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Abstract

Vector eld visualization is an important topic in scienti visualization. The
aim is to graphically represent eld data in an intuitivelgderstandable and pre-
cise way. Two novel methods are described which enable gnpeEaseption of
ow data. The texture transport method especially applietmedependent veloc-
ity elds. Lagrangian coordinates are computed solving ¢beresponding linear
transport equations numerically. Choosing an approptédterre on the reference
frame the coordinate mapping can be applied as a suitalile¢axapping. Alter-
natively, the aligned diffusion methods serves as an apjatepscale space method
for the visualization of complicated ow patterns. It is skely related to nonlinear
diffusion methods in image analysis where images are sredatlhile still retain-
ing and enhancing edges. Here an initial noisy image is dmedoalong stream-
lines, whereas the image is sharpened in the orthogonattidine The two meth-
ods have in common that they are based on a continuous modeliseretized
only in the nal implementational step. Therefore, many orjant properties are
naturally established already in the continuous model.

1 Introduction

The visualization of eld data, especially of velocity esdfrom CFD computations
is one of the fundamental tasks in scienti ¢ visualizatioh.variety of different ap-
proaches has been presented. The simplest method to dréov pémts at nodes of
some overlayed regular grid in general produces visuaksluiecause of the typically
different local scaling of the eld in the spatial domain, iwh leads to disturbing mul-
tiple overlaps in certain regions, whereas in other areasd| stnuctures such as eddies
can not be resolved adequately. The central goal is to ohtdenser, intuitively bet-
ter receptible method. Furthermore it should be closelsteel to the mathematical
meaning of eld data, which is mainly expressed in its onere celation to the corre-
sponding ow. If a vector eldv : Ry ! R" forsomedomain R"isgiven,
then the corresponding ow : Ro ! is described by the system of ordinary
differential equations

@ (x;t) = v( (x;t);1)



and the initial condition (x; 0) = x.

Single particle lines only very partially enlighten featarof a complex ow eld.
Thus, we ask for some dense pattern which represents the glebally on the com-
putational domain. We propose two different approachesdgle this important prob-
lem in vector eld post processing. They have in common thaytare both based on
the solution of suitable PDE problems.

We may either solve the ux equation itself for suitable iaitand boundary conditions.
Thereby, in explicit we calculate a Lagrangian coordinasgping with respect to a
suitable coordinate frame, typically in ow position andaw time. It can be applied
as a texture map which overlays the computational spaceavitixture pattern and
has been prescribed on the corresponding Lagrangian nefedomain. If the ow
problem incorporates in ow boundary conditions, the irdebrdinates and the in ow
time can be chosen as a natural coordinate frame. This metobe interpreted as
a simultaneous tracing of all points on the inlet studyingirthong time behaviour.
Numerically we solve the underlying hyperbolic linear sport problem with respect
to the given velocity(x;t) by a higher order discontinuous Galerkin method due to
Cockburn et al. [6, 7]. The approach especially appliesretiependent velocity
elds, where it actually depicts the geometry of particieds. The texture mapping is
continuous in time and therefore enables animating.

Alternatively, we may ask for a method to generate stretctiezhmline type patterns,
which are aligned to the vector eld(x;t) for a xed timet. The possibility to suc-
cessively coarsen this pattern is a further desirable ptpddethods which are based
on such a scale space and enhance certain structures ofsimegeellknown in im-
age processing analysis. Actually nonlinear diffusioovali the smoothing of grey or
color images while retaining and enhancing edges [17]. Neset up a diffusion
problem, with strong smoothing along streamlines and edbarcing in the orthogo-
nal directions. Applying this to some initial random noisgaige we generate a scale
of successively coarser patterns which represent the dead some instance in time.
Finite Elements in space and a semi implicit timesteppirapidied to solve the diffu-
sion problem numerically.

