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t. We present a model for the numeri
al simulation of radiofrequen
y (RF) ablation of tumors with mono- or bipolar probes. Thismodel in
ludes the ele
trostati
 equation and a variant of the well-knownbio-heat transfer equation for the distribution of the ele
tri
 potentialand the indu
ed heat. The equations are nonlinearly 
oupled by materialparameters that 
hange with temperature, dehydration and damage ofthe tissue. A �xed point iteration s
heme for the nonlinear model andthe spatial dis
retization with �nite elements are presented. Moreover,we in
orporate the e�e
t of evaporation of water from the 
ells at hightemperatures using a predi
tor-
orre
tor like approa
h. The 
omparisonof the approa
h to a real ablation 
on
ludes the paper.1 Introdu
tionMinimally invasive treatment of tumors has be
ome a promising alternative toother therapy forms. In parti
ular for 
ases where surgi
al rese
tion is too 
om-plex or even impossible, thermo-therapies su
h as radio frequen
y (RF) ablationare applied: One or more probes are pla
ed in the tumor, produ
ing an ele
-tri
 
urrent that warms the neighboring tissue. When a 
riti
al temperature(≈ 54 ◦C) is ex
eeded, proteins denaturate and the tissue is destroyed. To in-
rease the 
oagulation volume, mu
h higher temperatures are generated near theprobes. This leads to evaporation of water in the 
ells (as 
an be seen throughultrasound monitoring of the ablation pro
ess) and to dehydration of the tissue.For the planning of RF ablation, the simulation of this treatment is an in-dispensable tool. The results of su
h simulations 
an provide information abouta suitable probe position, power setup, and ablation time. The simulation ofRF ablation (and related thermo-therapies) has been 
onsidered by several au-thors [1�5℄. Many approa
hes assume 
onstant material parameters, ex
ludeevaporation of water [2, 3℄, and use 
ommer
ial grid generators and �nite el-ement software for the dis
retization of the resulting linear equations. Stein [1℄



presented an approa
h whi
h takes into a

ount non-
onstant material parame-ters and evaporation but assumes a 
ylindri
al symmetry around the probe. Hisdis
retization uses �nite di�eren
es and expli
it time-stepping. Several authorsinvestigate the e�e
t and the modeling of blood �ow for RF ablation [3, 6, 7℄.The results presented in this paper are part of a 
ollaboration of CeVis andMeVis and a variety of 
lini
al partners working together in publi
ly funded re-sear
h proje
ts4. The main goal of these proje
ts are the development and theevaluation of 
lini
ally useful 
omputer assisted systems for planning, monitor-ing, and assessing of tumor ablation. A 
omplete destru
tion of tumor tissue isessential for treatment su

ess, similar to R0 rese
tion in liver tumor surgery.Here, the numeri
al simulation of RF ablation for pro
edure planning 
an 
on-siderably 
ontribute to a su

essful ablation. At CeVis, a group headed by thethird author is developing advan
ed numeri
al simulation pro
edures.Our 
urrent model of RF ablation 
ombines features of several existing mod-els: It is a three-dimensional, nonlinear �nite element model in
orporating ma-terial parameters 
hanging with temperature, dehydration, and damage. For theevaporation, we 
onsider a simple two-phase model. This enables us to model thenonlinear behavior of the ele
tri
 generator as a 
onsequen
e of the dehydration(an e�e
t that is known to 
hange the ablation pro
ess essentially). Patient-individual segmented vas
ular systems are 
onsidered as well. Moreover, thedis
retization allows to simulate several simultaneously applied mono- or bipo-lar RF probes in any geometri
 
