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Abstract

In thispaperwepresentanovel multiscaleapproachfor �o w visual-
ization. We de�ne a local alignmenttensorthatencodesa measure
for alignmentto thedirectionof a given �o w �eld. This tensorin-
ducesananisotropicdifferentialoperatoronthe�o w domain,which
is discretizedwith a standard�nite elementtechnique.Theentries
of the correspondingstiffnessmatrix representthe anisotropically
weightedcouplingsof adjacentnodesof thedomain'smeshing.We
useanalgebraicmultigrid algorithmto generatea hierarchy of de-
scriptionsfor theabove couplingdata,rangingfrom �ne to coarse
representationsof the initial �nest coupling. This hierarchy com-
prisesasetof coarsegrid nodes,amultiscaleof basisfunctionsand
their correspondingsupports.With the help of thesesupportswe
obtainamultilevel decompositionof the�o w structure.Finally, we
usestandardstreamlineiconsto visualizethisdecompositionatany
user-selectedlevel of detail.

Themethodprovidesasingleframework for vector�eld decom-
positionindependenton thedomaindimensionor meshtype. Ap-
plicationsareshown in 2D, for �o w �elds on curvedsurfaces,and
in 3D for volumetric�o w �elds.

1 Intr oduction

Nowadays,fastcomputinghardwareandef�cient numericalalgo-
rithmsenablehighly detailedandlargescienti�c simulationswhich
deliver enormousamountsof data.Variousvisualizationstrategies
have beenproposedto representsuchdatain an intuitively under-
standableway. Thelargerandmorecomplex thesimulationresults
become,the strongeris the needfor a suitablemultiscalevisual-
izationtechnique.Simpli�ed representationsof thedata,which are
usefulto seetheglobalpattern,canbefurthergraduallyre�ned for
further insight. Moreover, different viewers needdifferent repre-
sentations.Numericalexpertsmightwantto seetheraw datain full
detail,technologicalexpertsmightwantto seecertainfeaturessuch
asvortices,whereasotherusersmay desirea simpli�ed presenta-
tion.

Clustering,well-known from statistics,provides sucha multi-
scaleapproach.Dataaregroupedin successively largersetswhich
haveastronginternalcorrelation.Many techniquesareavailablefor
scatteredandscalardata,e.g.basedon waveletor Fourieranalysis.
However, for vectordata,only few multiscalevisualizationmethods
areavailable.Themostcommonvector�eld simpli�cation method
is still regular subsampling,which is well-known to producealias
effects. A secondclassof methodsattemptsto representthe vec-
tor �eld by equallyspacedstreamlineicons,wherethe spacingis
user-prescribed.To this end,differentheuristics[JobardandLefer
1997]andenergy minimizationstragegies[Turk 1991]areusedto
computetheicons' positions.
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Also different multiscaleclusteringapproachesfor vector data
have beenproposed.Thesemethodsbuild a hierarchicalclustering
treeandvisualizethe clusterswith curved arrow icons. Heckel et
al. [Heckel et al. 1999]startfrom scatteredpointswith vectordata.
Initially all pointsarecontainedin a singlecluster, which is recur-
sively split in a top-down manner. At eachstep,theclusterwith the
strongestdiscrepancy betweenstreamlinesgeneratedby the origi-
nal �eld andits approximationby theclusteris bisectedby aplane,
usingprincipal componentanalysis.This guaranteesconvex clus-
ters. However, accuratelyrepresentingeven moderatelycomplex
�elds with convex clustersmayrequirea largeclustercount.Telea
andVanWijk [TeleaandvanWijk 1999]useabottom-upapproach.
Initially, eachdatapoint is acluster. Next, in eachmergingstep,the
mostsimilar clustersaremerged,usinga metric of the difference
in positionandorientationof thevectorsthatrepresenttheclusters.
The clustershapesareconstrainedonly indirectly by adaptingthe
weightsof the varioustermsin the metric. However, this method
is sometimessensitive to thisweighttuning,which leadsto clusters
thatarenotalignedwith the�o w.

A separateclassof vector�eld simpli�cation methodsisbasedon
theexplicit detectionof the�eld features,suchassaddles,sources,
sinks,andvortices.A multiscalesimpli�cation is thenobtainedby
successively removing pairsof critical pointsbasedon somerele-
vancemetric [Tricocheet al. 2001;Tricoche2002]. In [Ebling and
Scheuermann2003],a differentapproachbasedon patternmatch-
ing usingClif ford algebra-basedconvolutionoperationis proposed.
Vortex featuresare found by matchinga particular vortex mask
againstthe�o w �eld. Similarapproachesarepresentedby [Theisel
andSeidel2003] and[BauerandPeikert 2002]. Here, the multi-
scaleis givenin ascale-spacefashionby theconvolutionoperator's
size. Overall, suchmethodsarequite sensitive to the featuredef-
inition ('what is a vortex?') and the employed detectionprocess,
especiallyfor 3D �elds.

