) o
0

Here () is the basistransformationfrom the regularizedframe of principal directionsof curvatureand the normal
{ b9, 29 7} ontothecanonicabasis{ 1, 2, 3}

In Figure2 a 3D echocardiographicainageof a humanheartis takenasinitial data.Here,differenttime stepsof the evolution
underanisotropicgeometricdiffusion areshavn. A secondexampleis concernedvith true measuremendata. The saltconcen-
trationin a densitydrivenflow througha porousmediafilled with freshandsaltwateris measuredn alaboratoryexperimentby
anMRI device. In Figure 3 level setsof the saltconcentratioraredravn, whereas-igure4 shaws slicesthroughthe 3D dataset
at differentstageof theexperiment.In both casesve comparethe original measuremerdatawith smoothingresultsobtainedby
our method.

Concerninghefurtherdetailsandananalysisof this modelwe referto [26]. We especiallyobsenethattheunderlyingevolution

is equivalentto the propagatiorof thelevel setswith speed in normaldirection ,i. e.dx = holdsfor
=t (7(o— )+ v ) 7= ).
Herewe define , = 7, where “ is the normalof thelocally projectedimage. This impliesthatour methodis invarianton

imagesp, which arequadratiopolyonomials.



Fig. 3. Theanisotopic geometriclevel setmethods appliedto noisydatafroma fingering experimentn a two phaseporousmediuntflow of freshand salt water
During the experimentthe salt concentation wasmeasued usingan MR imaging device From left to right different stagesof the experiment(corresponding
to differentframesin theimage sequencejre depcited.In the top row the original noisydatais shownwhereasin the secondand third row the scalesteps2
respectivel\3 of the coupledanisotopic evolutionona 3 grid are depicted(cf. alsoFig. 4).

IV. PROCESSING IMAGE SEQUENCES VIA COUPLED ANISOTROPIC GEOMETRIC DIFFUSION

Let us now focuson the multiscaleevolution of imagesequencesia an anisotropicgeometricdiffusion method.We therefore
considergrey valuedimagesequencey : [0, 7] x — [0, 1] where[0, T'] is thetime interval of thegivensequenceOurapproach
hereis basedn a combinationof the ansitropicgeometriadiffusionmethodfor still images(cf. Sectionlll) appliedto time slices
of the sequencanda couplingof theseinitially seperatg@rocesse the sequenc@arametebasedon theapproachpresentedn
[14], [15], [29]. Thecouplingconsistof thespeednodulationvia theclt-termwhich measurethe curvatureof amotiontrajectory
in the planespannedy the normalon the level setof the imageintensityandthe apparentwelocity [14], [15]. The curvatureis
provedto coincidewith the acceleratiorof the normalcomponenbf the velocity in the directionof the apparentelocity. Thus,
noisymotiontrajectorieswill leadto afasterdiffusion,whichinducesasmoothing.n SectionVl wewill outlinethattheproposed
modelis still handsomawith respecthe computationcomplexity alsofor large 3D imagesequenceThis holdstrue althoughwe
endupwith aPDEin 5 dimensionsthreespatialcoordinates , the sequenc@arameteg , andthe scaleparametet .

I. e. we obtainthefollowing problem:

For eadh framegy (s, ) of theimage sequencéind a scaleofimages{4(t, s, ) }+>o0 suth thatfor (¢,s,2), Rt x {s} x Q

Bud(t, 5,2) — clt”(B)(t, 5,2) [ V(t, 5,2)]| div ( 7(t,5,) %(t,s,x)) ~0
andin Q

¢(0787 ) = ¢0(35 )

Furthermorewe supposaaturalboundaryconditionson 992, i. e.

”(t,s,m)6—¢(t,s,m) =0
0

where denotegheouternormalon 9€2. Here,we take into accounthe sameanisotropidiffusiontensor “ (¢, s, ) asin thecase
of still imagesexcepttheinvolvedregularizedshapeoperator (¢, s, ) is now evaluatedfor atime slice s in theimagesequence
o(t, , ). Furthermorethecurvatureof lambertiartrajectoryclt(¢) is evaluatecbnthespatiallyregularizedmagesequencelndead
we applythe sameocal projectionof theimagesequencéme sliceson quadratigpolynomialsandevaluatethe operatorclt( ) for
fixed positionz andscalet on the family of resultingpolynomialsin s. Hence the involved spatialregularizationis indicatedby
anupperindex o.



Fig. 4. Fromthe experimentaldatashownin Figure 3 vertical slicesare extracted.Againfromleft to right differentframesof the sequencendfromtop to bottom

differentscalesfromtheevolutionare shown.

In generalwe cannot guaranteghat V¢ = 0 andclt(¢) = 0 evenif theinitial datafulfills this regularity assumptionsThus,
we have to regularizethe problemreplacingthenorm|| || in equation(1) andtheclt( )-termby aregularapproximation.l. e. we

choose
= 2+
cdt’( ) = m {ct’( ), }.
Thecorrespondingegularizedvariationalformulationis thengivenby ( = (¢, s, z))
() ) ( V() >:
(@ Omeor )+ (Omeom™ ) =0

for all testfunctions (). Herethebraclets( , ) indicatethe 2 producton(2. Consideringafinite elemenimplementation
we will pick up this formulationin SectionVI.

V. LOCAL CURVATURE AND MOTION EVALUATION

In our modelabove we have madeextensie useof a regularizedshapeoperator 7 andthe curvatureof lambertiantrajectory
termclt( ) , onwhich we basethe computatiorof the anisotropiaiffusiontensorandthe speednodulationcouplingthe evolution
problemson differenttime steps.

