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Abstract

Thevisualizationof time-dependerflow is animportantandchal-
lengingtopicin scientificvisualization.Its aimis to representrans-
portphenomengovernedby time-dependentectorfieldsin anin-
tuitively understandablevay, usingimagesandanimations.Here
we pick up therecentlypresente@nisotropiadiffusionmethod ex-
pandandgeneralizdt to allow a multiscalevisualizationof long-
time, comple transportproblems. Insteadof streamlinetype pat-
ternsgeneratedy the original methodnow streaklinepatternsare
generatechnd adected. This processobeys a nonlineartransport
diffusionequatiorwith typically dominanttransport.Startingfrom
somenoisy initial image, the diffusion actually generatesinden-
hancespatternswhich are thentransportedn the direction of the
flow field. Simultaneouslythe imageis againsharpenedh the di-
rection orthogonalto the flow field. A carefuladjustmentof the
modek parameterss derivedto balancediffusionandtransportef-
fectsin a reasonablavay. Propertiesof the methodcan be dis-
cussedor the continuousmodel, which is solved by an efficient
upwindfinite elementdiscretization As characteristidor theclass
of multiscaleimageprocessingnethodswe canin advanceselect
asuitablescalefor representingheflow field.

Keywords: flow visualization multiscaleimageprocessingnon-
lineardiffusion, transportdiffusion, upwind method

1 Introduction

Time-dependeritow is still oneof the challengingtopicsconcern-
ing its efficient computationaswell asits effective visualization.
Thetypically differentlocal scalesn a singledatasetandthe fact
thatthe motionitself is relatedto anintegrationof the givenveloc-
ity field ratherthanto thefield itself hadstimulatedmary different
solutionstrateyies.

In the last decadevariousmethodsfor the visualizationof flow
fields andinterestingflow featureshave beenpresented.The spot
noise methodproposedby van Wijk [17] andits later extension
[5, 18] usesa blendingof mary spotlik e texture splatsalignedby
deformationto the velocity field in 2D or on surfacesin 3D. The
Line Integral Corvolution (LIC) approachof Cabraland Leedom
[4] integratesa white noisealongpatrticle lines makinguseof the
accompaying strongcorrelationof the resultingintensitiesalong
streamlines.This methodhasbeenextendedin variousdirections
[16, 6]. Othertexture basedmethodsarediscussedy Max et al.
[9], Max andBecler [8], Becker andRumpf[3]. Weinsteinet al.
[20] have presentec methodfor adwectiondiffusion basedpropa-
gationthroughtensorfields.

Most of the methodspresentedso far have in common thatthe
generationof a coarserscalerequiresa re-computation. Time-
dependentiow fields,whichwill beourmainfocushere have been
discussedn [15, 9, 3] andananimatedversionof LIC is given by
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ShenandKao [15]. For furtherreferencesve referto [13] andthe
bibliographygiventhere.

Here, we will extend previous work [13] on image process-
ing methodologyappliedto the visualizationof flow fields. This
methodwasbasedn the solutionof ananisotropiadiffusion prob-
lem with an anisotroy strongly alignedto the flow field. Diffu-
siontype methodsarepopularmethodsn imageprocessingndgo
backto theearlywork of PeronaandMalik [10]. Theoreticallythis
classof methodshasbeenstudiedby Alvarez,Guichard,Lionsand
Morel [1], Kawohl and Kutev [2], and others. Anisotropic diffu-
sionwasintroducedby Weickert [19]. Appropriatefinite element
discretizationandits convergencepropertieshave beenstudiedby
KaturandMikula [7].

