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Abstract

In this papemwe presenanovel multiscaleapproactior o w visual-
ization. We de ne alocal alignmenttensorthatencodes measure
for alignmentto the directionof agiven ow eld. Thistensorin-
ducesananisotropidifferentialoperatoonthe o w domain,which
is discretizedwith a standardnite elementtechnique.The entries
of the correspondingstiffnessmatrix representhe anisotropically
weightedcouplingsof adjacenhodesof thedomains meshing We
usean algebraicmultigrid algorithmto generatea hierarcly of de-
scriptionsfor the above couplingdata,rangingfrom ne to coarse
representationsf the initial nest coupling. This hierarcly com-
prisesa setof coarsegrid nodesamultiscaleof basisfunctionsand
their correspondingsupports. With the help of thesesupportswe
obtaina multilevel decompositiorof the o w structure Finally, we
usestandardstreamlindconsto visualizethis decompositioratary
userselectedevel of detail.

Themethodprovidesa singleframeawvork for vector eld decom-
positionindependenbn the domaindimensionor meshtype. Ap-
plicationsareshavn in 2D, for ow elds on curved surfaces,and
in 3D for volumetric ow elds.

1 Introduction

Nowadays,fastcomputinghardware and ef cient numericalalgo-
rithmsenablehighly detailedandlarge scienti ¢ simulationswvhich
deliver enormousamountsof data. Variousvisualizationstrateies
have beenproposedo represensuchdatain anintuitively under
standablevay. Thelargerandmorecomple the simulationresults
becomethe strongeris the needfor a suitablemultiscalevisual-
izationtechnique Simpli ed representationsf the data,which are
usefulto seethe globalpattern,canbe furthergraduallyre ned for
further insight. Moreover, differentviewers needdifferentrepre-
sentationsNumericalexpertsmight wantto seetheraw datain full
detail,technologicakxpertsmight wantto seecertainfeaturessuch
asvortices,whereasotherusersmay desirea simpli ed presenta-
tion.

Clustering,well-known from statistics,provides sucha multi-
scaleapproach Dataaregroupedin successiely larger setswhich
have astronginternalcorrelation.Many techniquesireavailablefor
scatterecdandscalardata,e.g. basedbn waveletor Fourieranalysis.
However, for vectordata,only few multiscalevisualizationrmethods
areavailable. Themostcommonvector eld simpli cation method
is still regular subsamplingwhich is well-known to producealias
effects. A secondclassof methodsattemptsto representhe vec-
tor eld by equally spacedstreamlineicons, wherethe spacingis
userprescribed.To this end,differentheuristicsfJobardandLefer
1997]andenegy minimizationstraggies[Turk 1991]areusedto
computetheicons' positions.
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Also different multiscaleclusteringapproachegor vector data

have beenproposed.Thesemethodsbuild a hierarchicalclustering
treeandvisualizethe clusterswith curved arrov icons. Heckel et
al. [Heckel etal. 1999] startfrom scatteregointswith vectordata.
Initially all pointsarecontainedn a singlecluster which is recur
sively splitin atop-davn manner At eachstep,the clusterwith the
strongestdiscrepang betweenstreamlineggeneratedy the origi-
nal eld andits approximatiorby the clusteris bisectedy aplane,
usingprincipal componenanalysis. This guaranteesorvex clus-
ters. However, accuratelyrepresentingeven moderatelycomple
elds with corvex clustersmayrequirealarge clustercount. Telea
andVanWijk [TeleaandvanWijk 1999]useabottom-upapproach.
Initially, eachdatapointis acluster Next, in eachmemging step,the
mostsimilar clustersare meged, usinga metric of the difference
in positionandorientationof thevectorsthatrepresentheclusters.
The clustershapesre constrainednly indirectly by adaptingthe
weightsof the varioustermsin the metric. However, this method
is sometimesensitve to this weighttuning,which leadsto clusters
thatarenotalignedwith the o w.

A separatelassof vector eld simpli cation methodss basedn
theexplicit detectionof the eld featuressuchassaddlessources,
sinks,andvortices. A multiscalesimpli cation is thenobtainedby
successiely removing pairsof critical pointsbasedon somerele-
vancemetric[Tricocheetal. 2001;Tricoche2002]. In [Ebling and
Scheuerman003], a differentapproachbasedon patternmatch-
ing usingClifford algebra-basedonvolution operationis proposed.
Vortex featuresare found by matchinga particular vortex: mask
agpinstthe ow eld. Similarapproachearepresentedby [Theisel
and Seidel2003] and [Bauer and Peikert 2002]. Here, the multi-
scaleis givenin ascale-spacéashionby the corvolution operators
size. Overall, suchmethodsare quite sensitve to the featuredef-
inition (‘what is a vortex?') andthe emplo/ed detectionprocess,
especiallyfor 3D elds.

