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DIFFUSION MODELS AND THEIR ACCELERATED SOLUTION IN IMAGE AN D
SURFACE PROCESSING
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Abstract. During the last decade nonlinear anisotropic diffusion ei®tiave shown to be powerful methods not
only in image processing. Moreover these methodologiedeaadopted to other areas in computer vision. On the
level of the continuous model one can study the qualitatsfeets and properties whereas approved discretization
schemes are at hand for an efficient implementation. In gagiepwe discuss several anisotropic diffusion methods
and outline a novel technique for geometric surface pracgssvioreover we will show how the solution process
can be accelerated significantly by using texture hardwneodern graphics cards, making use of the much better
memory bandwidth and the built-in parallelism.
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1. Introduction. In the last decade PDE based models in the field of computienvis
and image analysis became very popular. Here we outline hesettechniques can be gen-
eralized to surface processing and visualization purpdsgshermore, we introduce a novel
concept for fast implementation of the underlying algorith

The nonlinear diffusion models as we know them today wereifiteoduced by a work
of Perona and Malik [24], who introduced a model that alloarsdenoising of images while
retaining and enhancing edges. Analysis of the Perona Maliflel showed its mathematical
ill-posedness [20, 34, 19], that drove the derivation of gulerized model by Catte et. al.
[7]. This still has the edge preserving property as long asrégularization parameter is
chosen appropriately. The so called scale space methodslater classified by a rigorous
axiomatic theory by Alvarez et. al. [2]. Recovering of londimensional structures was
analyzed by Weickert [32]. He considered an anisotropy deijng on the so called structure
tensor of images, that steers a nonlinear diffusion praegasg care of tangential and normal
directions on edges.

But the continuous diffusion models are not only limited ieage processing. In [25]
Preuf3er and Rumpf have adopted the nonlinear diffusiorsigalization of vector fields — a
fundamental topic in scientific visualization. Clarenze®ald and Rumpf picked up the idea
of nonlinear diffusion and incorporated anisotropic scefamoothing that retains edges on
surfaces and whose diffusion tensor depends on the shapatapef the evolving surface
[8]. Their methodology also enables visualization of vedields on surfaces [12]. All the
derived models profit from important properties from thegoral diffusion model in image
processing.

Finite element methods are widely spread to discretize tiderdying partial differential
equations. Their convergence properties were first stugyeldacur and Mikula [18]. We-
ickert [32] proposed additive operator splitting techrégased on finite difference schemes
to accelerate the solution process. Also multigrid methwie been considered in the past
[1]. They allow for a good convergence as long as the anipaioehavior of the diffusion
process is not too strong. The use of adaptive finite elentexstbeen discussed in [4, 26].
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Moreover parallel computing has been considered in e.g. [33

An alternative to the parallelization in conventional haade is the use of modern
graphics cards for computations. This has been extensigdipited in volume rendering
[9, 31, 15] and more recently in filter applications [13, 14he advantages are mainly the
very fast memory access and inherently parallel processimiata. In this paper we show
how the graphics processor unit may be even used for the noomplex task of solving lin-
ear systems of equations which arise in finite element scbentes finally allows the whole
application to run solely on the graphics board.

The paper is organized as follows: In section 2 we review greegal diffusion model in
image processing and show various applications and adapab computer vision in section
3. Here we revisit the model for visualization of vector feelsh Euclidean domains and on
surfaces. An anisotropic parametric surface processirdghand also a new geometric level
set method for geometric image smoothing will be presentedsection 4 we discretize
the diffusion models using finite elements. Finally we d&scthe hardware acceleration in
section 5.

2. Diffusion Models in Image Processing.To begin with, let us briefly review the
standard nonlinear diffusion model in image processingc@Vesider images as functions on
a given domaim) ¢ R having values inR™ with m € {1,2,3}. For gray value images
we clearly haven = 1, whereas the case = 2,3 corresponds to color images. Our image
domainQ c RY, d {2,3} corresonds to 2D images in the cake= 2 and to 3D images
that are widespread in medical applications in the e¢ase3. The basic nonlinear diffusion
problem then reads:

Find a functionp : Ry x Q — R™ which solves the parabolic problem

ip — div (A(Vp,)Vp) = £(p) in Q,
p(0,-) = po onoqQ, (2.2)
A(Vp,)Vp-v =0 onR™ x 0Q,

for given initial densitypp : Q — R™. Herep, = x, * p is a convolution of the current
density, which is necessary for the wellposedness of theegbarabolic, boundary and initial
value problem (cf. [7]). The functiofi(-) may serve as a penalty which forces the solution
to stay close to the initial image, e. g. by choosji{@) = v(po — p) where~ is a positive
constant. We regard the solutigif) as a famliy of images{p(t)}tmg, where the time
acts as a scale parameter. The parabolic equation can tresebes a filter which for each

t € R™ delivers a filtered versiop(t) of the original densityy.