Now, for time-dependerflow fieldswe generatea flow aligned
texture, which moves continuouslywith theflow. Especiallyin an
animation theunderlyingtransporwill intuitively bevisualizedon
a previously selectedscaleof resolution. Thus, insteadof a dif-
fusion problemwe now solve a transportdiffusion equation. The
equationmodelsthe underlyingmotion andthe diffusion together
with asuitablesourcetermon theright handside. This leadsto the
generatiorof a flow alignedpattern. Qualitatve propertiesof the
methodare studiedon the level of the continuousmodel. Finally,
afinite elementdiscretizationin spaceanda semiimplicit upwind
scheman time areappliedto solwe this problemnumerically

2 Reviewing the Anisotropic Diffusion
Method

In [13] amethodbasedn anisotropicdiffusionis presentedvhich
allowsto build atexturerepresenting given steadystateflow field
globally on the spatialdomain. This method ,whichwill be briefly
reviewed in this section,generatestreamlinelike patternsandin
addition carriesthe possibility to successiely coarsenthosepat-
terns. Therebywe pick up the line integral convolution (LIC) ap-
proachasproposedy CabralandLeedom[4] usingtheobseration
thatthe built in convolution alongstreamlinegorrespondso solv-
ing the heatequationon the streamlines.The desiredcoarsening
will be steeredby a PeronaMalik [11] type diffusion thatactsin
thedirectionorthogonalko theflow field.

To bemorepreciseletv : @ — R? beagivenvectorfield ona
domain2 , which we assumeo be continuousandnon vanishing
on Q. Clearlythereexistsafamily of orthogonalmappingsB(z) :
Q — SO(n) suchthat B(z)v(xz) = eo, where{e; }i=o,... ,a—1 IS
the standardbasisin R?. Hence,we considera diffusion tensor
A(Vps) dependingnthevectorfield v definedby

o a(le@) 0
A, Vo) = 8@ (WD 00, ) B@.

with e.qg.
1

14 s2/22°
andsolwve the parabolicbhoundaryinitial valueproblem

G(s) = AER,

Owp + Vp-v—div(A(v, Vpe)Vp) = f(p)



in R™ x Q with Neumanrboundaryconditionsprescribecn 69
andsomewhite noisepy asinitial dataattimet = 0. The coef-
ficienta : RY — R™ controlsthe linear diffusionin vectorfield
direction,i. e. alongstreamlinesandthe edgeenhancingliffusion
coeficient G(-) actsin the orthogonaldirections. In general we
choosex to bea constanfunction,but we mayalsoselectamono-
tonefunctionwith a(0) > 0 andlima— e @(s) = @max. During
the evolution, patternswill diffusealongthe streamlinesbut there
is still somediffusion perpendicularto the flow field. This sup-
plies us with coarserrepresentationsf the flow field asthe scale
increasesUnfortunately if we run the evolution with a vanishing
right handside f, the contrastof the imagedensitywill decrease,
becausef thelineardiffusionalongstreamlinesThus,we selecta
sourceterm £ : [0, 1] — R satisfying

f(0)=0, f<0
f)=0, f>0

that pushesvaluestoward zeroand 1, respectiely. A well known
maximumprinciple ensureghat we do not enlage the interval of
gray valuesusingthis f. Choosingamm dimensionalectorval-
ueddiffusion with m € {2, 3} insteadof a scalardiffusion pro-
vides additionalasymptoticstatesof the process. We thenselect
the correspondingnitial datarandomlydistributedwithin thecube
[0, 1]™, interpretthe component®f p ascolor-componentandde-
fine theforce f to work on theluminanceof p. In Figuresl and2
we have depictedscalesof vectorfield representationg-or details
we referto theoriginal paper13].

on (0,0.5),

on (0.5,1), @

Figurel: Fromtop left to bottomright four successie scalesteps
of the anisotropicdiffusion processare depicted. The vectorfield

visualizedhereresultsfrom a CFD computationwhereafluid flows

from theinlet (blackcircle) towardanoutletonthelower right cor-

ner.

Figure 2: Threedifferenttime-stepsof a convective flow visual-
ized by the anisotropicdiffusion methodfor steadyflow fields,
which nicely representhevectorfieldsbut nottheunderlyingtime-
dependentotion. Thereby the resultingpatternis directedalong
streamlines Cf. Fig. 6 for streaklinetype patterngeneratedy the
new transportdiffusion methodcorrespondingo the sametime-
steps.