Yet a differentapproactis given by [Polthier and Preuss2000]
Here,thevector eld is decomposethto a divergencefree, arota-
tion free, anda harmoniccomponent.Thesecomponentsrethen
separatelysimpli ed by detectingcritical pointswhich correspond
to the extremaof the considereccomponent. This methodavoids
someof theproblemsassociateavith thedetectiorof critical points
by standardopologicalmethods.However, no multiscaledecom-
positionis constructedA similar methodthatincorporatesnultiple
scalesszia componentltering hasbeenrecentlypresentedby [Tong
etal. 2003].

Finally, we mentionthe classof physics-based;ontinuousclus-
teringapproachesThesemethodssimulatea physicalprocesssuch
asanisotropicdiffusion [Diewald et al. 2000; Garcle et al. 2000],
appliedto aninitial ne-grained,noise-like signal. Theinitial clus-
ters,representednplicitly by the ne-grainednoise,arecoarsened
andalignedto the o w, which determineghe anisotroy of the op-
erator Thediffusiontime senesasa multiscaleparameter

Our approachemploys a similar idea,; i.e., we also construct
a multiscaledecompositiorvia an anisotropicdiffusion operator
However, the hierarcly of clustersis constructedin strictly al-
gebraicfashion. Given a ow domain, we de ne a particular
anisotropicdiffusion tensor basedon the direction of the ow.
Then, we discretizethe respectie anisotropicdifferential opera-
tor using nite elementson the ow mesh. This de nes strong
( o w-aligned)andweak( o w-orthogonalouplingsbetweermesh
neighborpoints. Thus,we obtaina nite elementstiffnessmatrix



encodingthe o w on the nest level. Next, we usethe algebraic
multigrid (AMG) method,a well-known techniquefor accelerat-
ing the solution of systemsof linear equations. The setupphase
of AMG computesa sequencef progressiely coarser(simpli ed)
stiffnessmatriceswhich approximatethe operatoras well aspos-
sible with a given numberof degreesof freedom. Togetherwith
eachsimpli ed matrix, the AMG deliversalsoa setof basisfunc-
tionswhich areassociatedvith the actualdegreesof freedom.The
coarseningroceduremplgy in AMG ensureshatthesebasisfunc-
tionsre ect the operatorencodectouplingandthatthe supportsof
the basisfunctionsare o w aligned. Finer level basisfunctionsre-
ect ner ow details.Coarsetevelscontainfewer basisfunctions,
which re ect the coarserscale o w patterns.At ary simpli cation
level, we de ne the domainof a basisfunction asthe subsef its
supportwherethis particularbasisfunctionis largerthanary other
basisfunction; i.e. whereit is the maximal basisfunction. This
yields a decompositiorof the initial ow domainin o w-aligned
disjointregions,at the desiredevel of detail. Finally, we visualize
thesedomainseitherby direct color codingor by usingcurved ar-
row icons,asin [TeleaandvanWijk 1999;Garcle etal. 2000]. Our
methodsharesits conceptualorigin with an AMG-basedmethod
for amultiscale feature-sensie editingtool for surfacegClarenz
etal. 2004],whereanisotropicoperatorencodegeometricsurface
smoothnessandthe resultingmultiscalefeature-basedurfacede-
compositions constructedhy AMG. We cantreat2D and3D vector
elds in afew second®r evenafew tensof a secondrespectiely,
dueto the high computationaperformancef the AMG method.

In summaryour methodsolvesthequestion’show avector eld
with n ow icons,for agivenn” notonly very effectively but also
very ef ciently .

The organizationof this paperis asfollows. We rst de ne the
diffusion operatorwhich describeghe coupling (Sec.2) between
neighboringmeshpoints. Next, we brie y review algebraicmulti-
grid methodsas a generaltool for coarseningof discretediffer-
ential operatorg(Sec.3). Section4 explainsthe discretizationof
our anisotropiaiffusionoperator The constructiorof theresulting
multiscaledecompositiorf the o w domainbasednthesequence
of AMG basisfunctionsis discussedn detailin Sec.5. Section6
presentyariousapplicationf the proposednethod.Furthermore,
we discussthe selectionof a local level of detailin Section7. Fi-
nally in Section9 we draw conclusions.

2 An operator encoding
ment

the o w align-

Any clusteringalgorithmrelieson ainitially givencouplingof ob-
jectsto be clusteredJain et al. 1999]. Our goalis to cluster ow
elds, with thisin mindwe rst de ne alocal couplingonthe ow
domain. To this end, we denotea couplingto be strongif it is in
directionof the ow eld anda couplingperpendiculato the o w
asweak.Let usconsidera stationaryow eld

v: | RY

ona ow domain IRY. At rst, werestrictoursehesto thecase
of a two-dimensionalat domain(d = 2) or a three-dimensional
volume(d = 3). Laterwe will generalizeour approachto ow
elds oncurvedsurfacesjn Sec.6.3.