First results on the texture transport method have already presented in [3]. We nd
it appropriate to pick them up here and compare them with tié aligned diffusion
method as another PDE based approach. Before we explaitaih tthe two methods,
let us discuss related work on vector eld visualization amége processing. Later
on we will identify some of the well known methods as equinal® special cases,
respectively asymptotic limits of the presented new meshod

2 Related Work

The spot noise method proposed by van Wijk [21] introduced Bke texture splats
which are aligned by deformation to the velocity eld in 2D on surfaces in 3D.
These splats are plotted in the uid domain showing strongnahent patterns in the
ow direction. The originally rst order approximation tde ow was improved by de
Leeuw and van Wijk in [9] by using higher order polynomial dehations of the spots
in areas of signi cant vorticity. In an animated sequencesth spots can be moved



along streamlines of the ow. Furthermore in 3D van Wijk [28]plies the integration
to clouds of oriented particles and animates them by dragimgar moving transpar-
ent and illuminated splats.

The Line Integral Convolution (LIC) approach of Cabral arekdom [5] integrates the
above ODE forward and backward in time at every pixelizeahpioi the domain, con-
volves a white noise along these particle paths with somes&ai type Iter kernel,
and takes the resulting value as an intensity value for theesponding pixel. Ac-
cording to the strong correlation of this intensity along gtreamlines and the lack of
any correlation in the orthogonal direction the resultiexttiring of the domain shows
dense streamline laments of varying intensity. Hege aralligy [19] increased the
performance of this method especially by reusing portidith® convolution integral
already computed on points along the streamline. Max etldl] roposed a similar
method on surfaces. Max and Becker [15] present a methodsoalzing 2D and 3D
ows by animating textures.

Shen and Kao [18] have applied a LIC type method to unsteady edds and Inter-
rante and Grosch [11] generalized line integral convolutam3D in terms of volume
rendering of line laments.

In [20] Turk discusses an approach which selects a certambeuof streamlines. They
are automatically equally distributed all over the comgateal domain to characterize
in a sketch type representation the signi cant aspectsefdtv. An energy minimiz-
ing process is used to generate the actual distributiorredstlines.

Most of these methods are designed and implemented on o#ls,elhich are constant
in time. If we for instance apply line integral convolutiamthe timedependent case,
successive images of a time sequence are in general nolated.eGrey level values
at grid points change very rapidly because the streamlingsat andt + t on which
the convolution is performed have almost no overlap evendoy small t .
Furthermore, if we ask for a ner or coarser scale of the rasglpattern, the line
integral convolution method has to be restarted with a @vandtial image. In case of
spot noise larger spots have to be selected and their strgtatong the eld has to be
increased. The methods to be presented here will incompdifiérent approaches to a
straightforward scalability.

As already mentioned in the introduction our method of eligaed nonlinear anisotropic
diffusionto visualize vector elds is derived from well knm image processing method-
ology. Discrete diffusion type methods are known for a langet Perona and Malik
[17] have introduced a continuous diffusion model whiclowl the denoising of im-
ages together with the enhancing of edges. Alvarez, Guichaons and Morel [1]
have established a rigorous axiomatic theory of diffuseaesspace methods. Kawohl
and Kutev [2] investigate a qualitative analysis of the Rarand Malik model. Re-
covering of lower dimensional structures in images is asedyby Weikart [23], who
introduced an anisotropic nonlinear diffusion method wehitre diffusion matrix de-
pends on the so called structure tensor of the image. A Hilément discretization
and its convergence properties have been studied by Kaclivikula [12].