Yet a differentapproachis given by [Polthier andPreuss2000]
Here,thevector�eld is decomposedinto a divergencefree,a rota-
tion free,anda harmoniccomponent.Thesecomponentsarethen
separatelysimpli�ed by detectingcritical pointswhich correspond
to the extremaof the consideredcomponent.This methodavoids
someof theproblemsassociatedwith thedetectionof critical points
by standardtopologicalmethods.However, no multiscaledecom-
positionis constructed.A similarmethodthatincorporatesmultiple
scalesvia component�ltering hasbeenrecentlypresentedby [Tong
etal. 2003].

Finally, we mentiontheclassof physics-based,continuousclus-
teringapproaches.Thesemethodssimulateaphysicalprocess,such
asanisotropicdiffusion [Diewald et al. 2000;Garcke et al. 2000],
appliedto aninitial �ne-grained,noise-like signal.Theinitial clus-
ters,representedimplicitly by the�ne-grainednoise,arecoarsened
andalignedto the�o w, which determinestheanisotropy of theop-
erator. Thediffusiontimeservesasamultiscaleparameter.

Our approachemploys a similar idea; i.e., we also construct
a multiscaledecompositionvia an anisotropicdiffusion operator.
However, the hierarchy of clustersis constructedin strictly al-
gebraic fashion. Given a �o w domain, we de�ne a particular
anisotropicdiffusion tensor basedon the direction of the �o w.
Then, we discretizethe respective anisotropicdifferential opera-
tor using �nite elementson the �o w mesh. This de�nes strong
(�o w-aligned)andweak(�o w-orthogonal)couplingsbetweenmesh
neighborpoints. Thus,we obtaina �nite elementstiffnessmatrix



encodingthe �o w on the �nest level. Next, we usethe algebraic
multigrid (AMG) method,a well-known techniquefor accelerat-
ing the solution of systemsof linear equations. The setupphase
of AMG computesa sequenceof progressively coarser(simpli�ed)
stiffnessmatriceswhich approximatethe operatoraswell aspos-
sible with a given numberof degreesof freedom. Togetherwith
eachsimpli�ed matrix, the AMG deliversalsoa setof basisfunc-
tionswhich areassociatedwith theactualdegreesof freedom.The
coarseningprocedureemploy in AMG ensuresthatthesebasisfunc-
tionsre�ect theoperator-encodedcouplingandthatthesupportsof
thebasisfunctionsare�o w aligned.Finer level basisfunctionsre-
�ect �ner �o w details.Coarserlevelscontainfewerbasisfunctions,
which re�ect thecoarserscale�o w patterns.At any simpli�cation
level, we de�ne thedomainof a basisfunctionasthesubsetof its
supportwherethis particularbasisfunctionis largerthanany other
basisfunction; i.e. whereit is the maximal basisfunction. This
yields a decompositionof the initial �o w domainin �o w-aligned
disjoint regions,at thedesiredlevel of detail. Finally, we visualize
thesedomainseitherby direct color codingor by usingcurvedar-
row icons,asin [TeleaandvanWijk 1999;Garckeetal. 2000].Our
methodsharesits conceptualorigin with an AMG-basedmethod
for a multiscale,feature-sensitive editingtool for surfaces[Clarenz
et al. 2004],whereanisotropicoperatorencodesgeometricsurface
smoothness,andthe resultingmultiscalefeature-basedsurfacede-
compositionis constructedby AMG. Wecantreat2D and3D vector
�elds in a few secondsor evena few tensof a second,respectively,
dueto thehighcomputationalperformanceof theAMG method.

In summary, ourmethodsolvesthequestion”show avector�eld
with n �o w icons,for a givenn” not only very effectively but also
veryef�ciently .

Theorganizationof this paperis asfollows. We �rst de�ne the
diffusion operatorwhich describesthe coupling (Sec.2) between
neighboringmeshpoints. Next, we brie�y review algebraicmulti-
grid methodsas a generaltool for coarseningof discretediffer-
ential operators(Sec.3). Section4 explains the discretizationof
ouranisotropicdiffusionoperator. Theconstructionof theresulting
multiscaledecompositionof the�o w domainbasedonthesequence
of AMG basisfunctionsis discussedin detail in Sec.5. Section6
presentsvariousapplicationsof theproposedmethod.Furthermore,
we discussthe selectionof a local level of detail in Section7. Fi-
nally in Section9 wedraw conclusions.

2 An operator encoding the �o w align-
ment

Any clusteringalgorithmrelieson a initially givencouplingof ob-
jectsto be clustered[Jain et al. 1999]. Our goal is to cluster�o w
�elds, with this in mind we �rst de�ne a local couplingon the�o w
domain. To this end,we denotea couplingto be strongif it is in
directionof the �o w �eld anda couplingperpendicularto the �o w
asweak.Let usconsiderastationary�o w �eld

v : 
 ! IRd

ona�o w domain
 � IRd . At �rst, werestrictourselvesto thecase
of a two-dimensional�at domain(d = 2) or a three-dimensional
volume (d = 3). Later we will generalizeour approachto �o w
�elds oncurvedsurfaces,in Sec.6.3.