We encodeour local couplingin alocal couplingtensor Let us
supposehatv 6 0on . Then,ateachpointx 2 ,thereexistsa
rotationB (v(x)) generatinga coordinateransformwith B (v)v =
kvkeo ,wheref e gi-1 . q isthestandardasisin IRY. Now, taking
into accountthis coordinatetransform,we de ne alocal coupling
tensor

(kvk)

a(v) = B(v)" B(v)
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Figurel: Springmodelof local couplingtensor Thethick springs
in the two magni ed areasindicatelarger stiffness,hencestrong
coupling in thesedirections, comparedto the thinner (wealer)
springs.

where : IR* | IR" representshe strongcouplingin ow di-
rection,i. e. alongstreamlinesandldy 1 is theidentity matrix in
dimensiond 1. Thus,in ary directionperpendiculato v we only
have a couplingwith weight which is supposedo be small. A
good choicefor the function () is a monotonefunction  with

(0) = andlimsn (s) = for someconstant > 1. Note
thatthis approachis usefuleven whenthe magnitudeof the vector
eld spatially variesover several orders. For elds which exhibit
lessvariationin their vectormagnitudesandfor normalized elds,
we usethesimpleform (s) = s+ ,with = 0:001L A similar
couplingtensorwasusedin the anisotropiadiffusionfor o w visu-
alization[Diewald etal. 2000],wherethetensorinducedadiffusive
growth of o w alignedpatterns.

We now de ne adifferentialoperatorA onthedomain , which
encodesn anisotropicstiffnessdescribedy the pointwisede ned
tensoraon . Forary functionu 2 C?() weset

Au:= div(a(v)r u):

The interpretationof this operatoris asfollows: The ow domain
is consideredo be locally stiff in the o w directionand lessstiff

in the perpendiculadirection. This canbe depictedusinga simple
springmodel (cf. Fig. 1). Springsare stiff if they couplenodes
along a streamlineand weakif the springis perpendiculato the
ow. Alternatively, we candescribethe role of A in termsof

diffusion. To this endwe consideran anisotropicdiffusion process
whichis controlledby a diffusionoperatorA with strongdiffusion

in directionof the ow eld.

With the operatorA at hand,we now canaskfor a multiscale
representatiorf it which rangesfrom ne to coarseresolutions.
Fortunatly thereis a well-developedmathematicatheoryfor such
a multiscalerepresentationin the following, we will discretizeA
via piecaviselinear nite elementnagiventriangular(in 2D) or
tetrahedra(in 3D) meshcoveringthe o w domainandthenapplya
suitablealgebraianultigrid methodto computesuccessiely coarser
representationsf the discrete ne grid operator Finally, we will
derive a multiscaledomaindecompositiorfrom this multiscaleof
discreteoperatorsTheresultingdomaindecompositions our nal
clusteringresult. To motivatethe later discussionwe next review
thebasicsof algebraiamultigrid.

3 A brief review of AMG

Herewegiveanoverview of thebasicaspect®f thealgebraianulti-
grid algorithm (AMG) andthe heuristicswhich led to its develop-
ment. We referto [Trottenbeg et al. 2001]for a detailedintroduc-
tion to AMG. Algebraicmultigrid methodswere rst introducedn
the early 1980% [Brandt 1983; Brandt 1986; Brandtet al. 1982;
Brandtet al. 1984; Rugeand Stlilben1985]for the solutionof dis-
cretelinear systemsAU = F of equationscoming from the dis-
cretizationof a linear differentialequationAu = f onadomain
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Figure2: GeneraAMG constructionFromthe ne scalematrixA°
input, AMG computesprolongationsP ', restrictionsR', andcoarse
scalematricesA' on successiely coarserscaled = 1; L.
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Figure3: De nition of coarsematrix A', illustratingmatrix sizes.

with suitableboundaryconditions. Here U is supposedo be a
nite elementapproximationof the continuoussolutionu and A

the nite elementstiffnessmatrix correspondingo A. Finally, F
is the correspondingliscreteright handside. The developmentof
AMG wasled by theideato mimick classicalgeometricymultigrid
methodsin applicationswherea hierarcly of nestedmeshesds ei-
thernot availableat all, or cannotre ect particularpropertiessuch
asstrengthof diffusion of the discretizedbperatorappropriatelyon
coarsayrid levels. Hence poneis forcedto work with thematrixand
its algebraicstructure. AMG tries to coarserthis matrix indepen-
dentlyfrom ary underlying ne grid discretizationyetmaintaining
optimalcomputationatompleity O(n), wheren is the numberof
rows of theinitial matrix. AMG computesa sequencef prolong-
tion matricesP' whichencodesiow coarsescalg(l) basisfunctions
are combinedusingthe basisfunctionson the ner scale(l  1).
This inducesa sequencef correspondingnatricesA', de ned by
the so-calledGalerkin projection(cf. Fig. 3) A' := R'A' 1P,
wheretherestrictionR' is given asthe transposef the prolonga-
tion P' (R' := (P")T). The prolongation matricesf P'gj=1 . .
arecomputedusinginformationfrom the matrix A' * on the pre-
viouslevel| 1 only. Thesequencef prolongationmatrix allows
for the constructiorof a problem-dependemasist "' g. We actu-
ally construciacoarsebbasisf " gwhich capturesheappropriate
featuregelevantfor theapproximatiorof thecorrespondingontin-
uousproblem,i.e. the underlyingdifferentialoperator(cf. Section
4). Thetheoryandthe designof ef cient AMG packagess rather
involved. Neverthelesspur o w clusteringrequiresjust the basic
AMG capabilities;i.e., we performno speci ¢ tuning of AMG for
o w clustering.Onecoulduseseveral AMG packageswvailableon
the web (e.g. underwwwmgnet.og) in a black-boxmanner;i.e.,
feedthe ne grid matrix A to any AMG andreadthe producedna-
tricesP' andA'.