onstellation; a novelty is the usage of Robinboundary 
onditions for the ele
tri
 potential at the domain boundary.2 A Mathemati
al Model of Radio Frequen
y AblationLet us begin with a des
ription of the geometri
al setting: We 
onsider a 
uboid-shaped domain Ω ⊂ R
3 with (outer) boundary Γout = ∂Ω. We assume (
f. Fig. 1)that one or more probes are applied within Ω, the union of whi
h will be denotedby Ωpr. The probes 
onsist of insulating material and ele
trodes whi
h are eitherpositively or negatively 
harged. We let Ω+, Ω− ⊂ Ωpr denote the union of allpositive and negative ele
trodes, respe
tively, and Ω± = Ω+ ∪ Ω−.The mathemati
al model for the simulation of RF ablation 
onsists of threeintera
ting parts: The �rst part models the energy applied to the tissue by theprobe and the ele
tri
 generator. The se
ond part 
onsiders the heat distributionin the tissue in
luding sour
es and sinks and the phase 
hange. The third partta
kles the e�e
t of the heat on the (malignant) 
ells and their destru
tion. Theseparts of the ablation model depend on a variety of material parameters, whi
hthemselves depend on the various states of the tissue.Thus, denoting the time-spa
e 
omputational domain by W = I × Ω where

I = [0, tmax], tmax > 0, and by C(D, E) the spa
e of 
ontinuous fun
tions D →4 LITT/RFITT funded by the German Resear
h Foundation (Pe 199/11-1 andPe 199/15-2) and the national resear
h networks VICORA and FUSION funded bythe Federal Ministry of Edu
ation and Resear
h (01EZ0401 and 01IBE03C)



Ω− Ω+Ω±

Ωpr
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Γout Fig. 1. S
hemati
 geometri
al setting. Notethat Ω+ ∪ Ω− = Ω± ⊂ Ωpr ⊂ Ω.
E, we are looking for the following �ve states:

• ele
tri
 potential ϕ ∈ C(W, R) of the probe indu
ed by the generator,
• temperature distribution T ∈ C(W, R),

• relative 
ontent of �uid water FW ∈ C(W, [0, 1]),

• relative 
ontent of vapor FV ∈ C(W, [0, 1]),

• 
oagulation state FC ∈ C(W, [0, 1]),

(1)and the following four material parameters:
• ele
tri
 
ondu
tivity σ ∈ C(W, R), • density ρ ∈ C(W, R),

• spe
i�
 heat 
apa
ity c ∈ C(W, R), • thermal 
ondu
tivity λ ∈ C(W, R).
(2)Let us give some remarks on the state variables FW and FV: The evaporationof water is an important e�e
t whi
h leads to a drying-up of the tissue and
onsequently to a redu
ed 
ondu
tivity for the ele
tri
 
urrent. The quantities

FW and FV spe
ify how mu
h of the 
ell-volume available for water is a
tually�lled by �uid water or vapor. When water evaporates, we assume that the surplusvapor will pass o� due to the pressure and 
ondensate in remote regions. On theother hand, if 
ondensation takes pla
e (e. g., if ele
trodes are swit
hed o�), thetissue will 
ontra
t temporarily and water will only slowly redi�use to �ll thefree spa
e. Hen
e, instead of the intuitive relation FW +FV = 1, we only assume
FW(t, x) + FV(t, x) ≤ 1 for all (t, x) ∈ W . (3)Material Parameters. Experimental investigations [1℄ have shown that all ofthe material parameters (2) depend nonlinearly on T , FW, and FC. But thisdependen
e is not known in every detail and moreover it may vary for ea
hpatient individually. However, Stein [1℄ has shown that model equations 
an beused that are linear in ea
h of T , FW, and FC, i. e.

σ(t, x) = σ1 ·
(

1 + σ2(T (t, x) − Tbody)
)(

1 + σ3(1 − FW(t, x))
)(

1 + σ4FC(t, x)
)and analogously for ρ, c, and λ. Note that we abuse notation and write σ(t, x)instead of σ(T (t, x), FW(t, x), FC(t, x)). Following Stein, we use the 
onstants

σ1 = 0.21 A/Vm , σ2 = 0.013 K−1 , σ3 = −1 , σ4 = 1.143 ,

ρ1 = 1080 kg/m3 , ρ2 = −0.00056 K−1 , ρ3 = −0.657 , ρ4 = 0 ,

c1 = 3455 J/gK , c2 = 0 , c3 = −0.376 , c4 = 0 ,

λ1 = 0.437 W/Km , λ2 = 0.0025 K−1 , λ3 = 0 , λ4 = 0(σ3 = −1 models the e�e
t of drying-up on the 
ondu
tivity: σ → 0 as FW → 0).