3 Vector Field Aligned Nonlinear Diffusion

Let us now discuss a rst PDE based method. Here, nonlineiaoanpic diffusion
applied to some initial random noisy image will enable awiitivte and scalable vi-
sualization of complicated ow elds. Therefore, we pick upe idea of line inte-
gral convolution, where a strong correlation in the imadensity along streamlines is
achieved by convolution of an initial white noise along threamlines. As proposed
already by Cabral and Leedom [5] a suitable choice for thev@ation kernel is a
Gaussian kernel. On the other hand an appropriately scadedsan kernel is known
to be the fundamental solution of the heat equation. Thius,ifitegral convolution is
nothing else than solving the heat equation in 1D on a stieamphrametrized with re-
spect to arclength. On pixels which are located on diffeirgegral lines the resulting
image intensity is not correlated. Hence, the thicknesh®ftésulting image patterns
in line integral convolution is of the size of the random iaitpatterns, in general a
single pixel. Increasing this size as it has been proposd¢ilbbpnd Banks [13] leads
to broader stripes and unfortunately less sharp transitimnoss streamline patterns.
As described so far, line integral convolution is a discpatel based method. It can
be regarded as a discretized streamline diffusion prodésge ask for a wellposed
continuous diffusion problem with similar properties, we &ad to some anisotropic
diffusion, now controlled by a suitable diffusion matrix.

To begin with, let us at rst review the basics of the nonlinééfusion methods in

image processing. We consider a functionR ; I R which solves the parabolic
problem
& div(A(r ) ) = f(); inR* :
0;) = o ; on ;
@ _ .
ol = 0 ; onR* @
for given initial density o : ! [0;1]. Here = is a molli cation of the

current density, which will later on turn out to be necesdanthe wellposedness of
the above parabolic, boundary and initial value problemounsetting we interprete
the density as an image intensity, a scalar greyscale orh-angtight extension to the
vector valued case — as a vector valued color. Thus, thei@olut ) can be regarded
as a family of image$ (t)gior+ , Where the timé serves as a scaling parameter.
Let us remark, that by the trivial choide = 1 andf ( ) = 0 we obtain the standard
linear heat equation with its isotropic smoothing effeat.image processingy is a
given noisy initial image. The diffusion is supposed to betoolled by the gradient
of the image intensity. Large gradients mark edges in theg@nahich should be
enhanced. Whereas small gradients indicate area of appatedy equal intensity.
Here denoising, i. e. intensity diffusion is consideredr #hat purpose we prescribe a
diffusion coef cient

A= Gkr k)

whereG: R, ! R* is amonotone decreasing function wiithq;  G(d) =0 and
G(0) = where 2 R™ isconstant (cf. Fig. 1), e. g3(d) = (1 + kdk?) *.
If we would replace the molli ed gradient  as argument o6 by the true gradient



G(d)

Figure 1: The shap@&( ) which applied to the gradient of the molli ed image intewysit
serves as a diffusion coef cient in image processing.

Figure 2: The noisy image on the left is successively smabltyenonlinear diffusion.
On the right the resulting smoothed image with enhancedsidgahown.

r , which leads to the original Perona Malik model, we would @ngral obtain a
backward parabolic problem in areas of high gradients, wiiao longer wellposed
[2]. The invoked molli cation avoids this shortcoming androes along with a desir-
able presmoothing effect. Nevertheless the enhancingeepgagradients and thereby
edges in the image, known from backward diffusion is retdifieve adjust the mol-
li cation carefully. A suitable choice [12] for this mollication is a convolution with
the heat equation kernel for small times, that is solvingst@dard diffusion problem
for a short period of time. Figure 2 gives an example of suchmage smoothing and
edge enhancement by nonlinear diffusion. The functibi may serve as a penalty
which forces the scale of images to stay close to the initidge, e. g. choosing
f()= (o )where isa positive constant.

Now we incorporate anisotropic diffusion. Fora givenvecedd v: ! R" we
consider linear diffusion in the direction of the vectordeand a Perona Malik type
diffusion orthogonal to the eld. Let us suppose thas continuous and 6 0 on
Then there exists an family of continuous orthogonal magpiBi(v) : ! SO(n)
such thaB (v)v = ey, wherefegio. .n 1 isthe standard base R" (cf. Fig. 3).
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Figure 4: The graphs of the velocity dependent linear diffus ( ), respectively the
scalar contrast enhancing right hand didg.