The general AMG procedureis sketchedin Fig. 2 and Fig. 3.
Thefundamentalngredientin this AMG constructioris thenotion
of algebraic smoothness Using sucha smoothnessneasurewe
cansetup areducedmnatrix graphfrom whichwe canthen“merge”

ne level basisfunctions ' ' onlevell 1 appropriatelyto de-
ne the coarsebasisf " g on level I. This meming is actually
encodedn the columnsof the prolongation matrix P'. Common
to novadaysalgebraicsmoothnessriteria[Rugeand Stiiben1985;

Brezinaetal. 2000;Chartier2002]is thegenerabbsenationthata
simplerelaxationscheme- mostoften Gauss—Seidedmoothingis
usedin AMG —will efciently dampcomponentén thedirectionof
eigervectorsassociatedvith large eigevalues. Consequentlythe
coarsebasisfunctionsare chosensuchthat they dealwith the re-
maining componentof an eigervectordecomposition.Given the
anisotropicdiffusion tensora of Sec.4, AMG joins o w-aligned
basisfunctionsautomaticallyin the constructionof coarserbasis
functions. For further detailson the speci c AMG implementation
we used we referto [Grauschopktal. 1997;Griebeletal. 2003].

4 A matrix encoding the o w structure

Basedon our local tensora(v), which encodeghe o w-aligned
coupling,we have de ned the differentialoperatorA which glob-
ally representshe o w structurein termsof thelocal couplingson
. We considemow a discretizatiorwhich follows the general -
nite elementparadigm. Let V}, be the spaceof piecavise linear

nite elementscorrespondingo a triangulationof ~ with nodes
(Xi)i=1: . Thepiecaviselinearbasisf igi-1: n of hatfunc-
tionsis uniquelyde ned by theproperty i(Xj) = j forall ver

ticesX;, where j is the Kronecler symbol. In the following, we
usecapitallettersfor discreteobjectsto distinguishthemfrom con-
tinuousobjectsdenotedwith lower caseletters. We computethe
n n nite elementstiffnessmatrixA = (Aj )j where
z
Aj = aw)r 'r ldx

This matrix describeghe weightedcoupling of adjacentriangula-
tion nodesonthediscretedomainusingthelocal couplingtensora.
This matrix is obviously sparse.We expecta non-vanishingentry
Aj if andonly if thenodei hasanedgeto thenode;j .

Theassemblyf A useghestandardnite elementassemblyro-
cedureln caseof a2D o w domainde ned onatrianglemeshwe
startby initializing A = 0, followed by a traversalof all triangles
T. OneachtriangleT with nodesP?; P*; P2, we computealocal
matrix (A" (T)) , correspondingo all pairingsof local nodalba-
sisfunctions. This local matrix is next addedto the corresponding
locationsin the global matrix A, i. e. for every pairi;j we up-
dateA iy gy = A (iy: () + AP°(T). Here (i) is de ned as
the globalindex of the nodewith local index i. For thelocal ma-
trix, we de ne the local couplingtensora for every triangleT as
a = a(v(Cr)), whereCr denoteghebarycentenf thetriangleT.
We obtainfor thelocal matrix:

a (T)y=a(w(Cr)rr i rv jjTj

wherejTj is theareaof T. Giventhe sparsityof A, we usea com-
pressedow matrix storagemodel,i.e., we storeonly the nonzero
entriesandtheir columnindicesfor every matrixrow. In caseof 3D
tetrahedramesheswe proceedn a completelyanalogougashion.
Similar assemblyproceduresan be devised for 2D quadmeshes
and 3D hexahedralmeshespr even mixed elementmeshesif de-
sired. The assemblytimesare shaw in Table1 for varioussample
meshes.