So far we have not yet defined the nonlinear diffusion ten$@vp,) that steers the
evolution process. In the following sections we will definév p,-) in different ways, leading
to the desired models. Replacing the diffusion tensor ighidentity we would get the basic
heat equation model. Whereas settihg- G(||Vp,|), leads to the regularized Perona Malik
model with an edge indicator functiai : Ry — R™. We supposé&- to be a monotone
decreasing function chosen such that, . .. G(d) = 0 andG(0) = § whereg € R" is
constant, e. gG(d) = ﬁ , with A > 0. As already mentioned above the convolution
avoids the non-wellposedness of the model. A widespreatel®the convolution with a
Gaussian kernel [7], which corresponds to the solution efithat equation evaluated at a
corresponding short time. Figures 2.1 shows the applicaifca regularized Perona Malik
smoothing process in 2D.

In contrast to the nonlinear diffusion model presented saafether but purely mor-
phological model has become fundamental in image proagskiis based on simultaneous
evolution of all level sets\1© := {x € Q'p(t, ) = ¢} of animage by mean curvature motion
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FiG. 2.1. Different scale steps of the Perona Malik evolutiom obisy image are being shown. From left to
right the noisy image, respectively the scalesteps 3, 7 Gratd depicted.

(e 13)
|:|V 1
: p
Op — |Vp| dv —— =0. (2.2)
A 7

I. e. we consider the parabolic equation which is the levieVagant of 0,2 = — H(x) N (x),
where H(z) is the mean curvature anl(z) the normal to the levelset curve at a point
x. From differential geometry we know that for a distinct s M := M¢ this surface
propagation is equivalent to solving

Orx — Dpmx = 0,

whereAn denotes the Laplace Beltrami operator on a surf&tendz is the identity on
M.

3. Applications in Computer Vision. In this section we will study various applications
for which we apply the diffusion models. We will first discubg modification to anisotropic
diffusion in vector field visualization, and then carry otlee multiscale concept to surface
processing. After the extension of the anisotropic diffasio visualization of vector fields
on surfaces, we proceed to a new geometric level set method.

3.1. Vector Field Visualization on Euclidean Domains.The central goal in this area
of scientific visualization is to define methods that allowda intuitive reception and give an
overall as well as detailed view of the underlying flow fieldhelsimplest method of drawing
vector plots often leads to visual clutter, due to the défegrdocal scaling of the field within
the domain. Many other techniques have therefore beenedkrikor a detailed review of
related work we refer to [25, 8, 12].

We want to define a texture that represents the flow field glpbalthe spatial domain,
since single particle lines only very partially are capaiflduminating features of a complex
flow. Our method to be presented generates streamline literpa and in addition carries
the possibility to successively coarsen those patterns.b&ge our method on the cohen-
rence enhancing filters from [32] and furthermore pick uplitheintegral convolution (LIC)
approach as proposed by Cabral and Leedom [6] using thewabieer that the built in con-
volution along streamlines corresponds to solving the bgaation on the streamlines. The
desired coarsening will be steered by a Perona Malik tygesiin that acts in the orthogonal
direction. We consider Neumann boundary conditions asrbefio Section 2.

To be more precise, let : Q — R? be a given vector field, which we assume to be
continuous and non vanishing énh Clearly there exists a familiy of orthogonal mappings
B(z) : Q — SO(n) such thatB(z)v(z) = eo, where{e; }i=o,... 4—1 is the standard basis in
R?. Hence, we consider a diffusion tensbfv, Vp,,) depending on the vector fielddefined
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by
1

1
a(e@l) 0 ).

_ T
A(v,Vps) = B(z) 0 G(IVpo)da—1

Herea : R™ — R™ controls the linear diffusion in vector field direction, i.@ong stream-
lines, and the above introduced edge enhancing diffusiefficentG(-) acts in the orthog-
onal directions. In general, we choaséo be a constant function, but we may also select a
monotone function witl(0) > 0 andlim,, _ oo a(s) = amax. We could run the evolution
with any image density as initial datg, but to avoid aliasing artefacts, we choose a random
noise of appropriate frequency range as initial data. @L.ttie evolution, patterns will diffuse
along the streamlines, but there is still some diffusiorppadicular to the flow field. This
supplies us with coarser representations of the flow field@sd¢ale increases. Unfortunately,
if we run the evolution with a vanishing right hand siflethe contrast of the image density
will decrease, because of the linear diffusion along stfiees. Thus, we select a source term
f:[0,1] — R™ satisfying

f(O) =71 =0, f <00on(0,0.5), f>00n(0.5,1), 3.1)

that pushes values towards zero and 1, respectively. Welkmaximum principles ensure
that we do not enlarge the interval of gray values using fhisChoosingm € {2,3} in
the diffusion equation 2.1 provides additional asymptsti&tes of the process. We then
select the corresponding initial data randomly distridutéthin the cubd0, 1]™, interpret
the components gf as color-components and define the fofde work on the luminance of
p. Infigure 3.1 we have depicted a scale of vector field reptagens.