We consider a diffusion matrig = A(v;r ) andde ne

(kvk)

A(v;d) = B(v)T B(v)

G(d)

where :R* I R™ controlsthe linear diffusion in vector eld direction, i. along
streamlines, and the above introduced edge enhancingidiffcoef cientG( ) acts
in the orthogonal directions. We may either choose a lineaction or in case of
a velocity eld, which spatially varies over several ordefsmagnitude, we select a
monotone function (cf. Fig. 4) with

(0) > 0and
limsz ()= max-

In general it does not make sense to consider a certainliinitéage. As initial data o
we thus choose some random noise of an appropriate frequamgg. This can for in-
stance be generated running a linear isotropic diffusiomukition on a discrete white
noise for a short time. Hence pattern will grow upstream amdrgtream, whereas
the edges tangential to these patterns are successivedynesth Still there is some
diffusion perpendicular to the eld which supplies us foroéxing time with a scale
of progressively coarser representation of the ow eld. we run the evolution for
vanishing right hand side the image contrast will unfortunately decrease due to the
diffusion along streamlines. The asymptotic limit turn$ twube a averaged grey value.
Therefore, we strengthen the image contrast during thautgal selecting an appro-
priate functiorf :[0;1]! R™* (cf. Fig. 4) with

fO=f1)=0,
f> 0on(0:5;1), andf < 00on(0;0:5).



Figure 5: Asingle timestep is depicted from the nonlinefudion method applied to
the vector eld describing the ow around an obstacle at acddéme. A discrete white
noise is considered as initial data. We run the evolutiorhenéft for a small and on
the right for a large constant diffusion coef cient

Finally we end up with the method of nonlinear anisotropftudion to visualize com-
plex vector elds. Thereby we solve the nonlinear parabpticblem

@

@t
starting from some random initial image and obtain a scale of images representing
the vector eld in an intuitive way (cf. Fig. 5).

div(A(v;r )r )=1()

If we ask for pointwise asymptotic limits of the evolutionewexpect an almost every-
where convergence to(1 ; ) 2 f 0; 1g due to the choice of the contrast enhancing
functionf (). The space of asymptotic limits signi cantly in uences thiehness of
the developing vector eld aligned structures. We may ask tefurther on enrich the
pattern which is settled by anisotropic diffusion. Thisnsiiout to be possible by in-
creasing the set of asymptotic states. We no longer restriselves to a scalar density

but consider a vector valued: ! [0;1]™ forsomem 1 and a corresponding
system of parabolic equations. The coupling is given by thdinear diffusion coef -
cientG( ) which now depends on the notn k of the Jacobian of the vector valued
densityr  and the right hand side( ). We de ne

f()= h(k k)

with h(s) = f{(s)=sfor s 6 0, wheref~is the old right hand side from the scalar
case, andh(0) = 0. Furthermore we select an initial density which is now a idite
white noise with values iB1(0) \ [0; 1]" . Thus the contrast enhancing now pushes
the point wise vector density either to the0 or to some value on the sphere sector
S™ 1\ [0;1]™ in R™ (cf. Fig. 6). Figure 7 shows an example for the application
of the vector valued anisotropic diffusion method appliecatconvective ow eld.

An incompressible Bénard convection is simulated in aamgtilar box with heating
from below and cooling from above. The formation of conveetiolls will lead to an
exchange of temperature.  Finally Figure 8 shows resulthisfrhethod applied to
several timesteps of the same convective ow. We recogihmiatthe presented method
is able to nicely depict the global structure of the ow elisicluding its saddle points,
vortices, and stagnation points on the boundary. Furthezifig. 9 shows a different
application to a porous media ow eld.
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Figure 6: A sketch of the vector valued contrast enhancimgtianf which leads
to asymptotic states(1 ;) 2 f0Og[ (S?\ [0;1]%) . Here, the components of the
density are interpreted as blue respectively green colaesaThe arrows indicate the
direction of contrast enhancement.

Figure 7: Several diffusion timesteps are depicted fromvwhaor valued nonlinear
anisotropic diffusion method applied to a convective owldan a 2D box.