3 A Transport Diffusion Model

Theabove reviewedanisotropidiffusionmethodgeneratestream-
line type patterns,which are alignedto trajectoriesof the vector
field for a fixed giventime. I. e. for a time-dependentector
fieldv : RT x @ — R? onacomputationadomainQ  RR?

and = 2,3, we considerintegral lines {z(s) s € R} with

£ 1(s) = v(t, z(s)) for fixedt. Thus,themethodintuitively visu-
alizesthevectorfield freezedattime ¢ but offersonly very limited

insightin the actualtransportprocesggovernedby the underlying
time-dependertftow field.

To ensurethat our visualizationactually displaysthis process
we have to considerthe true transportproblem and its particle
linesrespectiely. Hencewe take into accountthe particlemotion
obeying the equation-£z(t) = v(t, x(t)) andthe inducedtrans-
port of a givendensityp(t, ). Dueto the factthat sucha purely
adwecteddensity p staysconstantalong particle trajectories,i. e.
%p(t, z(t)) = (p+ Vp - v)(t, z(t)) wefinally obtainasacon-
senationlaw thevanishingof the materialderivative

0
=P = &p+Vp-v =0.
Thematerialderivative will laterplay acrucialrole concerningour
choicefor a properdiscretization.Furthermorewe have to incor
poratea mechanisnfor the generationthe gronth and enhance-
mentof flow alignedpatterns Herewe pick up the previous model
andconsideiasimultaneousnisotropimonlineadiffusionprocess
with linear diffusion alongthe particleline and sharpeningn the
perpendiculadirection. Let us emphasizénere,thatthis diffusion
processactsin forward andbackward directionof the particleline.
Thus,a carefulcontrol of the parameterss indispensabléo avoid
an artificial propagatiorin downwind directionwith the accompa-
nying visualimpressionof awrong velocity. In Section4 we will
discussdn detaila suitablebalanceof parameterandin Section5 a
modifiedapproachwill bepresentedavhich copeswith thisproblem
in aslightly differentway.

Finally, our basictransportdiffusionmodelfor time-dependent
vectorfields looks asfollows: On the computationadomain{2
R? we considerfor a givenvectorfield v : Rt x Q — R the
boundaryandinitial valueproblem:

dip+ Vp-v—div(A(v, Vp)Vp) = f(p) inRT x Q,
(AVp)- =0 onR" x a9,
p(0,-) =po  InQ,

where A(v, Vpe) is the diffusion tensoralreadyknown from the
anisotropidiffusionfor steadyflow fields

aw. 900 =5@" (G0 50, O, ) 5@
in the flow alignedcoordinatesystem. Initial datap, is againas-
sumedto be a white noiseof appropriaterequeny. Still therole
of the right handside f is to ensurecontrastenhancementThus
we assumefunctions f which fulfill the propertiesmentionedin
Section2.

The new modelgeneratesind stretchegpatternsalongthe flow
field andtransportghemsimultaneouslyTheresultingmotiontex-
tureis characterizetly adensecoverageof thedomainwith streak-
line type patterns,which do not have a fixed injection point but
move in time with the fluid (cf. Figures3 and6). At leastat the
headof the patternghe enhancemerdirectionis orthogonato the
stretchingdirectionof the corresondingtreaklines.

In caseof inflow boundaryconditionswe haveto ensurghesame
scaleof patternscloseto the inflow. Unfortunately sucha pattern
needdo betransportednto thedomainfrom outside.Thereforewe



enlage the computationaldomain, extrapolatethe velocity, com-
putethe transportdiffusion problemandfinally extracta region of
interestfrom the enlagedcomputationatiomain.

As alreadymentionedn theintroduction,thenev modelcomes
alongwith animageprocessingnultiscaleof successiely sharper
and coarserimagesin time — typically representedy a sepa-
ratetime in the correspondingliffusion problem— andthe actual
time correspondingo the underlying transportprocess. Fixing
the procesdime andvarying the scalewe are backat the original
anisotropicdiffusion methodfor steadyvectorfields. Identifying
processtime and scaleparameter aswe proposehere- we end
up with a patternadwectionmethodbut the resultingimagescorre-
spondto successiely coarserscales. The ideal casewould be to
fix the scaleandvary the procesgime only. Unfortunatelythis is
not possiblewithin the scopeof our method. Neverthelessve can
prescribea suitablescaleinterval andapply a blendingtechnique,
wherewe selectfrom differenttransportdiffusion problemswith
temporaloverlap alwaysthose,which correspondo a given scale
range.CompareSection? for details.