5 Multiscale decomposition

Thematrix A de ned in Sec.4 canbe seenasa descriptionof the
structureof a ow eld v. In particular o w alignmentis encoded
in this matrix. The matrix simultaneouslyepresentslominanto w
patternsaswell assuccessiely ner, moredetailed o w structures.
At this point, we requirea tool which is capableto represento w
patterngn ahierarchicaimultiscalefashion.We computethis mul-
tiscaleusingthe AMG methodof Section3. AMG deliversa set
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Figure4: Color-codedcouplingstrength(zoomedin). Three nest
levels(left to right) areshavn for the elds vi = ( 1; 1) (toprow)
andvy, = (1;1) (bottomrow). The white arrons shav the eld
direction.

of descriptionsof the o w-inducedcouplingin termsof matrices
A' for| = 0; L, rangingfrom detailed(A° = A) to very
coarse(At). Let us now illustrate hov AMG works using two

simple examples. Considerthe ow elds vi(x) = ( 1;1) and
v2(x) = (1;1) onthesquaredomain = [ 1;1> IR%. This
impliesa couplingtensors
P5. o
a=BT 2+0001 0 5.

0 0:001

whereB is arotationof 45 degrees,respectiely. We thencon-
sider the correspondinglifferential operatorA = div(ar ) and
apply the AMG methodto the matrix which resultsfrom the dis-
cretizationof A onaregulartriangulation.

Figure4 shavsthecouplingstrengthncodedn thematricesA'
for the rst three nest levelsl = 0; 1; 2, for the elds v, = (1;1)
andvz = ( 1; 1), usingablue-to-redcolormap.Here,anedgerep-
resentsa (nonzero)matrix entry For the same elds, Fig. 5 shavs
selectedasisfunctionson the four coarsestiecompositiorievels.
The sparsityof the nest level (Fig. 4 a,d)correspondso the mesh
connecwity; in this case,a regular triangularmesh. The coarse
matrices(Fig. 4 b,c,e,f)aresparsetoo. In general however, their
sparsitypatterndoesnot correspondo edgesof a coarsenednite
elementgrid. Indeed,the linesin Figs. 4 b,c,e,f, which indicate
coarsematrix entries,do not correspondo edgesn theinitial grid.
Furthermorewe seethat the coupling strengthdiffer for the two
elds vi andvg, (Fig. 4 a-cvsFig. 4 d-f). Thisis dueto therelative
orientationof the eld v to themeshelements.The eld v, is per
fectly alignedwith the meshstructure whereashereareno mesh
edgesin the directionof the eld v,. However, in both caseswe
seethatthe strongcouplings(red lines) matchthe directionof the
eld. Moreover, thegeometryof the supportf the basisfunctions
nicely matcheghedirectionof the eld in bothcasegFig. 5). This
canalsobeobseredin Fig. 13 ¢ whereseveral basisfunctionsfor
themorecomplex o w shawvn in Fig. 8 aredepicted.

Let us now explicitly derive the multiscale of basisfunctions
from the sequencef prolongation matrices. Whenwe apply the
AMG algorithmof Section3 to thematrix A 2 R™" introducedn
theprevioussectionwe obtaina sequencef prolongationmatrices

P'2 R" 1M

asoutput,wheren, forl = 0; ; L arethedecreasingiumbersof
remainingunknavnsandng = n. Theentriesin eachcolumni =

V. VAV
NN Y

d)

Figure5: Selectedbasisfunctions,on the four coarsestevels, for
the elds vi = ( 1;1) (toprow) andv, = (1;1) (bottomrow)

1; :n of P! give the coefcients of the linear combinationof
the ner basisfunctions ' *J forj = 1; ;N 1 corresponsing
to thecoarsel‘oasisfunction 5 onlevel l. In otherwords, each
matrixA' deliveredby the AMG, startingwith theinitial, nest one
A® = A down to thecoarsesbneA', approxmateshe ne grid
operatosingthe (matrix-dependentyasisf ™ gi=1; n,:

VA

A!J- AW T = ki i

av)r v r
where” 11 |'§thenodalvectorcorrespondmgo thefunction ",
b iz=1: (") ! where ! denotesheinitial basis

i.e. =
functions.
Hence thefollowing simplerecursve recipecanbe usedto cal-
culatethe multiscaleof basisfunctions "' (cf. Fig. 5):
X
Li — LU B 5]
b= P Y

=15 ng g

8i=1 n;l=1 L

o= 8i1; n

Thegeometryof thesupportof thebasisfunctionsclearlyshavs
the strengthof thelocal coupling(compareFig. 5 with Fig. 4). The
AMG methodclustersverticesalonga streamlinealreadyon a ne
scale,sincethey arestrongly coupled. Verticesnot alignedto the
o w areclusteredon coarserscales sincetheir couplingarerela-
tively wealer.

As usualwith nite elementsthesupportf basisfunctionsona
givenscaleareoverlapping.Hence we needto derive a multiscale
of domaindecompositiongrom the setof basisfunctionsto parti-
tionthedomaininto disjointclusters.Suchadomaindecomposition

D':=D" gz
caneasilybede ned for everyl = 0;
i)

In otherwords,adomainD" onlevell is thesetof pointswherethe
basis " is maximalonthatlevel. Figure6 shavsthedomainspn
the four coarsestevels from left to right, for the two sample elds
v1 andv; discussedbove. Here,we visualizethedomainsusinga
simplecoloringschemevhich assignglifferentcolors,pickedfrom
asmallprescribectolor set,to neighboringdomains.