Ele
tri
 Energy. The energy applied by the probe is given by the time integralof the power p(t, x) = σ(t, x)|∇ϕ(t, x)|2 . For the frequen
ies used in RF-ablation,the ele
tri
 potential ϕ is quasistati
 [1℄ and modeled by
−∇ ·

(

σ∇ϕ
)

= 0 in I × (Ω \ Ω±), (4a)
ϕ = ±1 on I × Ω± (�xed potential on ele
trodes), (4b)

n · ∇ϕ =
n · (s − x)

|s − x|2
ϕ on I × Γout (Robin boundary 
onditions). (4
)Condition (4
) (where n denotes the outer normal to Γout) enables us to modelbipolar as well as monopolar probes without pres
ribing a neutral potential onthe boundary Γout as e. g. in [3℄. The 
ondition 
orresponds to the assumptionthat on Γout (i. e. far away from the probe), the potential behaves as it wasindu
ed by a point load at the bary
enter s of the union of all probes.The values ±1 on Ω± are 
hosen arbitrarily. The 
orre
t potential indu
ed bythe generator is obtained by a s
aling, whi
h also takes into a

ount the nonlinearbehavior of the generator due to the tissue resistan
e Rtis(t). Denoting the setuppower of the generator with psetup (typi
ally in the range 20�200W), we have

ptotal(t) =

∫

Ω

p(t, x) dx , peff(t) =
4psetupRtis(t)RI

(Rtis(t) + RI)2
, Rtis(t) =

U2

ptotal(t)
,where RI is the inner resistan
e of the generator and U is the di�eren
e of the po-tential ϕ on the two ele
trodes (U = 2 V for bipolar and U = 1 V for monopolarprobes). From these quantities, we 
ompute Qrf(t, x) = p(t, x) · peff(t)/ptotal(t).Temperature. The model equation for the temperature distribution is

∂t(ρcT ) −∇ · (λ∇T ) = Q in I × (Ω \ Ωpr), (5a)
T = Tbody on I × Ωpr (
ooled probe), (5b)

n · ∇T = 0 on I × Γout (natural boundary 
onditions), (5
)whi
h is known as heat transfer equation, with the initial value T (t = 0) ≡
Tbody = 37 ◦C. The right hand side is Q(t, x) = Qrf(t, x)+Qperf(t, x)+Qpc(t, x),where Qrf has been introdu
ed above.

Qperf models the 
ooling e�e
t due to perfusion. Various authors have studiedthe modeling of perfusion in the 
ontext of RF ablation [6, 8℄. In our approa
h,we 
onsider the 
apillary blood �ow having di�usive e�e
ts on the tempera-ture only. Thus, we use an extended version of Pennes' approa
h [9℄ and set
Qperf(t, x) = ν(x)ρbloodcblood(Tbody − T (t, x)) if FC(t, x) < F ∗

C := 1 − exp(−1)and Qperf(t, x) = 0 else. However, we use a spatially varying perfusion 
oe�
ient
ν(x) whi
h is 0.05 s−1 inside the hepati
 and the portal vein, 0.1 s−1 inside theartery, and 0.01765 s−1 else [1℄.

Qpc is the heat sour
e / sink due to the phase 
hange of water. Modeling thethermodynami
s of a phase 
hange would involve further di�erential equationsfor the pressure and thus in
rease the 
omputational 
omplexity. Instead, we usea predi
tor-
orre
tor like approa
h whi
h is des
ribed in the next se
tion.



Coagulation. The denaturation of tissue due to 
oagulation is modeled follow-ing the Arrhenius formalism (
f. [10, 1℄). This leads to
FC = 1 − exp(−W ) , ∂tW = AA exp

(

−EA(RT )−1
)

, W (t0) = 0 , (6)where R is the universal gas 
onstant and AA = 9.4 · 10104 s−1 and EA = 6.7 ·
105 J/mol are the 
orresponding Arrhenius parameters.3 Dis
retizationAfter having introdu
ed our model, we now explain how the di�erential equationsare dis
retized. This se
tion 
onsists of three parts: We �rst present an overviewof our overall dis
retization s
heme in spa
e and time and supply the details inthe se
ond part. The last part deals with the dis
rete phase 
hange model.For the spatial dis
retization we work with the weak forms of (4) and (5):
0 =