Figure 8: Convective patterns in a 2D ow eld are displayeddaemphasized by
the method of eld aligned anisotropic diffusion. The imagehow the velocity eld
of the ow at different timesteps. Thereby the resultinggalinent is with respect to
streamlines of this timedependent ow.

Figure 9: Field aligned diffusion clearly outlines the miple features of a porous
media ow in the vicinity of a salt dome. Lenses of lower peabdity force the ow
to pass through narrow bridges. We depict two timestepseodlitiusion process.



4 Texture Transport Method

The second method to be presented will be based on a numealicalation of the ux
itself. We adopt the idea of the implicit streamsurfacesdisduss the corresponding
transport problem for timedependent data, solve it nurablyitor certain boundary and
initial conditions and use the result to generate an apateptiexture mapping.
At rst, let us give a brief outline. At the inlet of a uid cominer we prescribe in ow
boundary conditions, which are the in ow coordinates, edjvely the in ow time.
Furthermore out ow boundary conditions are given at thdedwgnd slip conditions on
the remaining part of the boundary. In the interior the linteansport equations with
respect to the prescribed velocitgx;t) describe the uid motion, i.e. the transport of
the in ow time and in ow coordinates. The set of points in g;geand time which share
a speci ¢ in ow coordinate coincides with a particle line,hereas the set of points
with the same in ow time and in ow coordinates on a boundedface respectively
line on the inlet, describe the movement of the correspansglimface or line in time.
Therefore in 2D we take the space spanned by the in ow timethadn ow coordi-
nates as texture space and prescribe a texture with stranglaton in the direction
of time. Then using the numerical results of the transpdadutation, in explicit the
numerical in ow time and in ow coordinates as texture coorates, we obtain a dense
representation of streak lines in terms of visible textuweeation. This representa-
tion continuously depends on time and we can easily anirhatevolution. In 3D we
may proceed similar as in the implicit streamsurface meprogosed by van Wijk and
texture the resulting streamsurfaces analogously.

In ow time and in ow coordinates may be regarded as a Lagiangrame. The
method we propose here displays Lagrangian coordinatesxyré mapping, which
map a certain pattern from a Lagrangian coordinates systemfrom texture space,
to the Eulerian frame. In more detail, let us assume R " to be a domain describing
a uid container with an inlet boundary* @ and an outlet boundary @ .
Furthermore we suppose the uid velocity. [0;: ]! R" to be given for a xed
time T. In the application this velocity will be delivered by a nuneal simulation,
which runs simultaneously or has stored its results in lesdisk. This numerical
simulation is based on an additional computational grid.er&fore, to avoid some
sampling procedure with its obvious drawbacks, the postgesing method has to be
based on the same grid (cf. Section 5).

Let us now interpret the coordinat&son the inlet boundary * , respectively the in-
owtime T as depending variables, which are transported with the. Tilten they are
described by the following transport equation for a density

@ +vr = 0 in
= on *;
thereby we obtain = X for = X on *,respectively = Tfor = Ton *.

On the outlet  no boundary condition has to be described if 0O for all times,
where is the outer normal of the domain. This transport can be interpreted as a
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Figure 10: A sketch of the applied mapping from texture spatephysical domain

simultaneous and global particle tracing. On a particlé gét) the solution of the
above transport equation is constant, becase= v(x(t);t) and

@ (x(t);t) + x(t) r (x(t);t)
= 0:

AP
5 0

Therefore points of constaMt value are located on the particle line starting at position
X on *. Analogously a constarit value indicates points on a surface which is the
image of a corresponding surface on the inlet under the @wT). In this sense&; T

as functions on  [0; T] can be regarded as Lagrangian coordinates describing the
motion of particles which pass through . Particles which have earlier entered the
uid container are not considered so far.