4 Balancing Parameters

In generaltransporianddiffusionarecontraryprocessesOur goal
in mind — the generatiorandtransportof patternswhich simulta-
neouslydiffusealongthe flows, therehasto be a carefulweighting
of the parametershat steerthe transportandthe diffusion respec-
tively. Otherwisethediffusionmayoverrunthetransportresulting
in aprocesghatis ratherdiffusionthantransporwith somepattern
generatingliffusion.

It is well known thatthe solutionof the heatequationat a time
t correspondso the convolution of the initial datawith a Gaussian
kernel of variance 2t. Sincethe diffusion tensorA(v) invokes
lineardiffusionwith a coeficienta(||v(z)||) in thedirectionof the
velocityv(z) for every z € Q, we considetthe correspondingari-
ance

(a(z)) = 2 a(z)

to beameasurdor thediffusionwithin thetranspordiffusionpro-
cessfor atime-step . Of coursea measurdor the corresponding
expectedranspordistances

(z) == [lo(@)]].

Typically (-) is moreor lessfixed, since is usuallyprescribed
by the underlyingCFD data. Thus, we would like to adjusta lo-

cally suchthat is balancedwith . To this endwe introducea
balancingparameter € R™ andconsideithe balancingcondition

(a(z)) = ().

Roughlyspeakingve thenhave thefollowing relations:

1 Transportdominateghemodel,
=1 Transport Diffusion,
1 Diffusiondominateghe model.

Hencechoosing < 1 fixed,andsolvingthebalancecondition
for a(z), we geta suitablediffusion coeficient

a(lloll)(z) = M

asa functionon the domain2 which is insertedinto the diffusion
tensorA of our transpordiffusionmodel.

Furthermorelet usstudytheampilificationof certainfrequencies
of the initial imagedueto the right handside of our model. Our

focuswill beontheinfluenceof the shapeof f(-) ontheconstrast
enhancingropertyof themodel. To thisendlet usconsidemmuch
simplersettingof a high frequeng initial datagivenby

and restrict ourseles to a simple diffusion equationalong a (1-
dimensionalstreamlinewhichis givenby

0 —a =f() inf0,1].
Letuslinearizef around: andconsider
1
fO= (=3

where s theslopeof theoriginal f at%. Takinginto accountthe
ansatz (t) = (t) o(z)—3 + 1 weget

o .
- = i =0

+

N =

andso (t) = - t.

2 aredampedwhereadrequencieselaw this threshold

This meansthat frequencies
above

areamplified.Givenanupperthreshold% for thefrequenciesvhich
we wantto amplify, we choose

o ©

Finally, we constructour nonlinearright handside f(-) in sucha
Waythattheslopeat% equals (cf. Fig.4).

f(u) f(u)

Figure4: Sourcetermswith differentslopesat 1, which areapplied
to amplify differentfrequeng rangesn the evolution.

5 Generating directed patterns

The above discussedbalancingof parameterswith respectto a
dominatedransporidoesnot completelydiminishdiffusioneffects
downstream. At leastat the headof the evolving patterna slight
modificationof the proposednodelhelpsto avoid this misleading
dravback. Hence,we incorporatea “one—sided”diffusion related
to our modelfor flow segmentation13]. I. e. we replacethe tan-
gentialdiffusivity a(v) by

(v, Vp) = omax G((Vp-v)y) ifp 0.5,
Qimax else,

which dependsn additionon the evolving intensity Thenlighter
patterrwill notdiffusedownstreamandasharpfrontatthetip of the
patterntogetherwith a typically blurredintensityin the upstream
directionwill underlinethedirectionof theflow (cf. Fig. 5).