To this endlet usfix ascalet ™. For eachframe (s, ) := ¢(t,s, ) of theimagesequencecalewe considera local

2 projectionin spaceof (s, ) onto a subspacef the spaceof quadraticpolynomials ». Supposewe have fixed a point
r Qandwedenoteby :=  n{z} 23,22 225,273, 2273, 71,29, 73,1} this subspacef ,. Thelocal 2 projection

o (8) of theintensity (s, ) onto isthendefinedvia the orthogonalityrelation

where ,(z) is a ball of radiuse aroundz. For the easeof presentatiorwe write 7 () insteadof ( 5 , )( ) for fixed

(s,z) [0,T] x Q in caseof thelocal 2 projectionappliedto animageframe.Now we definein analogyto the non-regularized



casethe shapeoperator “(s,z) = ( J ())(x) == ( 7)(x) (cf. Sectionlll), with () = e Thus,
is charaterizedy its eigervalues0, °, = 1, andtheeigervectors{ ¢, %7 2}  Thereforewith anappropriatebasis

transformation ( ), weobtain

1,0

0

Furthermorewne will basethe evaluationof the curvatureof the lambertiartrajectoryon thelocally projectedmages.Hence,in
anticipationof alaterdiscretesequencef frameswe considerthelocal projectionsof aprevious(s — As), theactual(s) andanext
frame(s + As), respectiely. Thenwe computethe clt-termby thefollowing formula

ct?’( )(t,8,2) ;==  min L( V 7 (0),w; —ws

w1, W2E (AS)2 8
+| Cae ()= 2 0)]
1 Soas w2) = 2 (O)),

sincewe have shiftedthe projectionslocally suchthat ¢ (0) = ¢(t, s, z). Theevaluationof the clt-termcanbe donevia testing
alattice of differentw - () or by acontinousminimizationof the resultingpolynomial. In ourimplementationwe currently
applythelatticeapproach.

V1. FINITE ELEMENT DISCRETIZATION

Up to now we have considerednimageintensity (¢, s, ) which hasbeena sufficiently smoothfunctionon + x [0,7] x 2 C
R3. Concerningthe implementatiorof the proposednultiscalemethodandits actualapplicationto digital imagesequencese
now haveto discretizeour modelin spaceandin thescaleparametet. First,asalreadymentionedve considerourimagesequence

to consistof  + 1 framesat time stepsAs := —. In applicationstheseimageframestypically ariseasarraysof pixels. We
interpretepixel valuesas nodalvalueson a uniform hexahedralmesh covering the whole imagedomain{2 and considerthe
correspondingrilinearinterpolationon cells to obtaindiscretentensityfunctionsin theaccompaning finite elementspace.

To clarify the notationwe will always denotespatially discretequantitieswith uppercaselettersto distinguishthem from the
correspondingontinuousguantitiesin lower caseletters. A sub-or superscript indicatesthe grid size,an upperindex thetime
step,andalowerindex theprocessedrame,i.e. (t,z) = (t, As,x). Letusdefinethe spaceof piecewisetrilinear, continuous
functions

={ ‘) | 111 s

where ; denoteghespaceof linearpolynomialsand thetensomproduct.Discretizingfirst only in spacewve obtainavariational
finite elemenformulationof our level setevolution problem:

For =0,..., find :R{ —  withinitial data (0)= ¢o( As), sud that
Oy ) ( \Y >
I ) + 7 V. ] =0
(clt () v v Il
for all
Here, : 9(Q) — is the Lagrangeinterpolationon thegrid andthe diffusiontensor ¢ is supposedo be a suitable

approximatiorof (¢, As, ). Finally, we have usedthelumpedmassscalarproduct( , ) , whichis definedby

(a):: ( )d.CL'

€

for discretefunctions (cf. [33]). As animmediateconsequencthe correspondingionlinearmassmatrix () is
diagonal. This simplifiesthe resultingschemesignificantly We endup with a systemof ordinary differentialequationdor the
nodalvaluesof theintensityfunction . Following Dziuk andDeckelnick[10] we select . Furthermoreve considera stencil
widtho = forintegers equalto , or .

Next, we have to discretizein time, which includesthe choiceof sometime steppingschemeandthe decisionwhich termto be
handledimplicitly andwhich explicitly. Herewe choosea semi-implicitbackward Euler discretization.Expressedn geometric
termswe considerthe metricandthe regularizedshapeoperatorexplicitly for eachframe(cf.[12]). Let beaselectedscalestep
sizeandlet  tobeanapproximatiorof ( ). Thenwe obtainthetime andspacediscreteproblem:



For =0,..., findasequencefdiscreteintensityfunctions{ } o, with and %= ¢o( As), suhthat
+1 _ \v/ +1
: D (T )
(clt C v ) ( vl

Finally, in eachstepof the discreteevolution, for eachframein the imagesequenceave have to solve a single systemof linear
equations.In termsof nodalvectorsindicatedby a bar on top of the correspondingliscretefunction we canrewrite the scheme
andget

C CH+ Cn "= ()

for thenew vectorof nodalvalues *' attimet ,; = ( +1) . Here,we have appliedthe nonlineadlumpedmassandstifiness
matrices

for all

O (woym T )
=T )
where{ } isthenodalbasisof

In eachtime stepthe discretediffusiontensor *“ andclt( ) areevaluatedfor every grid nodeand every imageframe
separatelyThen,on cells we usetrilinear interpolationto define  *°. Furthermorejn the numericalapplicationwe have

T

replacedheintegrationof ( I ) by theonepointnumericalquadraturevhichrefersonly to thevalueattheelements

centerof mass.
Concerninghe properchoiceof the stencilparametetr with respecto thegrid sizewe referto [26].
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