The transport equation becomes a wellposed problem by nilvewg suitable initial
conditions. If every particle path starting at a position irhas left the domain, the
solution no longer depends on these initial conditions. For moderaliges of f

this might not be the case and for certain applications éaipethe initial phase of
the physical simulation is of great importance. Therefoeesuppose thaX and T

are extensions ok j - respectively0 on and choose them as initial conditions for
the two transport problems. E.g. if R* R and . 0 R we choose

X (X1;%2) = (0;X1), T(X1;X2) =0.

Next we have to de ne an appropriate pattern in the textuegsp*  [0; T]. There
are several desirable features which should be realizelddotgktural representation of
the Lagrangian coordinates. It should simultaneously ¢mde and inlet coordinates.
Furthermore to enable long time animation of moving uids thattern in the texture
space should be periodic ih and the zooming into detailed areas has to be supported
by a scalability property. Thus, we use a periodic color ngdif T and a periodic
scalable 1D texture foX. This 1D texture can be generated by a convolution of a
white noise. For details we refer to [3].

Depending on the projection from world to screen coordinate scale the computed
Lagrangian coordinates andT by some factor . If ¢ is an initial scale which
especially depends on the size of the domain [0; T] ands = (det P)% whereP is
the3 3 projection matrix describing the linear part of the af ne ppéng from world
toimage space, then= ¢ sis an appropriate choice for this scaling factor. Finally we
obtain as texture coordinates; T mapping points in into the 2 periodic texture
spaceR 2 with the fundamental cell0; 17 which coversf (X (x;t); T(x;t))jx 2

11



Figure 11: Fundamental cell of the texture space with erepedident blurring.

;12 [0;Fg.
Due to this construction the resulting texture onat timet 2 [0; T] continuously
depends on and the scaling from world space into image. Furthermoreehbelting
pattern is independent of this scaling. This avoids algsiffiects as long as the lter
length inx direction is large enough.
Although we use a higher order Finite Volume method to sdheettansport equation
for a given velocityv numerically, there are unavoidable error sources. In ggner
especially for CFD applications, itself is computed by some numerical algorithms,
which implies approximation errors compared to the truel uélocity in the physical
application and leads to errors in the datavhich we plug into the numerical trans-
port scheme. Furthermore due to the still considerable nigaleviscosity and the
approximation restriction of the shape functions we obgalditional important errors
contributions. Let us suppose that, by some error estinidddior a weaker error indi-
cator we can measure local in space and time the resultingradated error. We will
denote this measurdx;t) withx 2 ,t 2 T and regard it as a function in the linear
Finite Element space.
Our intention is now to use information in the generation of the vector eld images,
i. e. to modify the texture correspondingly. In areas wheig small, the numerical
solution of the transport equation and thereby the tex¢uoirthe domain is reliable,
whereas in regions with large-values, the actual meaning of the texture is unclear and
possibly makes no sense.
Therefore we rst create a 2D texturd ; ) on[0; 1]* with a smooth transition from

('; 0) with a clearly visible pattern - an 1D original texture #6r- and a high signal
bandwidth to an uniform grey valued texturé; 1) (cf. Fig. 11 for the resulting tex-
ture).
We now consider an implication of the error indicator on theice of the actual texture
coordinates. Let us suppose thas a function with values if0; 1], where small values
indicate small error bounds and values closd indicates large errors and therefore
small reliability of the computational results. Then wedék X ) as texture coordi-
nates which map the latter introduced texture onto the ceatipnal domain. Again
this texture is scalable and continuously depends on tirhe.fdllowing examples for
different applications all use this texture for the Lagriamg< coordinate and color for
the corresponding coordinate. Thereby a simple error indicator which measloe
cal gradients has been applied. Let us nally present sorpécgions of the texture
transport method. Figure 12 shows several timesteps of E&onan vortex formation
in an incompressible ow behind an obstacle. In Figure 13 ve& pp the formation of
convection roles in a two dimensional box. We de ne an irtteline L as an arti cial
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Figure 12: Texture transport in the von Karman vortexedtre
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Figure 13: Texture transport applied to convection rolesrnincompressible ow

boundary for the transport problem, where depending oniggrecf v we assume

out ow and in ow conditions on both sides of the line segmeffexture blurring is

applied to indicate the region of reliability concerning thumerical transport solution.
Furthermore Figure 14 shows the application of this metlhagkteral timesteps of a

compressible ow with sub and super sonic regimes aroundabsaiacles.