Figure3: Threesuccessie time-stepf the transportdiffusion procesgeneratinglirectedpatternsof a Beénardcorvection(cf. Sectionb).
Theadditionalcoloringindicatesthe speedf theflow field. Redcolorsindicatehigh velocity, whereadlue colorsindicatelow velocity. To
emphasizéhetransporif patternave have magnifiedthe marked sectionsof theimagesin thelower row.

6 Discretization

For the discretizationof the above transportdiffusion problemwe
pick up analgorithmdueto Pironneay12] for thediscretizatiorof
transportdominatedproblem. Furthermorefor the diffusive term
of the equationwe apply a semi-implicit scheme wherethe dif-
fusion coeficient G(-) andtheright handside f(-) are evaluated
at the previous time-step.Let usindicateby an upperindex n the
time-stepandby thetime-stepsize. Then,a suitableapproxima-
tion of thematerialderivative attimet = n is givenby

+1 _
—olt ) P,
where is a numericalupwind integration of the velocity field,
i.e. (z) z(t )withz(t) =v(t,z(t)) andz(t +1) = z. We

considerthefollowing secondrderapproximation:

(£)=2z— v t 41— 5 & iv(t +1,)
Next, following Pironneawve incorporatethis approximatiorof the
transportinto a variational formulation of the transportdiffusion

problemandobtain:

(p p

: )+ A(v, Vp, )WVp T,V

=(f(p ) ) € =),

where(-, -) denoteghe ? scalarproducton Q. Finally, from this

variational formulation a spatialfinite elementdiscretizationcan
be easilyderived. I. e. in 2D we considemilinearfinite elements
on aregulargrid andlumpedmassintegration. As proposedn the
originalanisotropidiffusionmethodfor steadyflow fieldsthesame
regularizedp. is consideredn eachtime-stepbasedon a single
shortimplicit time-stepfor the correspondingheatequationwith

respecto initial datap.

7 A Blending Strategy for Long-Term An-
imation

Oneof the characteristicef nonlineardiffusion methodsn image
processings thatthe correspondingvolution generates scaleof
representationsangingfrom fine andtypically noisyto coarseém-
ageswith enhancedeaturessuchasedges.We have obsenredthis
scaleof representationalreadyin the anisotropiadiffusionmethod
for steadyflow fields. As proposedabore, the scaleparameteis
now coupledto the actualtransporfprocessn our transportdiffu-
sionmodel.But especiallyfor long-termvisualizationpurposeshis
coupling obviously leadsto non satisfyingresults. Unfortunatly
dueto the natureof our model, we are unableto freezethe scale
andsolelyconsiderthe evolution of suitablepatternsatthatspecific
scalein time, which would be the optimal choice. The solutionwe
proposehereis a compromisebasedon the blendingof different
resultsfrom thetranspordiffusionevolution startedat successiely
incrementedimes.

Fig. 7 givesa sketch of the differentapproacheén a diagram



Figure6: Threetime-stepof thetranspordiffusionproces®f aBénardcorvection,generatinglirectedpatterns Onthetop row we consider

afinerscalethanonthebottomrow. Colorrepresentshevelocity.

whoseaxes are the involved scaleandtime parameters.In detail
we proceedasfollows: First, we selecta suitableinterval for the
scaleparametefso, s1] with s1 > so > 0 aroundour preferred
multiscaleresolutionfor the resultingimages.Basedon a smooth
blendingfunction : R — [0, 1], vanishingoutside(—1, 1), with

)= (=t)=1— (1 —-t)fort€[0,1]and (0) =1, we
canconstructa partitionof unity { ;} ontherealline R. I. e. we
define ;(t) = (2= _* ) Now,foral =0,1,--- we
separatelyolve theabove transportdiffusion problemfor different
startingtimest; = (—5—) alwaysconsideringsomewhite noise
of afixedfrequeng rangeasinitial dataanddenotingthe resulting
solutionby p;. For negative time we supposea suitableextrapola-
tion of the velocity field to be given. Finally, applyingblendingof
atleasttwo differentsolutionswe compute

p(t,x) = i)pi(t, z).