FiG. 3.1. From top left to bottom right four successive scajestef the anisotropic diffusion process are
depicted. The vector field visualized here results from a €6@putation, where a fluid flows from the inlet (black
circle) toward an outlet on the lower right corner.

3.2. A parametric surface processing modelIn this section we will review a first
anisotropic diffusion model on parametric surfaces. Thishod extends the edge enhancing
diffusion filters from [32] to surfaces. Other contributioto PDE based smoothing on/of
surfaces have been made by [21, 10, 11].

To guide the reader through the following sections, in T@&hlewe have collected all no-
tations used in the following. For the sake of simplicitydstassume our surfaces to be com-
pactly embedded manifolds R* without boundary. In case of noisy parametrized surfaces
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TM  Tangent bundle oM
T.M  Tangentspace oM inxz € M
g(-,")  Metricon M

S Shape operator

o Regularized shape operator

Sy Shape operator of a regularized image. In general we Baweé S°
ST.m  Shape operator acting on the tangent spacktdh » € M

N Normal of a surface respectively level set

N° Normal of a regularized surface respectively level set

DN Jacobian of the normal
TABLE 3.1
Notations concerning geometric anisotropic diffusion.

Mo with parameterizatiomy we can proceed in analogy to diffusion in image processing
and consider the corresponding anisotropic geometriaiéool problem. This method first
presented in [8] is able to preserve important features as@dges and corners on the sur-
face and allows tangential smoothing along an edge but rtbeidlirection perpendicular to
it. The core of the method is diffusion that depends on theslogperatorS, which indicates
edges and corners by sufficiently large eigenvalues.

Because the evaluation of the shape operator on a noisycsurigght be misleading
with respect to the original but unknown surface and its edge prefilter the current sur-
face M(t) by straightforward “geometric Gaussian” filtering. Henes& compute a shape
operatorSy 4 on the resulting prefiltered surfagel , (), wheres is the corresponding filter
width. Finally one obtains the following type of evolutiomblem:

8151‘ — diVM(t)(ngM vM(t)w) = f

Thereby, we define the diffusion tensef \, = a(S7, ) With respect to the orthonormal
basis of principal curvature directions @n,, by

1 L1
_ G(Y) 0

CLTXI\/I - 0 G(HZ’”) )

whereG is the already introduced edge indicator function. Thuusiion on the surface

is significantly reduced in directions of high principle eature, i. e. those perpendicular
to an egde. On the other hand, a larger diffusion coefficierthé edge direction enables
the tangential smoothing along the edge. The right hand Sioliethe considered evolution

problem can be choosen such that the volume enclosetthy preserved (cf. [8]) or one

can select a simple retrieving force which avoids large aeé&tions.

The evaluation of the shape operator will be based on arpirggtion of the triangular
grids of the discrete manifold as a graph over the tangenepla succeeding.? projection
of the graph onto the quadratic polynomials enables theahepproximate evaluation of
the shape operator, whose eigenvectors and eigenvaluegskvempfor the definition of the
diffusion tensor.

If we compare the new model with the anisotropic diffusiondeldin image processing
we see a strong analogy. The difference only consists inrteegretation of the operators
compared to the Euclidean case. Basically we have replagcelilEan differential operators
by their geometric counterparts. The anisotropy in the neangetric model depends on
regularized curvatures, which are based on second desgatvhereas the Euclidean model
considers a gradient based model. For a detailed descripgaefer the reader to [8].
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As an example, in figure 3.2 we see the evolution of a noisy ks surface under the
anisotropic geometric diffusion method.

Fi1G. 3.2. From left to right we have depicted four different scsteps of the anisotropic geometric evolution
of the venus head. The surface representation was obtajn@thber scan with additionally added noise.