We encodeour local couplingin a local couplingtensor. Let us
supposethatv 6= 0 on 
 . Then,at eachpoint x 2 
 , thereexistsa
rotationB (v(x)) generatinga coordinatetransformwith B (v)v =
kvke0 , wheref ei gi =1 ; ��� ;d is thestandardbasisin IRd . Now, taking
into accountthis coordinatetransform,we de�ne a local coupling
tensor

a(v) = B (v)T
�

� (kvk)
� Idd� 1

�
B (v)

Figure1: Springmodelof local couplingtensor. Thethick springs
in the two magni�ed areasindicatelarger stiffness,hencestrong
coupling in thesedirections, comparedto the thinner (weaker)
springs.

where� : IR+ ! IR+ representsthe strongcouplingin �o w di-
rection,i. e. alongstreamlines,andId d� 1 is the identity matrix in
dimensiond � 1. Thus,in any directionperpendicularto v weonly
have a couplingwith weight � which is supposedto be small. A
goodchoicefor the function � (�) is a monotonefunction � with
� (0) = � andlim s!1 � (s) = �� for someconstant�� > 1. Note
that this approachis usefulevenwhenthemagnitudeof thevector
�eld spatiallyvariesover several orders. For �elds which exhibit
lessvariationin their vectormagnitudes,andfor normalized�elds,
we usethesimpleform � (s) = s + � , with � = 0:001. A similar
couplingtensorwasusedin theanisotropicdiffusionfor �o w visu-
alization[Diewaldetal. 2000],wherethetensorinducedadiffusive
growth of �o w alignedpatterns.

Wenow de�ne adifferentialoperatorA on thedomain
 , which
encodesananisotropicstiffnessdescribedby thepointwisede�ned
tensora on 
 . For any functionu 2 C2(
) weset

A u := � div(a(v)r u) :

The interpretationof this operatoris asfollows: The �o w domain
is consideredto be locally stiff in the �o w directionandlessstiff
in theperpendiculardirection.This canbedepictedusinga simple
spring model (cf. Fig. 1). Springsare stiff if they couplenodes
alonga streamlineandweak if the spring is perpendicularto the
�o w. Alternatively, we candescribethe role of A in termsof
diffusion. To this endwe considerananisotropicdiffusionprocess
which is controlledby a diffusionoperatorA with strongdiffusion
in directionof the�o w �eld.

With the operatorA at hand,we now canask for a multiscale
representationof it which rangesfrom �ne to coarseresolutions.
Fortunatly, thereis a well-developedmathematicaltheoryfor such
a multiscalerepresentation.In the following, we will discretizeA
via piecewiselinear�nite elementson a giventriangular(in 2D) or
tetrahedral(in 3D) meshcoveringthe�o w domainandthenapplya
suitablealgebraicmultigridmethodtocomputesuccessivelycoarser
representationsof the discrete�ne grid operator. Finally, we will
derive a multiscaledomaindecompositionfrom this multiscaleof
discreteoperators.Theresultingdomaindecompositionis our �nal
clusteringresult. To motivatethe later discussion,we next review
thebasicsof algebraicmultigrid.

3 A brief review of AMG

Herewegiveanoverview of thebasicaspectsof thealgebraicmulti-
grid algorithm(AMG) andtheheuristicswhich led to its develop-
ment. We refer to [Trottenberg et al. 2001] for a detailedintroduc-
tion to AMG. Algebraicmultigrid methodswere�rst introducedin
the early 1980's [Brandt 1983; Brandt 1986; Brandt et al. 1982;
Brandtet al. 1984;RugeandStüben1985] for thesolutionof dis-
cretelinear systemsAU = F of equationscomingfrom the dis-
cretizationof a linear differentialequationA u = f on a domain



Figure2: GeneralAMG construction.Fromthe�ne scalematrixA 0

input,AMG computesprolongationsP l , restrictionsR l , andcoarse
scalematricesA l onsuccessively coarserscalesl = 1; � � � ; L .

Figure3: De�nition of coarsematrixA l , illustratingmatrix sizes.


 with suitableboundaryconditions. HereU is supposedto be a
�nite elementapproximationof the continuoussolution u and A
the �nite elementstiffnessmatrix correspondingto A . Finally, F
is the correspondingdiscreteright handside. The developmentof
AMG wasledby theideato mimick classical(geometric)multigrid
methodsin applicationswherea hierarchy of nestedmeshesis ei-
thernot availableat all, or cannotre�ect particularpropertiessuch
asstrengthof diffusionof thediscretizedoperatorappropriatelyon
coarsegrid levels.Hence,oneis forcedto work with thematrixand
its algebraicstructure.AMG tries to coarsenthis matrix indepen-
dentlyfrom any underlying�ne grid discretization,yetmaintaining
optimalcomputationalcomplexity O(n), wheren is thenumberof
rows of theinitial matrix. AMG computesa sequenceof prolonga-
tion matricesP l whichencodeshow coarsescale(l ) basisfunctions
arecombinedusingthe basisfunctionson the �ner scale(l � 1).
This inducesa sequenceof correspondingmatricesA l , de�ned by
the so-calledGalerkin projection(cf. Fig. 3) A l := R l A l � 1P l ,
wherethe restrictionR l is given asthe transposeof the prolonga-
tion P l (R l := (P l )T ). The prolongation matricesf P l gl =1 ; ��� ;L