In Figure 15 we visualize the vortex formation at the contistontinuity of a com-
pressible ow over a forward facing step.

Finally to compare the texture transport method with thelinear diffusion method
presented in the last section, we have depicted the vistiaiizof a porous media ow
in Figure 16.

5 Discretizations and Numerical Solution

In what follows we discuss the discretization and impleragan of the two PDE based
methods. The texture transport approach relies on thei@olof linear hyperbolic
equations, where the damping of numerical viscosity playsssential role. The eld
aligned diffusion requires the solution of a system of noedir parabolic equations.

Texture Transport

We have already mentioned that numerical schemes for hgpedonservation laws
are accompanied by some unavoidable numerical viscodiighdeads to a signi cant
data molli cation and a “smearing out” of the solution sttue. This phenomenon is
well known for shock propagation in CFD, but it already appéacase of linear trans-

14



Figure 14: Texture transport applied to a compressible oauad two cylinders.

Figure 15: Texture transport is used to visualize a vorteenpimenon for a compress-
ible ow.
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Figure 16: We compare the visualization of a porous media wsing anisotropic
diffusion (on the top) and the texture transport method f@ntottom) cf. Fig. 9.

port problems. There is a trade off between the amount ofiilmserical viscosity and
the occurance of oscillations. Especially in the curreqtligption too much numeri-
cal viscosity would destroy the evolution of interestingvgatterns presented in the
numerical solution of our ow problem. Therefore, we seladbigher order Discon-
tinuous Galerkin method as an appropriate solver, withidenable smaller numerical
viscosity.

The oscillations, which are well known for any type of higleeder nite volume
scheme, are avoided by invoking a limiting process.

Let us suppos®! to be some structured or unstructured mesh covering the e@mp
tional domain and consisting of regular Elemeris. On this grid we introduce the
spaceV of piecewise polynomial functions, which are not requir@tié continuous on
element faces. Then we consider the transport equatiottewin conservation form

gt +divf( )= diw

wheref : R ! R" andf;( ):=v; , multiply it with some 2 V and integrate over
E 2 M . Applying integration by parts we obtain

Y4 Y4 Y4

@ _ .
Gte g ) T A Tt

If we now require 2 V  [0;T]and replace the uxtermi( ) , which describes
the ow over the faces oE by some numerical uxg( ; *), where and *
denote the piecewise polynomial, but discontinuous famcti in E, respectively in
the adjacent cell§ at the faces o, with

a; ) = f() ;
gt ;") = 9o *s o)
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we obtain the semidiscrete Discontinuous Galerkin metfdu: Engquist-Osher ux
[10] is used in the current texture transport algorithm. afinwe discretize this by
some Runge Kutta scheme in time and to avoid oscillationsbowerthe resulting al-
gorithm with a limiter which cut off local extrema after edgbnge Kutta iteration step.
For a detailed discussion on the Discontinuous Galerkirhiigtve refer to Cockburn
et. al. [6, 8, 7]. In our implementation we approximate= T;X on each volume
E by a linear function. Let us emphasize that we obtain a stahdst order Finite
Volume scheme, if we take into account piecewise constapesffunctions in space
and a forward Euler scheme in time.