3.3. Vector Field Visualization on Surfaces.In section 3.1 we have reviewed an
anisotropic diffusion model for visualization of vectorlfie on domains that are subsets of
the two- and three-dimensional Eucildean space. In whiaviislwe will briefly outline how
to carry over this concept to visualize vector fields on stefa The applications we show
here will focus on vector fields in differential geometrg, iprincipal directions of manifolds,
but the method is also applicable to results from meteoroédgomputations or flow fields
on stream surfaces. In analogy to the diffusion equatiohénEuclidean case, we now ask
for a solutionp : Ry x M — R of the parabolic equation

Orp — divm(AVmp) = f(p)

onRy x M for given initial datap(0, ) = po on.M. Here we supposé to be some positive
definite symmetric endomorphism @nM. To represent a vector field € 7 .M we letw,
for a non vanishing, be a vector orthogonal toin the sense of the metric, i.e(v, w) = 0,
and then define with respect to the bagisw} of 7, M the diffusion tensor as before in
the Euclidean case

Ay o
A, Vp,)= MY
@, Vo) 0 G(IVe.ll

For the right hand sid¢(-), we take the function defined by (3.1) in section 3.1 and again
assumepg to be a random noise, either scalar or vector valued, but mothe surfaceM.

As an example in figure 3.3 we have depicted the principattdoes of curvature of Costa’s
surface.

3.4. A Level Set Method for Geometric Image Smoothing.The parametric surface
processing model described in section 3.2 is a well suitgdogeh to edge preserving sur-
face smoothing. One disadvantage, however, is the depengen a parametrization of the
surface that makes it enourmously difficult to apply the rodtlo e.g. the isosurfaces of
medical data, where parametrizations of the isosurfacesi@rr known. A modification of
MCM was proposed by Sapiro [28] who considered so calledssedkes, which are steered
by a coefficient depends on the image gradient. Here we pradewel set approach which
in addition comes along with the feature that ellipsoidaélesets remain invariant under the
evolution [27].

As already described in section 3.2 an edge feature is dieaized by a small curvature
in tangential direction along the feature and a sufficielatlge curvature in the perpendicular
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FiG. 3.3. We depict the visualization of the pricipal direcBoaf curvature of Costa’'s surface using the
anisotropic diffusion method on surfaces.

direction in the tangent space. Let us assuthe< 2 to be the principal curvatures and
denote byw! andwv? the corresponding principal directions of curvature. Hewe consider
an anisotropic diffusion tensor depending on the shapeatpreextended t&R3: S := DN.
Thereby the diffusion tensor is supposed to significantlyrei@se the diffusion in the dom-
inant curvature direction?, whereas a fixed diffusion is prescribed in the subdominant
direction. This distinction will again be made via a functi@ applied to the principle curva-
turesk?!, 2.

Again the evaluation of the shape operatbon a level set of a noisy image might be
misleading with respect to the true but unknown level setbetiges. E. g. noise might be
identified as features. Thus we have to consider a regutemizand prefilter the current im-
agep(t, -), which leads to a regularized shape operatorEither we consider an appropriate
“morphological” filter which is a short time step of the lewsdt evolution by mean curva-
ture, or alternatively we base it on a least square apprdiomaf the true local level set in a
suitable finite dimensional space of smooth functions amdpzde the shape operator on the
corresponding level set. A third choice would be the contiotuof the imagep(¢, -) with a
Gaussian kernel (cf. [7]).

We end up with the following type of nonlinear parabolic pegh. Given an initial
3D imagepo on in Q, we ask for a scale of imagd®(t, -) }:=0 Which obey the anisotropic
geometric evolution equation:

1 1
Vp

d— IVplldiv A7) by =0 onR* x Q,
p(ov ) = PO() on Q?
A(S)Vp-v=0 onR™ x 0Q,

wherev is the outer normal t@Q. A(S?) is supposed to be a symmetric, positive definite,
linear endomorphism oR®, which cares about the preservation of edges and the tdagent
smoothing along edges. Thus we define

1 | |
G(kY)
A(s°) =BT L1 G(k%°) LBl

0

Here B, € SO(3) denotes the basis transformation from the regularizeddrafprincipal
directions of curvature and the norn{af’:“, v2“, N?} onto the canonical bas{g1, ez, e3}.
The underlying evolution turns out to be equivalent to thepaigation of the level sets
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ME(t) with speedf in normal directionV, i. e. 9,z = f N with
[ = wr(AS7)(Se — 5)) + (div A(S?)) (N7 — N),
because (using the abbreviatioh:= A(S57)) we have

div(a® N) = (div a®)N + tr(a® DN)
= (div a®)N° + (div a®)(N — N°) + tr(a®S)
= div(a®N?) — tr(a” DN°) + (div a®)(N — N°) + tr(a° S)
=0— tr(a®S,) + (div a”)(N — N?) + tr(a’S) .