arecomputedusinginformationfrom the matrix A l � 1 on the pre-
viouslevel l � 1 only. Thesequenceof prolongationmatrix allows
for theconstructionof aproblem-dependentbasisf 	 l;i g. Weactu-
ally constructacoarserbasisf 	 l;i g whichcapturestheappropriate
featuresrelevantfor theapproximationof thecorrespondingcontin-
uousproblem,i.e. theunderlyingdifferentialoperator(cf. Section
4). Thetheoryandthedesignof ef�cient AMG packagesis rather
involved. Nevertheless,our �o w clusteringrequiresjust the basic
AMG capabilities;i.e., we performno speci�c tuningof AMG for
�o w clustering.OnecoulduseseveralAMG packagesavailableon
the web (e.g. underwww.mgnet.org) in a black-boxmanner;i.e.,
feedthe�ne grid matrixA to any AMG andreadtheproducedma-
tricesP l andA l .

The generalAMG procedureis sketchedin Fig. 2 and Fig. 3.
Thefundamentalingredientin this AMG constructionis thenotion
of algebraic smoothness. Using sucha smoothnessmeasure,we
cansetupareducedmatrixgraphfrom whichwecanthen“merge”
�ne level basisfunctions	 l � 1;i on level l � 1 appropriatelyto de-
�ne the coarsebasisf 	 l;i g on level l . This merging is actually
encodedin the columnsof the prolongation matrix P l . Common
to nowadaysalgebraicsmoothnesscriteria[RugeandStüben1985;

Brezinaet al. 2000;Chartier2002]is thegeneralobservationthata
simplerelaxationscheme– mostoftenGauss–Seidelsmoothingis
usedin AMG – will ef�ciently dampcomponentsin thedirectionof
eigenvectorsassociatedwith large eigenvalues. Consequently, the
coarsebasisfunctionsarechosensuchthat they dealwith the re-
mainingcomponentsof an eigenvectordecomposition.Given the
anisotropicdiffusion tensora of Sec.4, AMG joins �o w-aligned
basisfunctionsautomaticallyin the constructionof coarserbasis
functions.For furtherdetailson thespeci�c AMG implementation
weused,we referto [Grauschopfetal. 1997;Griebeletal. 2003].

4 A matrix encoding the �o w structure

Basedon our local tensora(v), which encodesthe �o w-aligned
coupling,we have de�ned the differentialoperatorA which glob-
ally representsthe�o w structurein termsof thelocal couplingson

 . We considernow a discretizationwhich follows thegeneral�-
nite elementparadigm. Let Vh be the spaceof piecewise linear
�nite elementscorrespondingto a triangulationof 
 with nodes
(X i ) i =1 ; ��� ;n . Thepiecewise linearbasisf � i gi =1 ; ��� n of hat func-
tionsis uniquelyde�ned by theproperty� i (X j ) = � ij for all ver-
ticesX j , where� ij is theKronecker symbol. In thefollowing, we
usecapitallettersfor discreteobjectsto distinguishthemfrom con-
tinuousobjectsdenotedwith lower caseletters. We computethe
n � n �nite elementstiffnessmatrixA = (A ij ) ij where

A ij :=
Z



a(v) r � i � r � j dx:

This matrix describestheweightedcouplingof adjacenttriangula-
tion nodesonthediscretedomainusingthelocalcouplingtensora.
This matrix is obviously sparse.We expecta non-vanishingentry
A ij if andonly if thenodei hasanedgeto thenodej .

Theassemblyof A usesthestandard�nite elementassemblypro-
cedure.In caseof a2D �o w domainde�ned ona trianglemesh,we
startby initializing A = 0, followedby a traversalof all triangles
T . On eachtriangleT with nodesP 0 ; P 1 ; P 2 , we computea local
matrix (A loc

ij (T )) ij , correspondingto all pairingsof localnodalba-
sis functions.This local matrix is next addedto thecorresponding
locationsin the global matrix A, i. e. for every pair i; j we up-
dateA � ( i ) ;� ( j ) = A � ( i ) ;� ( j ) + A loc

ij (T ). Here� (i ) is de�ned as
the global index of the nodewith local index i . For the local ma-
trix, we de�ne the local couplingtensora for every triangleT as
a = a(v(CT )) , whereCT denotesthebarycenterof thetriangleT .
Weobtainfor thelocalmatrix:

aij (T ) = a(v(CT )) r T � i � r T � j jT j

wherejT j is theareaof T . Giventhesparsityof A, we usea com-
pressedrow matrix storagemodel, i.e., we storeonly the nonzero
entriesandtheircolumnindicesfor everymatrix row. In caseof 3D
tetrahedralmeshes,we proceedin a completelyanalogousfashion.
Similar assemblyprocedurescanbe devised for 2D quadmeshes
and3D hexahedralmeshes,or even mixed elementmeshes,if de-
sired. The assemblytimesareshow in Table1 for varioussample
meshes.