∫

Ω\Ω±

σ∇ϕ · ∇v dx −

∫

Γout

n · (s − x)

|s − x|2
σϕv ds(x) ∀ v ∈ H1

± := H1

Ω±
, (7)

0 =

∫

Ω\Ωpr

(

∂t(ρcT )v + λ∇T · ∇v − Qv
)

dx ∀ v ∈ H1
pr := H1

Ωpr

, (8)Dividing Ω uniformly into a �nite number of 
uboids we introdu
e the �niteelement spa
e Vh of globally 
ontinuous, 
ell-wise trilinear fun
tions.Next, we introdu
e our overall time dis
retization. Let X = (Vh)5 denotethe state spa
e (i. e. any x ∈ X 
onsists of all �ve states (1) in their respe
tive�nite-dimensional fun
tion spa
e at a parti
ular time level). For the solution ofour nonlinear system, we have to deal with an X -valued initial value problem:Find x : I → X su
h that ∂tx = F(x) and x(t0) = x0.We approximate the solution by a sequen
e of dis
rete time levels xn ≈ x(tn),
tn = tn−1 + τn 
omputed by the impli
it Euler s
heme xn = xn−1 + τnF(xn).This equation is solved using a �xed point iteration

xn,k+1 = xn,k + τnG(xn−1, xn,k, τn) , xn,0 = xn−1 , (9)where G(xn−1, xn,k, τn) is some semi-impli
it approximation to F(xn) to be ex-plained below. When ‖xn,k −xn,k−1‖ is below a given threshold for some k, thenwe set xn = xn,k for this k. If it fails to do so up to some given kmax, we multiply
τn with 1

2
and restart (9). This is repeated until 
onvergen
e is a
hieved.Fixed point iteration. We will now de�ne our �xed point iteration fun
tion Gby explaining how (ϕ, T, FW, FV, FC)n,k+1 is 
omputed. We use a semi-impli
itapproa
h, i. e. ϕn,k+1 and T n,k+1 are 
hosen su
h that

0 =

∫

Ω\Ω±

σn,k∇ϕn,k+1 · ∇v dx −

∫

Γout

n · (s − x)

|s − x|2
σn,kϕn,k+1v ds(x) , (10)



0 =

∫

Ω\Ωpr

(

ρn,kcn,k

τn

(T n,k+1 − T n−1)v + λn,k∇T n,k+1 · ∇v − Qn,kv

)

dx (11)for all v ∈ Vh
± and v ∈ Vh

pr, respe
tively. Equations (10) and (11) ea
h lead to asystem of linear equations, whi
h are solved using a 
onjugate gradient solver.To 
omplete the formula for T n,k+1, we need to state our dis
retization of Qn,k.For the dis
retization of Qn,k
rf , we note that σ and ϕ are approximated by

σn,k and ϕn,k+1, and the ∇ operator is dis
retized by the monotonized 
enteredslope limiter [11℄. For Qn,k
perf , we note that FC and T are approximated by Fn,k

Cand T n,k+1, whi
h 
hanges the matrix of the linear system (11). Finally, thedis
retization of Fn,k+1
C is done in a straightforward manner.Phase 
hange. Note that FW → 0 implies Qrf → 0, i. e. there will not be anyheat sour
e any more, and hen
e, the temperature is always bounded by Tboil.It is important to let the temperature in
rease up to Tboil without evaporation(i. e. Qpc = 0). If this point has been rea
hed, the temperature has to be �xedas long as there is still a heat sour
e or FV(t, x) > 0. We perform the wholephase 
hange pro
edure as a post-pro
essing step: We �rst solve a modi�edheat equation in whi
h Qpc is omitted, denoting the result as T̃ n,k+1, and then
ompute Qn,k

pc su
h that T (t, x) is �xed at Tboil whenever this is ne
essary:
Qn,k

pc (t, x) =
ρn,k(t, x)cn,k(t, x)

τn

min

(

Tboil − T̃ n,k+1(t, x),
Fn,k

V (t, x)Evapqvap

cn,k(t, x)