Here we defineS, := DN?, whereN? is the normal of the regularized image. Clearly
S, coincides with the regularized shape oper&torf we evaluateS? on the level sets of a
globally prefiltered image. But evaluatirty separately for each point € Q on a locally
regularized level set surface leads in generdio# S,.

For noisy images we expett(A(S7)(S, — 5)) to be the dominant term in the propa-
gation speed, since in general foe Q

155 (2) = S@)|| > [N () — N7(z)].

This enables us to characterize the behavior of the anf@otlevel set method. It is mainly
driven by the difference of a regularized shape operatotlaattue shape operator weighted
by the anisotropic weights given by the diffusion tensor.rtkermore, we verify that the
propagation speed vanishes if the regularizatiofi, coincides with the originab, which
gives reason for the invariance property stated above.

In our model above we have made extensive use of a regulastzapke operator, on
which we base the computation of the anisotropic diffusiemsor. Whatever process we
apply to locally or globally regularize the image interesti we have to define a discrete
shape operator on level sets described by finite elementifunsc As long as we do not use
at least quadratic elements even a definition — without thopkf the consistency problem
— remains an open question [29]. Since typical image digatddns are based on trilinear
interpolation of pixel or voxel values, we consider the setcegularization variant, which
is based on a local? projection. Unfortunately this regularization defined e tsequel is
not guaranteed to be invariant under gray value transfoomst Nevertheless we expect the
corresponding regularized shape operator to depend &dseanly on the morphology of
the local image.

We base the local regularization on a least squares fit ohtlageép onto a subspace of
the polynomialsP,. To this end let us fix a point € Q and denote by the subspace of
P, that does not contain constant functions. It is not necgs¢earonsider constant functions
in Q since we can locally shift the imagesuch thatp(z) = 0. The localL? projection
M. .p € Q of the intensityp onto Q is then defined by the orthogonality

1]

(p—Nyop)g=0 Vge Q,
Bs (z)

whereB, (x) is a small neighborhood af. For the ease of presentation we wiiteinstead
of N, ,p for a fixedz € Q. Now we define the shape operay := DT_%which is
symmetric and therefore is charaterized by its real eigemed andx’?, j = 1,2 and the
eigenvector§ N7, v1-7 v27}. In general we havé,, # S°. For a more detailed description
of the model, the regularization and a discussion of the émgintation we refer to [27].



Diffusion Models and their Accelerated Solution in Compufesion Applications 9
In figure 3.4 we see the evolution of a noisy echocardioggdiataset and in figure 3.5

we have compared the new anisotropic level set method witeratell known techniques
(cf. [22, 17]).

-

FiG. 3.4. From left to right we depict a noisy echocardiographitata set of the left ventricle of the human
heart and three scale steps of the new anisotropic level estiioeh applied to that initial data.

FiG. 3.5. The results of the isotropic Perona Malik diffusioeft]l, anisotropic Perona Malik diffusion [32]
(middle) and mean curvature motion (right) applied to thesyalata set from figure 3.4 are shown. The new
geometric diffusion clearly retains most of the edges aedgwes the volume best.

4. Finite Element Discretization. In what follows, we discuss the discretization and
implementation of the nonlinear diffusion methods. We fattus on domains in 2D and 3D
Euclidean space and refer to [8, 12] for a detailed desoripif a discretization on manifolds.

Let us first look at the discretization of the anisotropiduifon. The variational formu-
lation of the diffusion problem 2.1 is obviously given by

(atpv 9) + (A(U7 VPU)VPa ve) = (fa 9),

for all § € C*(Q), where(.,.) denotes thd.? product on the domai®. We consider a
finite element discretization and a semi implicit backwardelE scheme in time. Here we
have restricted ourselves to regular grids in 2D and 3D geeeérby recursive subdivision.
On these grids we consider bilinear, respectively trilirfggite element spaces. Numerical
integration is based on the lumped masses pro@udf® [30] which approximates thé&?
product(-, -) in the variational formulation and a one point quadratutte far the bilinear
form (AV -,V -). The semi-implicit character of the scheme results in treduation of the
nonlinearity A(-) and the right hand side at the old time. So finally, we have teesa
system of linear equations in each timestep of the discretieigon. For the backward Euler
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discretization, we obtain
(M™ + 7L (A™)p"+t = M™p™ + T M™ f™.

Herep™ = (pI"); denotes the vector of nodal intensity values at tifhe= nr, wherer is
the selected timestep size. Furthermore, if we considefhteshaped” multilinear basis
functions®; and assumed” to represent the diffusion tensor with respect to the discre
intensity at timet™,

[ 5
M™ = (D;,9;)" ij and L"(A"):= ((Anqui’quj))ij

are the lumped mass matrix and stiffness matrix respegtit@hally, the components of the
right handsidef™ are evaluated byf™); = f(p).