5 Multiscale decomposition

Thematrix A de�ned in Sec.4 canbeseenasa descriptionof the
structureof a �o w �eld v. In particular, �o w alignmentis encoded
in thismatrix. Thematrixsimultaneouslyrepresentsdominant�o w
patternsaswell assuccessively �ner, moredetailed�o w structures.
At this point, we requirea tool which is capableto represent�o w
patternsin a hierarchicalmultiscalefashion.We computethis mul-
tiscaleusingthe AMG methodof Section3. AMG deliversa set
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Figure4: Color-codedcouplingstrength(zoomedin). Three�nest
levels(left to right) areshown for the�elds v1 = (� 1; 1) (top row)
andv2 = (1; 1) (bottomrow). The white arrows show the �eld
direction.

of descriptionsof the �o w-inducedcoupling in termsof matrices
A l for l = 0; � � � L , ranging from detailed(A 0 = A) to very
coarse(AL ). Let us now illustrate how AMG works using two
simpleexamples. Considerthe �o w �elds v1(x) = (� 1; 1) and
v2(x) = (1; 1) on the squaredomain
 = [� 1;1]2 � IR2 . This
impliesacouplingtensors

a = B T
� p

2 + 0:001 0
0 0:001

�
B ;

whereB is a rotationof � 45 degrees,respectively. We thencon-
sider the correspondingdifferential operatorA = div(ar� ) and
apply the AMG methodto the matrix which resultsfrom the dis-
cretizationof A ona regulartriangulation.

Figure4 showsthecouplingstrengthsencodedin thematricesA l

for the�rst three�nest levels l = 0; 1; 2, for the�elds v1 = (1; 1)
andv2 = (� 1; 1), usingablue-to-redcolormap.Here,anedgerep-
resentsa (nonzero)matrix entry. For thesame�elds, Fig. 5 shows
selectedbasisfunctionson the four coarsestdecompositionlevels.
Thesparsityof the�nest level (Fig. 4 a,d)correspondsto themesh
connectivity; in this case,a regular triangularmesh. The coarse
matrices(Fig. 4 b,c,e,f)aresparse,too. In general,however, their
sparsitypatterndoesnot correspondto edgesof a coarsened�nite
elementgrid. Indeed,the lines in Figs. 4 b,c,e,f,which indicate
coarsematrix entries,do not correspondto edgesin theinitial grid.
Furthermore,we seethat the couplingstrengthsdiffer for the two
�elds v1 andv2 , (Fig. 4 a-cvsFig. 4 d-f). This is dueto therelative
orientationof the�eld v to themeshelements.The�eld v1 is per-
fectly alignedwith the meshstructure,whereasthereareno mesh
edgesin the directionof the �eld v2 . However, in both caseswe
seethat the strongcouplings(red lines) matchthe directionof the
�eld. Moreover, thegeometryof thesupportsof thebasisfunctions
nicely matchesthedirectionof the�eld in bothcases(Fig. 5). This
canalsobeobserved in Fig. 13 c whereseveralbasisfunctionsfor
themorecomplex �o w shown in Fig. 8 aredepicted.

Let us now explicitly derive the multiscaleof basisfunctions
from the sequenceof prolongation matrices. Whenwe apply the
AMG algorithmof Section3 to thematrixA 2 IRn;n introducedin
theprevioussection,weobtainasequenceof prolongationmatrices

P l 2 IRn l � 1 ;n l :

asoutput,wheren l for l = 0; � � � ; L arethedecreasingnumbersof
remainingunknownsandn0 = n. Theentriesin eachcolumni =

a) b) c) d)

d) e) f) g)

Figure5: Selectedbasisfunctions,on the four coarsestlevels, for
the�elds v1 = (� 1; 1) (top row) andv2 = (1; 1) (bottomrow)

1; � � � ; n l of P l give the coef�cients of the linear combinationof
the�ner basisfunctions	 l � 1;j for j = 1; � � � ; n l � 1 corresponsing
to the coarserbasisfunction 	 l;i on level l . In otherwords,each
matrixA l deliveredby theAMG, startingwith theinitial, �nest one
A0 = A down to thecoarsestoneA L , approximatesthe �ne grid
operatorusingthe(matrix-dependent)basisf 	 l;i gi =1 ; ��� ;n l :

A l
ij = A	 l;i � 	 l;j =

Z



a(v)r 	 l;i � r 	 l;j ;

where	 l;i is the nodalvectorcorrespondingto the function 	 l;i ,
i. e. 	 l;i =

P
j =1 ; ��� ;n (	 l;i ) j � j where� j denotestheinitial basis

functions.
Hence,thefollowing simplerecursive recipecanbeusedto cal-

culatethemultiscaleof basisfunctions	 l;i (cf. Fig. 5):

	 l;i :=
X

j =1 ; ��� ;n l � 1

P l
j i 	

l � 1;j 8i = 1; � � � n; l = 1; � � � L

	 0;i := � i 8i 1 ; � � � n

Thegeometryof thesupportsof thebasisfunctionsclearlyshows
thestrengthof thelocal coupling(compareFig. 5 with Fig. 4). The
AMG methodclustersverticesalonga streamlinealreadyon a �ne
scale,sincethey arestronglycoupled. Verticesnot alignedto the
�o w areclusteredon coarserscales,sincetheir couplingarerela-
tively weaker.