Several obsenationscanbe made. First, the domainson differ-
entscalesneednot be strictly spatially nested(the supportsof the
shapefunctionsare, but the decompositiorarising from the maxi-
mal propertyis not). However, thedomainsshawv aclearalignment
to the ow eld. All domainson a given level | have comparable

L asfollows (cf. Fig.6):

D" := fx 2 "(x)8 =1, ;ng
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Figure6: Domaindecompositionfour coarsestevels, for the two
elds in Figs.5 and4

sizesandthe averagedomainsizeis reducedby a factor roughly
equalto 2, from levell tolevel | + 1. Thesepropertiesareinherited
from the bottom-upcoarseningschemeusedby the AMG method.
Furthermorewe seethatthe AMG clusteringof the sample eld

vi = ( 1;1) (Fig. 6 a-d)is perfectlyalignedwith the eld (cf. the
basisfunctionsin Fig. 5 a-d). However, the clusteringof the eld

Vo = (1;1), althoughvery similar, is lessregular((Fig. 6 e-h). This
is the unavoidableimpactof the underlyingoperatordiscretization
(mesh),as alreadyexplainedabove for the basisfunctions. Since
Vv, is essentiallyperpendiculato the initial meshlines, this sim-
pletest eld alreadygivestheworst-casescenario.Note, however,

thatevenin this case the constructedlomainsarestill very much
alignedwith the eld. Figure7 demonstratethis for a 2D circu-

Figure7: Circular eld, levelsC,C 2,C 4 (C=coarsest)

lar eld. Finally, we notethatthe supportsof the basisfunctions,
respectiely the induceddomainson a given level, do not have ex-
actly the samesize(area).This is dueto thefactthat AMG cannot
evaluate(integrate)the massof the basisfunctions. Indeed AMG
doesnotemploy arny geometricnodalinformation,but only a matrix
of couplingstrengths.As we shall seein Sec.6, theserestrictions

causepracticallyno problemswvhenvisualizingreal-world datasets.

6 Applications

6.1 2D ow elds

We rst illustrateour multiscaledecompositiorusinga corvective,
incompressibleow eld on a two-dimensionaldomain (Fig. 8).
Heatingfrom above and cooling from below resultin corvective
patternsThe o w is modelledby theincompressibl®avier—Stoles
equationaisingtheBoussines@pproximation Figure8 shavs con-
vective patternsof the resulting ow at successiely ner levels
of detail. Besidesthe colorcodeddomains,we alsovisualizethe
multiscaleby velocity-coloredcurved arrav icons (cf. [Teleaand
van Wijk 1999; Garcle et al. 2000]). For every domainD"' , we
draw onesuchicon, usinga streamlinewhich is seededt the point

Figure8: Corvectve o w decomposition, ve coarsestevels,from
top to bottom. Left: domains.Right: arron iconscoloredby vector
magnitude

wherethe correspondingbasis " is maximal. By construction
(cf. Sec.5) this pointis situatedinsidethe respectie domainD "
independenof the shapeof thedomain.Otherchoicesfor the seed
point, or icon, arealsopossible.A secondexamplein 2D is given
in Fig. 9 wherethe decompositionof a magneto-fidrodynamics
(MHD) o w datasets depicted.

6.2 3D ow elds

Ourmethodworksidenticallyfor 3D (volumetric)vector elds. The
only differenceis the use of tetrahedralimeshesnsteadof trian-
gular meshes.However, the direct visualizationof a color-coded
domaindecompositionasin the 2D case,is not effective dueto
the volumetric occlusion. Hence,we needto employ someextra
postprocessingteps.For every domainD" on agivenlevel |, we
constructa closedtriangle meshthat boundsD"' . Next, we relax
(smooth)thesemeshesisinge.g. a Laplacian Iter or awindowved
sync lter [Schroedeetal. 1995]. As aresult,the meshedbecome
slightly smaller which allows us to betterseparatehem visually.
Next, we implementaninteractive navigation schemen which do-
mainsD" canbemadehalf-transparendr completelytransparent
by a mouseclick. This allows the userto interactizely ‘carve' into
the ow volumeto e.g. remove uninterestingareasand bringing
inner o w structurednto sight, seeFig. 10. Alternatively, we can
visualizethe o w at a given level of detail usingthe samecolored
arrav glyphsasin the 2D case. Figure 10 a-f,g-i shavs the rst
threecoarsestiecompositiorevels of a 3D helix o w andof a3D
laminar ow with v = (1;1;1) respectiely. Here,we usedthe
interactive techniquesketchedabove to remove the outerdomains
andto exposethe inner o w structure. The remainingsmoothed
domainsareshavn in Fig. 10 a-cfor the helix ow andFig. 10 g-i
for thelaminar o w example(comparethe latterto the2D eld in
Fig. 6). Figures10 d-f shav the samedomainsasFig. 10 a-c, this