In each timestep the computation of the prefiltered intgnsiictor p” is based on a
single implicit timestep of size?/2 for the corresponding discrete heat equation scheme
with respect to initial data™.

To discretize the anisotropic level set method, we regzatie variational formulation,
since in general we cannot guarantee ffiat # 0 (cf. [16]). Thereby, we work with the
variational formulation

L1 L1 1 L1

74 Vp
0 +  A(S? , =0 4.1
[Vpl|? + € ") IVpl|? + € @y

for e > 0 and for all test function8 € C'*>(Q) and proceed as described above.

In our implementation the regular grids are proceduraligripreted as quadtrees, respec-
tively octtrees. Finally no matrix is explicitly stored. &mecessary matrix multiplications in
the applied iterative solver are performed in successaesttaversals. Hierarchical BPX type
[5] preconditioning is used to accelerate the convergedtieeolinear solver. Furthermore
the code is prepared to incorporate spatial grid adapfifjigssible [26].

5. Hardware Accelerated Solvers.Numerical computations on graphics hardware are
only slightly different from those of a standard CPU. Gragttards also consist of a central
processor, the graphics processor unit (GPU), and menygigatly called texture memory.
The performance of nowadays standard CPUs and GPUs are @btgavhereas the texture
memory offers a significantly higher bandwidth than the nraemory of a computer. The
main difference in computing is that the commands to be érelcre not listed in the texture
memory, but still in the main memory of the PC, only the opédsaare in the texture memory.
For example to perform an addition the corresponding conshimsent to the GPU, which
then gets the operands from the texture memory, processesahd writes the result back
to the texture memory. We should think of the operands a®ldega blocks, e.g. entire
images, because only then the advantages of the graphats @am be fully exploited. For
the execution of the pixelwise addition of two entire imatiesGPU namely needs only very
few commands, the access to the operands is very fast, arap#ration is performed in
parallel on several components.

While using graphics hardware for computations there areitmportant issues which
we must pay attention to. First, the number formats supgddriethe GPU offer only the
rang€g0, 1], which is suitable for the representation of intensities.u8ually our computation
will require a bigger range, we have to encode are numben®oppately and perform any
operations compliantly to the encoding. Second, the réisolof numbers in the GPU offers
at most 12 bit per color component. Therefore the algorithoukl be designed with the
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intention of reducing the necessary interval of numbersabse any extension of it leads
through the encoding to a decrease in precision.

We will now consider the regularized Perona Malik model egxéd in section 2. In
section 4 we have seen that after appropriate discretizatigpace and time we have to solve
the following system of equationgM™ +7L"(p2))p"+t = M"p" +7M" f™ . If we rescale
the above equation to reference finite elements we obtain

) _

I+ = L(py) p"" = pl+ o hlp"

R A s R
An ptt= R

Now, let us consider a simple iterative solver, like the basolver
F(X)=DY(R—(A-D)X), D :=diag(4),

and think of the operations needed to implement it in graphardware. The GPU provides
operations for the compenentwise addition and multipleeas well as for the application of
one argument functiondX 1), but we cannot implement the matrix vector product straigh
forward. Instead we consider a splitting of operations amskove the following:
I I I R ~ 3
L) | = GUVADV®, Vo;
’ 1 -
G(IVrsDlE V®ale, VOs|e
El %?a%
G%Cﬁ—a )
E[E(a)

whereE(a) is the set of elements around the nede>} = G(||Vip()| is the copsfant
value of the diffusion coefficient on such an element ahd., := V&Ja|E, V55|E is a

constant depending only on the index off§et «, provided we deal with equidistant meshes.
Then applyingL(p}) to an arbitrary vectoX results in:

- (Y o —

Lemx = GhCs-aXs
« B E a
1
= B Cy Xa+y
E [E{x) Y

Here it is convenient to look upam andg3 as 2 or 3 dimensional multiindices, enumerating
the nodes of the 2 or 3 dimesional grid respectively. Thes g — « is the spatial offset
from node« to node. Hence the inner sum represents a weighted sum of neiglgourin
node values, where the weights, are independent of the local position This discrete
convolution with constant weights is directly supportedsbyne GPUs. If not available, one
can simulate it by adding shifted and weighted copieXoff-or the underlying quadtree or
octree and linear basis functioffs,, the index offsety satsifiegy| < d, if | - | indicates the
1-norm onR<, in other words the stencil of the convolution filter i8 &y 3 (by 3) matrix.
Finally the multiplication withG; is simply a componentwise multiplication with the vector
G" = (GY)E.