As usualwith �nite elements,thesupportsof basisfunctionsona
givenscaleareoverlapping.Hence,we needto derive a multiscale
of domaindecompositionsfrom thesetof basisfunctionsto parti-
tion thedomaininto disjointclusters.Suchadomaindecomposition

D l := fD l;i gi =1 ; ��� ;n l

caneasilybede�ned for every l = 0; � � � L asfollows (cf. Fig.6):

D l;i := f x 2 
 j 	 l;i (x) � 	 l;j (x) 8j = 1; � � � ; n l g

In otherwords,adomainD l;i onlevel l is thesetof pointswherethe
basis	 l;i is maximalon thatlevel. Figure6 shows thedomains,on
thefour coarsestlevels from left to right, for thetwo sample�elds
v1 andv2 discussedabove. Here,we visualizethedomainsusinga
simplecoloringschemewhichassignsdifferentcolors,pickedfrom
asmallprescribedcolor set,to neighboringdomains.

Severalobservationscanbemade.First, thedomainson differ-
ent scalesneednot be strictly spatiallynested(the supportsof the
shapefunctionsare,but the decompositionarisingfrom the maxi-
mal propertyis not). However, thedomainsshow a clearalignment
to the �o w �eld. All domainson a given level l have comparable
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Figure6: Domaindecomposition,four coarsestlevels, for the two
�elds in Figs.5 and4

sizesandthe averagedomainsize is reducedby a factor, roughly
equalto 2, from level l to level l + 1. Thesepropertiesareinherited
from thebottom-upcoarseningschemeusedby theAMG method.
Furthermore,we seethat the AMG clusteringof the sample�eld
v1 = (� 1; 1) (Fig. 6 a-d)is perfectlyalignedwith the�eld (cf. the
basisfunctionsin Fig. 5 a-d). However, the clusteringof the �eld
v2 = (1; 1), althoughverysimilar, is lessregular((Fig. 6 e-h).This
is theunavoidableimpactof theunderlyingoperatordiscretization
(mesh),asalreadyexplainedabove for the basisfunctions. Since
v2 is essentiallyperpendicularto the initial meshlines, this sim-
ple test�eld alreadygivestheworst-casescenario.Note,however,
that even in this case,the constructeddomainsarestill very much
alignedwith the �eld. Figure7 demonstratesthis for a 2D circu-

Figure7: Circular�eld, levelsC, C � 2, C � 4 (C=coarsest)

lar �eld. Finally, we notethat the supportsof the basisfunctions,
respectively the induceddomainson a given level, do not have ex-
actly thesamesize(area).This is dueto thefact thatAMG cannot
evaluate(integrate)themassof thebasisfunctions. Indeed,AMG
doesnotemploy any geometricnodalinformation,but only amatrix
of couplingstrengths.As we shall seein Sec.6, theserestrictions
causepracticallynoproblemswhenvisualizingreal-world datasets.

6 Applications

6.1 2D �o w �elds

We �rst illustrateour multiscaledecompositionusinga convective,
incompressible�o w �eld on a two-dimensionaldomain(Fig. 8).
Heatingfrom above and cooling from below result in convective
patterns.The�o w is modelledby theincompressibleNavier–Stokes
equationsusingtheBoussinesqapproximation.Figure8 showscon-
vective patternsof the resulting �o w at successively �ner levels
of detail. Besidesthe color-codeddomains,we alsovisualizethe
multiscaleby velocity-coloredcurved arrow icons (cf. [Teleaand
van Wijk 1999; Garcke et al. 2000]). For every domainD l;i , we
draw onesuchicon,usinga streamlinewhich is seededat thepoint

Figure8: Convective �o w decomposition,� vecoarsestlevels,from
top to bottom.Left: domains.Right: arrow iconscoloredby vector
magnitude

wherethe correspondingbasis	 l;i is maximal. By construction
(cf. Sec.5) this point is situatedinsidetherespective domainD l;i

independentof theshapeof thedomain.Otherchoicesfor theseed
point, or icon, arealsopossible.A secondexamplein 2D is given
in Fig. 9 where the decompositionof a magneto-hydrodynamics
(MHD) �o w datasetis depicted.

6.2 3D �o w �elds

Ourmethodworksidenticallyfor 3D (volumetric)vector�elds. The
only differenceis the useof tetrahedralmeshesinsteadof trian-
gular meshes.However, the direct visualizationof a color-coded
domaindecomposition,as in the 2D case,is not effective due to
the volumetricocclusion. Hence,we needto employ someextra
postprocessingsteps.For every domainD l;i on a givenlevel l , we
constructa closedtrianglemeshthat boundsD l;i . Next, we relax
(smooth)thesemeshesusinge.g. a Laplacian�lter or a windowed
sync�lter [Schroederet al. 1995]. As a result,themeshesbecome
slightly smaller, which allows us to betterseparatethemvisually.
Next, we implementaninteractive navigationschemein which do-
mainsD l;i canbemadehalf-transparendor completelytransparent
by a mouseclick. This allows theuserto interactively 'carve' into
the �o w volume to e.g. remove uninterestingareasand bringing
inner �o w structuresinto sight, seeFig. 10. Alternatively, we can
visualizethe �o w at a given level of detail usingthesamecolored
arrow glyphsas in the 2D case. Figure10 a-f,g-i shows the �rst
threecoarsestdecompositionlevelsof a 3D helix �o w andof a 3D
laminar �o w with v = (1; 1; 1) respectively. Here, we usedthe
interactive techniquesketchedabove to remove the outerdomains
and to exposethe inner �o w structure. The remainingsmoothed
domainsareshown in Fig. 10 a-cfor thehelix �o w andFig. 10 g-i
for the laminar�o w example(comparethe latter to the2D �eld in
Fig. 6). Figures10 d-f show thesamedomainsasFig. 10 a-c, this