)

.Then, we set T n,k+1(t, x) = T̃ n,k+1(t, x) + τnQn,k
pc (t, x)/

(

ρn,k(t, x)cn,k(t, x)
) and

F̃n,k+1
W (t, x) = max

(

Fn−1
W (t, x) + τn

Qn,k
pc (t, x)

Evapρn,k(t, x)
, 0

)

, (12)
Fn,k+1

V (t, x) = min

(

Fn−1
V (t, x) − τn

Qn,k
pc (t, x)

Evapqvapρn,k(t, x)
, 1 − F̃n,k+1

W (t, x)

)

, (13)
Fn,k+1

W (t, x) =
τAF̃n,k+1

W (t, x) + τn(1 − Fn,k+1
V (t, x))

τA + τn

. (14)Equations (12) and (13) model the 
hange of the water and vapor 
ontent whi
his due to the phase 
hange; here, Evap = 2.256 · 106 J/kg is the spe
i�
 enthalpyof evaporation and qvap = 1/332 is the density ratio of vapor and water. These
ond term in (13) asserts (3). Finally, (14) des
ribes an exponential �ow-ba
k(with speed determined by τA = 4 s) of water after the 
ondensation pro
ess [1℄.4 Numeri
al ResultsFor an initial evaluation of our algorithm, we 
ompared the results to a dataset from the University Hospital of Tübingen. Vas
ular system and tumor weresegmented from a pre-interventional CT s
an [12℄; ablation parameters were set



Fig. 2. Top: Overlay of the 
omputed 
oagulation after 2, 5, and 8 minutes (dark)and the segmented 
oagulation (light). Bottom: Three-dimensional view in
luding seg-mented vessel system and probes. (Images 
an be found at www.mevis.de/~tim/.)
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e (Ω) Fig. 3. Computedtissue impedan
eduring the abla-tion.up as re
orded; and the 
oagulation was 
ompared with a post-interventional CTs
an, whi
h, however, had been performed two months after the intervention.Ablation parameters were a �Cool-TipTM M RF CTCM-1525� 
luster (threemonopolar RF appli
ators in a �xed geometri
al arrangement), a Radioni
s gen-erator (set to its maximum power psetup = 200 W at a frequen
y of 480 kHz andan inner resistan
e of RI = 80 Ω), and 8 minutes ablation time. Our 
omputa-tional domain of approx. 60 × 40 × 40 mm was 
overed by interleaved grids ofgrid sizes of about 0.2 mm, 0.4 mm, and 0.8 mm. We 
hose a time step size of 1 s,that was redu
ed to 0.5 s (by the impli
it time stepping s
heme with kmax = 5)in 231 
ases and to 0.25 s in 2 
ases. The 
omputation took 6 hours.Figure 2 shows simulation results. Sin
e the post-interventional CT s
an hadbeen made two months later, the liver had already begun to regenerate, whi
hmight explain why the segmented lesion is slightly too small. Note also that the`handle' in the segmented lesion was produ
ed by leaving the generator swit
hedon while pulling out the probes; a pro
ess not in
luded in the simulation.Figure 3 shows the 
omputed tissue impedan
e progression. After about 230 s,the impedan
e in
reases drasti
ally, be
ause a layer of dried-up tissue has been



formed around the probes. For models that do not in
orporate evaporation ofwater, the impedan
e would stay 
onstant (dashed line), a non-physi
al behavior.5 Dis
ussionWe presented a mathemati
al model of RF ablation and its dis
retization, 
om-bining the advantages of several di�erent approa
hes. Also, to our knowledge,the proposed handling of monopolar probes and our evaporation model are new.In a preliminary appli
ation to patient data, the s
heme yielded reasonable re-sults. Future work will 
over a more systemati
 evaluation as well as extensionssu
h as error estimation, unstru
tured grids, and blood adve
tion.The authors thank the VICORA team and in parti
ular T. Stein and A. Rog-gan from Celon AG for valuable hints and fruitful dis
ussions on the topi
. Also,we would like to thank the team from MeVis, espe
ially S. Zentis and C. Hil
kfor prepro
essing the CT s
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