Consequently we list the operations required for the impletation of the Jacobi solver
and their counterparts in graphics hardware using the Ob&# [23]:
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operation OpenGL

componentwise linear combination blending function

componentwise multiplication blending function

componentwise function of one argument lookup table

convolution convolution extensiof]
TABLE 5.1

OpenGL functionality corresponding to vector operations.

The computations have been done on a SGI Onyx236MHz R10000, with Infinite-
Reality2 graphics. Unlike many others this graphics sysbéiers display modes with 12
bit per color component, which enhances the accuracy ofdleilations. Figure 5.1 shows
computations with graphics hardware applied to the sam&yrigiage as in figure 2.1. We
see that the precision used in the GPU is sufficient for tHedhdenoising pictures by non-
linear diffusion models. Certainly the images produced agdivare and software vary, but
the overall effect of the image seems very much the same forisual perception, which is
the decisive factor in this application.

FiG. 5.1. Nonlinear diffusion in graphics hardware (cf. figur&)2

Currently the performance of the graphics hardware on thex®@takes about 17sec for
100 iterations of the Jacobi solver #2662 images, which is still a bit slower than the software
solution. This rather long times are due to a totally unbegaperformance of the read/write
operations. As the graphics pipeline has been optimizedif§piaying images, the relatively
new extension of reading back images from the framebuffesdmt take full advantage of
the available memory bandwidth and thus cuts performance tagtor of at least 10. On
older graphics cards this might be a problem of the hardwasigd, but on newer cards
rather the drivers are responsible for this drop in perfaroea As the developers of graphics
hardware had not been confronted with this extensive nualarse of their hardware, while
there is a constant demand for other graphics features,ptimination of drivers for this
task has not taken place yet. But in near future there is a gbadce that the growing use
of the extensions in different areas of visualization anddmprocessing, will lead to fully
optimized drivers and an huge instant increase in perfoceahthis approach.

6. Conclusions. We have seen a wide range of applications for the nonlindiarsghn
models, ranging from denoising techniquess to vector fieddalization. In either case we
could experience the advantage of a multiscale of solutidnish allows to choose the appro-
priate coarsening scale for the application. Concerniagrtiplementation we have proposed
a software and a hardware solution. The software soluties higrarchical adaptivity and fast
solvers for optimal performance with minimum memory regaients, whereas the hardware
solution operates on equidistant meshes, but benefits fierhigher memory bandwidth of
the graphics hardware and its intrinsic parallelizatiors we have already mentioned, the
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hardware solution is very promising in terms of performarimé cannot fully unfold this
perfomance yet. But there is a very good chance that the ggouse of the already existing
extensions will lead to their optimization and will thus oeeme this drawback.

Acknowledgments. We would like to thank Stefan Turek for supplying the data de-

picted in figure 3.1 and Matthias Hopf for very helpful infaation on the graphics hardware
programming. We furthermore acknowledge TomTec Imagirgie3gs and C. Lamberti from
DEIS, University of Bologna, who provided the echocardaygrical data shown in figures
3.5and 3.4.

(1]
(2]

(3]
(4

(5]
(6]

(7]
(8]
El
[10]
[11]
[12]
(23]
[14]
[15]

[16]
[27]

(28]
[29]

[20]
[21]

[22]

[23]
[24]

[25]

REFERENCES

S. T. Acton. Multigrid anisotropic diffusionlEEE Transactions on Image Processiiig280-291, 1998.

L. Alvarez, F. Guichard, P. L. Lions, and J. M. Morel. Axis and fundamental equations of image processing.
Arch. Ration. Mech. Angl123(3):199-257, 1993.

L. Alvarez, P.-L. Lions, and J.-M. Morel. Image seleetismoothing and edge detection by nonlinear diffusion
Il. SIAM J. Numer. Anal29:845-866, 1992.

E. Bansch and K. Mikula. A coarsening finite elementtemg in image selective smoothinGomputing and
Visualization in Sciengel:53-63, 1997.

J. H. Bramble, J. E. Pasciak, and J. Xu. Parallel mukil@reconditionersMath. Comp, 55:1-22, 1990.

B. Cabral and L. Leedom. Imaging vector fields using lineegral convolution. In J. T. Kajiya, editor,
Computer Graphics (SIGGRAPH '93 Proceeding&lume 27, pages 263-272, Aug. 1993.

F. Catté, P.-L. Lions, J.-M. Morel, and T. Coll. Imagdesgtive smoothing and edge detection by nonlinear
diffusion. SIAM J. Numer. Anal29(1):182-193, 1992.

U. Clarenz, U. Diewald, and M. Rumpf. Nonlinear anis@imdiffusion in surface processing. Froc.
Visualization 2000pages 397-405, 2000.