i

Thisintensityfunctionis well definedfor arbitrarytimesandchar
acterizedy theinitially prescribedcaleparameteintenal. Wees-
peciallyusethis constructiorfor aanimationof theflow overacer
taintime interval (cf. Fig. 8 for a graphof the blendingfunctions).
Suchananimationinvolvesall solutionsp; for which the blending
function ; hasa norvanishingoverlapwith the giventime inter
val. Otherconstructionf a partition of unity andcorresponding
blendingfunctionsare nearat handand especiallymultiple over-
laps canbe consideredvhich requiresthe blendingof morethan
two intensityfunctionsat the sametime.

We emphasizethat the applicationof this blendingtechnique
doesnotintroduceary inaccuray, becauséor ary timet theresult-
ingimagep(t, z) consistof imagesp; (¢, z) shaving streaklinesat
timet andatslightly varyingscale.

The transportdiffusion methodcreatesa densecoverageof the
domainwith streaklingpatterns Thesepatternsaretransportedvith
theflow. Thus,this approachs capableof visualizingtime depen-
dentflow correspondingo streaklinesof the samelength as the
evolving patterns. Sincethe evolving patternsare transportedoy
the underlyingflow this approachtogetherwith the blendingtech-
niquediscussedhereis comparabldo animatedspotnoise[5, 1§].

8 Conclusions

We have generalizedand expanded the anisotropic diffusion
methodin flow visualizationfor time-dependentectorfields. As a
resultingcontinuousnodelwe obtainatranspordiffusionproblem,
whereflow aligned patternsevolve undera dominatingtransport
controlledby the vectorfield andan anisotropicdiffusion process
which stretcheghe patternsalongthe flow directionandsharpens
themsimultaneouslyn theperpendiculadirection. Thismodelcan
efficiently be discretizedusingan appropriatdow viscousupwind
schemen time combinedwith a finite elementschemein space.
For long-termanimationpurposesve selecta suitablewindow for
the involved scaleparameteiand useblendingtechniquego pro-
vide a densepatternmotionin the selectedscalerangeat ary time.
As in the original method,most of the essentiapropertiesof the



Figure5: A comparisorof directedandsymmetricpatternggener

atedfor a circulatingflow. On the left directedpatternsare gen-
eratedbasedon theincorporated'one—sided"diffusionandon the
right the original modelwith linear diffusion along motionspaths
is depicted.The bottomrow shavs zoomedimagesof the marked
regionsin thetop row.

modelcanbe discussedasedon the physicallyintuitive continu-
ousmodel.

From the authors’point of view exciting future researctdirec-
tionsare

investigation®f time-dependerftow visualizationin 3D,

combinationof theflow visualizationapproachewiith theac-
celeratedsolvingstratgiespresentedh [14] whichwill prob-
ably enablefastvisualizationalsoin 3D,

the combinationof this techniquewith other visualization
methodsto simultaneouslydisplayfor instancechemicalre-
actionsin the moving fluid,

animprovedunderstandingf the nonlineardependencielse-
tweentheinvolved parameters.

Finally, we will work on a furtherimprovementof the contrasten-
hancemenanda betterconstraspreserationin the blendingpro-
cess.

Onthewebsite

http://numerik.math.uni-duistog.de/exports/flavVis/

differentanimationsshaving the performanceandthe underlying
blendingstrategy areavailable.
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Figure7: A schematicsketchof the generalrelationbetweerscale
andtime parametelin our combinationof image processingand
flow computatioris depicted We comparehecaseof varyingscale
for steadystateflow fields at fixed time (magenta)the simultane-
ouslytime andscaleevolution (green) theoptimalbut nonpractical
caseof a fixed scalefor varying time (blue) and our blendingap-
proach(red).
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Figure8: Theweightingfactorsin the blendingoperationtogether
with theoverlappingscale/timeanternvalsof theconsideredransport
diffusionprocesseareshavn in a diagramovertime.
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