Figure9: MHD o w decomposition

a) b) <)

d) e) f)
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Figure10: Helix o w, selecteddomains(a-c), half-transparendo-
mainswith arrow icons(d-f). Diagonal o w, selectedlomaingg-i).

time half transparenandwith the samearrow icon techniqueasin

2D (Sec.6.1). Finally, we considettheincompressibleo w in awa-
ter basinwith two interior walls, aninlet (on the left) andan outlet
(ontheright). Notethatthisis the same3D datasetsin [Diewald
etal. 2000]. Figure11 shows several multiscalelevels, visualized
with curvedarrow icons. Fromthesemageswe canclearlyobsene
that our AMG based o w clusteringschemeworks in 3D just as
well asit doesin 2D.

6.3 Flow elds on surfaces

Sofar we considerecbur AMG basedclusteringfor ow elds on
domainswhich aresubset®f 2D and3D Euclideanspace We how
extendour methodto clustertangentialo w elds onsurfacessuch
asweathefmapwind elds overtheEarth, ow elds onstreamsur
facesor vector elds in differentialgeometry To this end,we have
to generalizeghe differentialoperatorA . Let usconsidera smooth
manifoldM embeddedn IR®. OnM we cande ne a gradientof
a smoothfunctionu asfollows: First we extendu to a neighbour
hoodof M , thenwe computetheEuclideargradientn IR®. Finally,
we projectthis gradientontothe tangentspacely M . Overall, this
procedurdeadsto the de nition

rmu:="~Prn,mrgau;

whereu is assumedo be alreadyextendedto IR® andPr, v de-
notesthe projectionontothetangentspacely M . Furthermorewe
de ne thedivergencedivy v for avector eld v onthetangenbun-
dle asthedualoperatorof thegradientby
z z
divm v dA = vry dA
M M

for all smooth,compactlysupportedunctions onM . With these
operatorathand we obtaintheanaloguef thedifferentialoperator
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Figurel1l: Waterbasin,four coarsestevels (a-d)

A onanEuclideandomain:

Au:= divm (Ar m u)

for C? functionsu in M . Now, the nite elementdiscretizationis

completelyanalogougo the above Euclidiancase.In fact, we use

exactly the samecodefor all our applications We approximatehe

surfaceM by atriangulationM , andobtainthe stiffnessmatrix
z

Aj = av)r

M h

Py o ga;

where ',i = 1; n, arethe piecavise linear nodalbasisfunc-
tionsof thetriangulationM 1, asin Sec.4.

As anillustration, we give the multiscaledecompositiorof the
averagewind stresseld onthesurfaceof the Earthin Fig. 12 (the
datasetis taken from [van Wijk 2003]). The ow texturein the
bottomrow wasproducedwith theIBFV methoddescribedn [van
Wijk 2003].

7 Local level of detail

Our multiscalemethodpresentedso far displaysa ow eld ata
userselectedglobal level of detail. However, it is often adwanta-
geousto emplgy a spatiallyvarying level of detailandallow for a
userselectedocuson certain o w regions. We provide this in an
interactize, e xible andintuitive way usingour multiscaledecom-
position, as follows: Figures13 a,billustrate the procedurefor a
Benardincompressibl@D o w. First, we selecta point of interest
with a mouseclick. We next display a scaleof domainsfD g
, rangingfrom ne to coarseevels, which all containthe selected
point. Thesedomainsareshawvn in a nestedfashionwith different
colors( nest domainis red, seecolormapin Fig. 13 a). A second
mouseclick selectaanareaofinterest i.e.,aparticulardomainD ki
onalevell fromthisscale.A third click ononeof the ner domains
D™ from thescalefD ¥ g chooseshelevel of detailm  |. Fi-
nally, wecoverthe_domainD“i with o w iconscorrespondingo all
ner domainsD™ whichintersectD" . Theresultof afour-fold
application(12 clicks) of this procedures depictedin Figure13b.
Here,we selectedhe four vorticesof the o w domainfor display
For betterorientation,we alsoshawv all domainson the nest level

click 2

clickl and 3

a) b)

c) d)

Figurel3: Locallevel of detail. Selectiorprocedurda), resultafter
four selectiongb). Selectedbasisfunctionson Boussinesglataset
(c). Threeselectionson Earthdatase{d)

in thegraybackgroundIn Figure13c, we show severalbasisfunc-
tionscorrespondingo domainsselectedy this procedurethistime
for theBoussinesglatase{Fig. 8). Finally, Figure13d shovsthree
regionsof interestselectedwith 9 clicks for the Earthdatasetpne
above Europeandtwo above Africa. A similar strateyy canbeim-
plementedor 3D datasets$n a straightforvardway.