Figure9: MHD �o w decomposition
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Figure10: Helix �o w, selecteddomains(a-c),half-transparentdo-
mainswith arrow icons(d-f). Diagonal�o w, selecteddomains(g-i).

time half transparentandwith thesamearrow icon techniqueasin
2D (Sec.6.1).Finally, weconsidertheincompressible�o w in awa-
ter basinwith two interior walls, aninlet (on theleft) andanoutlet
(on theright). Notethat this is thesame3D datasetasin [Diewald
et al. 2000]. Figure11 shows several multiscalelevels, visualized
with curvedarrow icons.Fromtheseimageswecanclearlyobserve
that our AMG based�o w clusteringschemeworks in 3D just as
well asit doesin 2D.

6.3 Flow �elds on surfaces

Sofar we consideredour AMG basedclusteringfor �o w �elds on
domainswhicharesubsetsof 2D and3D Euclideanspace.Wenow
extendourmethodto clustertangential�o w �elds onsurfaces,such
asweather-mapwind �elds over theEarth,�o w �elds onstreamsur-
faces,or vector�elds in differentialgeometry. To thisend,wehave
to generalizethedifferentialoperatorA . Let usconsidera smooth
manifoldM embeddedin IR3 . On M we cande�ne a gradientof
a smoothfunctionu asfollows: First we extendu to a neighbour-
hoodof M , thenwecomputetheEuclideangradientin IR3 . Finally,
we projectthis gradientontothetangentspaceTx M . Overall, this
procedureleadsto thede�nition

r M u := PTx M r IR 3 u ;

whereu is assumedto be alreadyextendedto IR3 andPTx M de-
notestheprojectionontothetangentspaceTx M . Furthermore,we
de�ne thedivergencedivM v for avector�eld v onthetangentbun-
dleasthedualoperatorof thegradientby

Z

M
divM v � dA := �

Z

M
v � r M � dA

for all smooth,compactlysupportedfunctions� on M . With these
operatorsathand,weobtaintheanalogueof thedifferentialoperator
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Figure11: Waterbasin,four coarsestlevels(a-d)

A onanEuclideandomain:

A u := � divM (Ar M u)

for C2 functionsu in M . Now, the �nite elementdiscretizationis
completelyanalogousto theabove Euclidiancase.In fact,we use
exactly thesamecodefor all our applications.We approximatethe
surfaceM by a triangulationM h andobtainthestiffnessmatrix

A ij :=
Z

M h

a(v) r � i � r � j dA ;

where� i , i = 1; � � � n, arethe piecewise linear nodalbasisfunc-
tionsof thetriangulationM h , asin Sec.4.

As an illustration, we give the multiscaledecompositionof the
averagewind stress�eld on thesurfaceof theEarthin Fig. 12 (the
datasetis taken from [van Wijk 2003]). The �o w texture in the
bottomrow wasproducedwith theIBFV methoddescribedin [van
Wijk 2003].

7 Local level of detail

Our multiscalemethodpresentedso far displaysa �o w �eld at a
user-selectedglobal level of detail. However, it is often advanta-
geousto employ a spatiallyvarying level of detail andallow for a
user-selectedfocuson certain�o w regions. We provide this in an
interactive, �e xible andintuitive way usingour multiscaledecom-
position,as follows: Figures13 a,b illustrate the procedurefor a
Benardincompressible2D �o w. First, we selecta point of interest
with a mouseclick. We next displaya scaleof domainsfD k ;p g
, rangingfrom �ne to coarselevels,which all containthe selected
point. Thesedomainsareshown in a nestedfashionwith different
colors(�nest domainis red,seecolormapin Fig. 13 a). A second
mouseclick selectsanareaof interest, i.e.,aparticulardomainD l;i

onalevel l from thisscale.A third click ononeof the�ner domains
Dm;j from thescalefD k ;p g choosesthelevel of detail m � l . Fi-
nally, wecoverthedomainD l;i with �o w iconscorrespondingto all
�ner domainsDm;j which intersectD l;i . Theresultof a four-fold
application(12 clicks) of this procedureis depictedin Figure13 b.
Here,we selectedthe four vorticesof the �o w domainfor display.
For betterorientation,we alsoshow all domainson the�nest level

a) b)

c) d)

click1 and 3

click 2

Figure13: Local level of detail.Selectionprocedure(a),resultafter
four selections(b). Selectedbasisfunctionson Boussinesqdataset
(c). ThreeselectionsonEarthdataset(d)

in thegraybackground.In Figure13c, weshow severalbasisfunc-
tionscorrespondingto domainsselectedby thisprocedure,thistime
for theBoussinesqdataset(Fig. 8). Finally, Figure13d showsthree
regionsof interestselectedwith 9 clicks for theEarthdataset,one
above Europeandtwo above Africa. A similar strategy canbeim-
plementedfor 3D datasetsin astraightforwardway.