Field Aligned Diffusion

The method of eld aligned diffusion is implemented basedaoRinite Element dis-
cretization in space and a semi implicit backward Euler sehé time. We have re-
stricted ourselves to regular grids generating by recarsiibdivision. On these grids
we consider the bilinear, respectively trilinear Finiteflent spaces. Numerical inte-
gration is based on the simplest quadrature rule, whictuet@s the integrant solely
at the element's center point. These integration formutasapplied to compute the
local stiffness matrixes. The semi implicit character of satheme means, that the
nonlinearityG(r ) is evaluated at the old time. In each timestep the computatio
of is based on a single short implicit timestep for the corresijioy heat equation
with respect to initial data. We take into account mass lumping to calculate the local
mass matrixes. The regular grids are procedurally intézdras quadtree, respectively
octtree. Finally no matrix is explicitly stored. The neagsmatrix multiplications in
the applied iterative CG solver is performed in successiwe traversals. Hierarchi-
cal BPX type [4] preconditioning is applied to accelera tbnvergence of the linear
solver. A single timestep on266 grids performed on a Silicon Graphics workstation
with an R10000 processor at 195 MHz requires ca. 1.2 secscddeeis prepared to
incorporate spatial grid adaptivity if possible.

6 Comparison to Other Methods

So far we have introduced the two methods of texture trangmat eld aligned dif-
fusion to ensure an intuitive understanding of complex oglds. We have discussed
a variety of important properties and advantages. Let usnamk them among other
visualization methods and compare them with differenttémgples. Here we especially
pick up the line integral convolution method and the sposeaipproach.

Given a possible timedependent vector eigk;t) there are two basic and well known
tools in ow visualization. For a xed poink 2  we can consider streamlines, that is
for xed time t we consider a curvex(s)js 2 R gwith

@ .\ _ - — -
@,)5((3) = v(x(s);t); x(0)= x:
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Alternatively we may examine a family of curvess(t)jt 2 R g with

D)= VIXSD:D: X9 = X
For xed t the curvef xs(t)js 2 R gis a streakline. In an obvious sense the method of
eld aligned diffusion comes up with a dense coverage of thmdin  with stream-
lines, whereas the texture transport method results in sedsgverage of with streak-
lines. If we x the texture in the Lagrangian coordinates the texture transport,
respectively an initial intensity with moderate frequenagge for the eld aligned dif-
fusion, both methods will lead to a vector eld represemativhich is continuous in
time. . e. resulting images of close timesteps will strgrayirrelate.

For stationary ow elds we obtain similar results by both theds. Thin ow aligned
patterns are generated. Line integral convolution lead®toparable results with the
essential difference that the PDE based methods carry @&céde space property. I. e.
either selecting a coarser the texture in the Lagrangiandrar evolving a longer time
in the anisotropic diffusion method we obtain a successbasening of the resulting
ow representation.

Furthermore in a restricted sense, line integral convafufLIC) and spot noise can
be regarded as special cases of the eld aligned diffusiothote LIC with Gaussian
Iter kernel can be identi ed as the asymptotic limit of thatter method of a concen-
tration of the edge enhancing functiG{ ) at0. Other Iter kernel shapes correspond
to different, in general non linear diffusion processesglstreamlines. Further on,
generating a single deformed spot on the computational dolika proposed in [9]
can be regarded as an early timestep in the diffusion sgatith initial data, that is a
characteristic function of a circular disk. If we releaseuadh of such disks as initial
data in such a way that the evolving patterns do not overtegm the resulting image
is comparable to spot noise. Thus, spot noise can be regasdagarallel version of
short time diffusive vector eld visualization.

7 Conclusions

We have introduced two novel method for the post processingwdata. From a
mathematical point of view one of their major advantageshat they are based on
physically intuitive continuous models, i. .e transportatiffusion. Most of their
properties can be discussed on this level. Finally they meretized in an appropriate
way making use of recent and ef cient numerical algorithifisis clearly indicates the
strong interdependence of scienti ¢ computing and scientisualization methods.
The intention of this paper is especially to outline oneresting facet of this interplay.
From the author's point of view exciting future researchedtions are further inves-
tigations of ow visualization in 3D by means of texture tsport and eld aligned
diffusion. Furthermore, a visualization approach basemisotropic diffusion and
applicable for timedependent vector elds is a challengigjc.
Further results and the algorithm running onran m 2D vector array is avaliable as
a source code at the URL:
http://www.iam.uni-bonn.de/SFB/visual/nonlinear.diffusion
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