T. Cullip and U. Neumann. Accelerating volume reconstian with 3d texture hardware. Technical Report
TR93-027, University of North Carolina, Chapel Hill N.C993.

K. Deckelnick and G. Dziuk. A fully discrete numericalleme for weighted mean curvature flow. Technical
Report 30, Mathematische Fakultat Freiburg, 2000.

M. Desbrun, M. Meyer, P. Schroder, and A. Barr. Imgli@iring of irregular meshes using diffusion and
curvature flow. InProc. SIGGRAPH '99Los Angeles, CA, Aug 199.

U. Diewald, T. PreuRBer, and M. Rumpf. Anisotropic d#fan in vector field visualization on euclidean
domains and surface3rans. Vis. and Comp. Graphic§(2):139-149, 2000.

T. Ertl and M. Hopf. Accelerating 3d convolution usingaghics hardware. IRroc. Visualization '99pages
471-474, 1999.

T. Ertl and M. Hopf. Hardware accelerated wavelet tfarmations. InSymposium on Visualization VisSym
'00, 2000.

T. Ertl and R. Westermann. Efficiently using graphicsdveare in volume rendering applicationSomputer
Graphics (SIGGRAPH '9832(4):169-179, 1998.

L. Evans and J. Spruck. Motion of level sets by mean dureal. J. Diff. Geom, 33(3):635-681, 1991.

A. Handlovicova, K. Mikula, and A. Sarti. Numerical stion of parabolic equations related to level set
formulation of mean curvature flolComputing and Visualization in Sciend&3):179-182, 1998.

J. Katur and K. Mikula. Solution of nonlinear diffusi@ppearing in image smoothing and edge detection.
Appl. Numer. Math.17 (1):47-59, 1995.

B. Kawohl and N. Kutev. Maximum and comparison prineigbr one-dimensional anisotropic diffusion.
Math. Ann, 311 (1):107-123, 1998.

S. Kichenassamy. The perona-malik parad®\M J. Appl. Math.57:1343-1372, 1997.

R. Kimmel. Intrinsic scale space for images on surfadése geodesic curvature flographical Models and
Image Processing9(5):365-372, 1997.

K. Mikula, A. Sarti, and C. Lamberti. Geometrical diffion in 3D-echocardiography. Proceedings of con-
tributed papers and posters, ALGORITMY '97 Conference éen8fic Computing, West Tatra Moun-
tains pages 167 — 181, 1997.

OpenGL Architectural Review Board (ARB), http://wwapengl.org/. OpenGL: graphics application pro-
gramming interface (APJ)1992.

P. Perona and J. Malik. Scale space and edge deteciimgarsisotropic diffusionlEEE Trans. Pattern Anal.
Mach. Intell, 12:629-639, 1990.

T. Preu3er and M. Rumpf. Anisotropic nonlinear diffusin flow visualization. IrfProceedings Visualization
1999 pages 325-332, 1999.



14

[26]
[27]
(28]
[29]

(30]
(31]

(32]
(33]

[34]

U. DIEWALD, T. PREUSSER, M. RUMPF AND R. STRZODKA

T. PreuBBer and M. Rumpf. An adaptive finite element metfur large scale image processindpurnal of
Visual Comm. and Image Repre$1:183-195, 2000.

T. PreuBer and M. Rumpf. A level set method for anisdtrajiffusion in 3D image processin&IAM J. Appl.
Math., submitted2000.

G. Sapiro. Vector (self) snakes: A geometric framewforicolor, texture, and multiscale image segmentation.
In Proc. IEEE International Conference on Image ProcessiraydanneSeptember 1996.

A. Schmidt. Computation of three dimensional dendritgth finite elements.Journal of Computational
Physics 125:293-312, 1996.

V. Thomee.Galerkin - Finite Element Methods for Parabolic Problen8pringer, 1984.

A. van Gelder, J. Wilhelms, and O. Wilson. Direct voluneadering via 3D textures. Technical Report UCSC
CRL 94-19, University of California, Santa Cruz, 1994.

J. Weickert.Anisotropic diffusion in image processingeubner, 1998.

J. Weickert, K. Zuiderveld, B. ter Haar Romeny, and Wed$ien. Parallel implementations of AOS schemes:
A fast way of nonlinear diffusion filtering. IProc. Fourth IEEE International Conference on Image
Processingvolume 3, pages 396-399, Santa Barbara, CA, Oct 1997.

Y.-L. You, W. Xu, A. Tannenbaum, and M. Kaveh. Behavbiaaalysis of anisotropic diffusion in image
processinglEEE Trans. Image Proc5:1539-1553, 1996.