8 Discussion

The presentedresultsclearly show that our approachto the multi-
scalerepresentationof the structureof a �o w �eld works robustly
andgenericallyfor 2D, curvedsurfaces,and3D applications.The
main ingredientsof thepresentedmethodaretheuseof a differen-
tial operatorA which encodesthe�o w �eld, andanAMG method
which computesa multiscaleof basisfunctionsbasedon a given
�ne level discretizationof A . Note that a singlesetof parameters
for ourmethodperformedwell for all considereddatasets.

Two aspectsof our multiscaleconstructionmustbeemphasized
again. First, our AMG-basedcoarseningworks purely bottom-up.
Clusteringdecisionstaken on a �ne level cannotbe reversedon a
higherlevel. Thesecondpoint is thatAMG operatesonmatrixdata
only. It hasno accessto geometricinformation, as explainedin
Sec.5. Thesetwo aspectsmay leadto coarselevels wherecluster
sizescan be unbalancedand vector �eld symmetriesmay not be
exactly captured.Theseissues,however, areencounteredin many
bottom-upclusteringmethods.If desired,they canbecorrectedin
an additionalpostprocessingphase. For instance,by rebalancing
theclustermassesvia anadditive andmultiplicative biasingof the
de�ning basisfunctions(Sec.5).

An importantfeatureof our methodis its speedand ability to
treatvery largedatsets.Table1 showsthetimeandmemoryneeded
for theassemblyof thecouplingmatrix andthetime neededby the
AMG to computethe multiscaleon a Pentium4 at 1.8 GHz with
1MB RAM running Linux for several 2D and 3D datasets.The
actualcomputationof thedomaindecomposition(Sec.5) involves



Figure12: Climatedatasetdecomposition,� ve coarsestlevels(left to right). Domains(top row) and�o w textureoverlaidwith curvedarrow
icons(bottomrow)

Dataset Dimension Assembly AMG AMG speed Matrix
(nodes) time time � secs/node (KB)

Laminar2D 200x200 0.81 1.49 37 4.9
Circle 100x100 0.30 0.32 32 1.2
Benard 256x256 1.01 2.41 36 8.1
MHD 256x256 1.00 2.40 36 8.1
Boussinesq 256x512 2.05 4.62 35 16.2
Earth 12844 0.40 0.37 29 1.6
Laminar3D 30x30x30 0.91 4.12 152 3.4
Helix 50x50x50 4.27 19.83 158 15.6
Waterbox 128x85x42 13.75 90.73 198 57.1

Table1: Algorithm timings

just the recursive multipicationof all prolongation matrices. This
is doneon-the-�y during the visualization,as the usernavigates
throughthemultiscale.Weseethattheruntimeof AMG pernodeis
roughly� ve timeslargerfor 3D datasetsthanfor 2D datasets.This
factoris exactly theratioof thesparsitiesof thecorrespondingcou-
pling matricesor, in otherwords,the ratio of thenumberof nodal
neighborsin 3D tetrahedraland2D triangularmeshesrespectively.
Therefore,theuseof 3D hexahedralmesheswouldonly increasethe
timeandmemoryrequirements,sincetheaveragenodeconnectivity
in suchmeshesis larger. Moreover, a comparisonof the resulting
decompositionsshowedthathexahedralmeshesdo no give any ad-
vantagewith respectto the quality of the decomposition.Finally,
we remarkthat practically all the effort is spentin computations
involving matrix-vectorproducts.Consequently, classicalspeedup
strategies,e.g. parallelizationand/orgraphicshardwareaccelera-
tion, canbedirectlyapplied.

9 Conc lusions

We have presenteda novel methodfor the multiscalerepresenta-
tion andvisualizationof vector�elds. Our methodis basedon an
encodingof the�o w �eld in a differentialoperator. Thediscretiza-
tion of thisoperator, essentiallyastiffnessmatrixwhichencodesthe
�o w, is transformedinto amultiscalerepresentationby thealgebraic
multigrid (AMG) method.We thenusetheassociatedmultiscaleof
basisfunctionsto decomposethe �o w domainin �o w-alignedre-

gions. Finally, this decompositioncanbevisualizede.g. by classi-
cal �o w icons.

The mostattractive aspectof our methodis probablyits gener-
ality: We are able to treat �o w �elds on 2D �at and 3D curved
surfacesand3D volumeswith thesamemethodusingthesameim-
plementationandparametersettings.

In the future,we will generalizeour approachto othertypesof
�o w operators,basedondifferentcouplingstrengthde�nitions (e.g.
usingvorticity), which will result in different�o w simpli�cations.
Furthermore,the multiscaleof basisfunctionsconstructedby the
AMG can be usedto designdifferent visualizationtechniquesas
well (cf. Fig. 13 c). Oneideais to usethemascolor and/ortrans-
parency informationin textureadvectionbasedmethods[vanWijk
2001;TeleaandvanWijk 2003]to producemultiscaletexturedan-
imationsof �o w �elds.
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