8 Discussion

The presentedesultsclearly shav that our approachto the multi-
scalerepresentationf the structureof a ow eld works robustly
andgenericallyfor 2D, curved surfaces,and3D applications.The
mainingredientsf the presentednethodarethe useof a differen-
tial operatorA which encodeshe ow eld, andan AMG method
which computesa multiscaleof basisfunctionsbasedon a given
ne level discretizationof A. Note thata singlesetof parameters
for our methodperformedwell for all considerediatasets.

Two aspect®f our multiscaleconstructiormustbe emphasized
again. First, our AMG-basedcoarseningvorks purely bottom-up.
Clusteringdecisionstakenon a ne level cannotbe reversedon a
higherlevel. Thesecondoointis thatAMG operate®n matrix data
only. It hasno accesgo geometricinformation, as explainedin
Sec.5. Thesetwo aspectsnay leadto coarseevels wherecluster
sizescan be unbalancedand vector eld symmetriesmay not be
exactly captured.Theseissues however, are encounteredh mary
bottom-upclusteringmethods.If desiredthey canbe correctedn
an additional postprocessinghase. For instance,by rebalancing
the clustermassewia an additve and multiplicative biasingof the
de ning basisfunctions(Sec.5).

An importantfeatureof our methodis its speedand ability to
treatvery largedatsetsTable1 shavs thetime andmemoryneeded
for theassemblyof the couplingmatrix andthe time neededy the
AMG to computethe multiscaleon a Pentium4 at 1.8 GHz with
1MB RAM running Linux for several 2D and 3D datasets.The
actualcomputationof the domaindecompositior(Sec.5) involves



Figure12: Climatedatasetiecomposition, ve coarsestevels (left to right). Domains(top row) and o w texture overlaidwith curvedarrov

icons(bottomrow)
Dataset Dimension Assembly AMG  AMG speed Matrix
(nodes) time time secs/node  (KB)
Laminar2D 200x200 0.81 1.49 37 4.9
Circle 100x100 0.30 0.32 32 1.2
Benard 256x256 1.01 241 36 8.1
MHD 256x256 1.00 2.40 36 8.1
Boussinesq  256x512 2.05 4.62 35 16.2
Earth 12844 0.40 0.37 29 1.6
Laminar3D  30x30x30 0.91 4.12 152 34
Helix 50x50x50 4.27 19.83 158 15.6
Waterbox  128x85x42 13.75 90.73 198 57.1

Tablel: Algorithm timings

just the recursve multipication of all prolongation matrices. This
is doneon-the-y during the visualization,as the user navigates
throughthemultiscale We seethattheruntime of AMG pernodeis
roughly vetimeslargerfor 3D datasetshanfor 2D datasetsThis
factoris exactly theratio of the sparsitieof the correspondingou-
pling matricesor, in otherwords,theratio of the numberof nodal
neighborsn 3D tetrahedrahnd2D triangularmeshegespectiely.
Thereforetheuseof 3D hexahedrameshesvouldonly increasehe
timeandmemoryrequirementssincetheaveragenodeconnecwity
in suchmeshess larger Moreover, a comparisorof the resulting
decompositionshavedthathexahedraimeshesio no give ary ad-
vantagewith respectto the quality of the decomposition.Finally,
we remarkthat practically all the effort is spentin computations
involving matrix-vector products.Consequentlyclassicalspeedup
stratgjies, e.g. parallelizationand/orgraphicshardware accelera-
tion, canbedirectly applied.

9 Conclusions

We have presenteda novel methodfor the multiscalerepresenta-
tion andvisualizationof vector elds. Our methodis basedon an
encodingof the ow eld in adifferentialoperator The discretiza-
tion of thisoperatoressentiallya stiffnessmatrixwhichencodeshe
o w, istransformednto amultiscalerepresentatioby thealgebraic
multigrid (AMG) method.We thenusetheassociatednultiscaleof
basisfunctionsto decomposéhe ow domainin o w-alignedre-

gions. Finally, this decompositiorcanbe visualizede.g. by classi-
cal owicons.

The mostattractve aspectof our methodis probablyits gener
ality: We areableto treat ow elds on 2D at and 3D curwed
surfacesand3D volumeswith the samemethodusingthe sameim-
plementatiorandparametesettings.

In the future, we will generalizeour approacho othertypesof

o w operatorshasedn differentcouplingstrengthde nitions (e.g.
usingvorticity), which will resultin different o w simpli cations.
Furthermore the multiscaleof basisfunctionsconstructedy the
AMG canbe usedto designdifferentvisualizationtechniquesas
well (cf. Fig. 13 ¢). Oneideais to usethemascolor and/ortrans-
pareng informationin texture advectionbasednethodgvan Wijk
2001; TeleaandvanWijk 2003]to producemultiscaletexturedan-
imationsof ow elds.
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