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Finite Elements

I used to numerically solve partial differential equations

I powerful method

I efficient computations
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Steady State Heat Conduction
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Find u : Ω = [0, 1] → R so that

−u′′(x) = f (x) in (0, 1)
u(0) = 0

u(1) = 0

Do we need u ∈ C2(Ω)?
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Discrete Equation

∫
Ω

u′ψ′ =
∫

Ω
f ψ ∀ψ ∈ H1

0 (Ω)

Discretize u and f , take basis functions ψ of corresponding
finite-dimensional subspace of H1
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plus boundary conditions (i = 0, i = n− 1):

L ·U = M · F
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Steps for a Finite Element Computation

1. geometry:

rod

2. grid:

equidistant points

3. basis Functions:

hat functions

4. system of Equations:

e. g. solved by CG

5. interpretation of Result:

temperature

We’ll focus on 2 and 3.



Steps for a Finite Element Computation

1. geometry: rod

2. grid: equidistant points

3. basis Functions: hat functions

4. system of Equations: e. g. solved by CG

5. interpretation of Result: temperature

We’ll focus on 2 and 3.



Steps for a Finite Element Computation

1. geometry: rod

2. grid: equidistant points

3. basis Functions: hat functions

4. system of Equations: e. g. solved by CG

5. interpretation of Result: temperature

We’ll focus on 2 and 3.



Finite Elements in 1D
Steady State Heat Conduction
Error Estimates
Steps for a Finite Element Computation

Finite Elements in 2D and 3D
Classification of Grids
Structured Grids
Unstructured Grids
Comparison

Composite Finite Elements
Geometry Extraction from Images
Construction of CFE Grids
CFE Basis Functions

Outlook



Generalization of “linear”

Two possibilities

I linear basis functions on triangles (tetrahedra, . . . )

I multilinear bf on rectangles (cuboids, . . . )



Bilinear Basis Function
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Classification of Grids

I uniform grids: equal grid cells

I structured grids: same topology at each point

I unstructured grids

increasing geometric flexibility but increasing complexity
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Characteristics of Grids

1. how to generate?

2. geometrically useful?

3. how to describe?

4. how to refine?

5. how to coarsen?

6. numerically “nice”? “nice” system of equations?
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Structured Grids

I easily generated and described implicitely

I sparse and structured system of equations



Structured Grids: Coarsening and Refinement



Structured Grids: Geometrically useful?
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Unstructured Grids



Unstructured Grids: Storage
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Unstructured Grids: Storage

Node x y

0 0.8 1.0
1 0.3 1.0
2 0.2 0.75
3 0.2 0.25
4 0.3 0.0
5 0.5 0.0
6 0.8 0.0
7 0.85 0.4
8 0.9 0.65
9 0.45 0.2
10 0.5 0.7
11 0.4 0.55
12 0.65 0.4

∆ P 0 P 1 P 2

0 6 7 12
1 1 2 10
2 2 11 10
3 2 3 11
4 3 9 11
5 3 4 9
6 9 4 5
7 5 6 9
8 12 9 6
9 11 9 12
10 11 12 0
11 10 0 1
12 0 10 8
13 12 8 10
14 12 7 8
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Implicite Information: Adjacent Triangles?
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Implicite Information: Adjacent Triangles

Node ∆ 0 ∆ 1 ∆ 2 ∆ 3 ∆ 4 ∆ 5

0 11 12
1 11 1
2 1 3 2
3 3 4 5
4 5 6
5 7 6
6 0 8 7
7 14 0
8 12 13 14
9 4 5 6 7 8 9
10 1 2 10 13 12 11
11 2 3 4 9 10
12 9 8 0 14 13 10



Implicite Information: Node Neighbors?
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Implicite Information: Node Neighbors

Node = N 0 N 1 N 2 N 3 N 4 N 5 N 6

0 1 10 8
1 2 10 0
2 1 3 11 10
3 4 9 11 2
4 3 5 9
5 4 6 9
6 7 12 9 5
7 6 8 12
8 0 10 12 7
9 4 5 6 12 11 3
10 1 2 11 12 8 0
11 2 3 9 12 10
12 11 9 6 7 8 10



Matrix Structure



∗ ∗ ∗ ∗
∗ ∗ ∗ ∗

∗ ∗ ∗ ∗ ∗
∗ ∗ ∗ ∗ ∗

∗ ∗ ∗ ∗
∗ ∗ ∗ ∗

∗ ∗ ∗ ∗ ∗
∗ ∗ ∗ ∗

∗ ∗ ∗ ∗ ∗
∗ ∗ ∗ ∗ ∗ ∗ ∗

∗ ∗ ∗ ∗ ∗ ∗ ∗
∗ ∗ ∗ ∗ ∗ ∗

∗ ∗ ∗ ∗ ∗ ∗ ∗


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Unstructured Grids: Refinement

Three canonical methods for refinement:

I bisection: may get hanging nodes, leads to acute angles

I trisection using barycenter: leads to acute angles

I quadrisection using edge midpoints: get “similar” triangles



Unstructured Grids: Coarsening

I no canonical method for coarsening

I can remove nodes and generate new triangles



Quality Measures of Unstructured Grids

Different authors use different measures of non-degeneracy:

I angles bounded away from 0◦

I angles bounded away from 90◦

I bounded ratio longest / shortest edge

I bounded ratio outer / inner radius
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Extension to 3D

I hexahedra (cubes) instead of squares

I tetrahedra instead of triangles (4 vertices)

I refinement: midpoints of edges

I zoo of badly-shaped tetrahedra
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Structured vs. Unstructured Grids

structured grids unstructured grids

basis functions multilinear linear

generate easy difficult

geometry not flexible flexible

description cheap: implicite expensive: explicite

refinement easy easy

coarsening easy difficult

numerically nice sparse and structured sparse but unstructured
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Composite Finite Elements: The Idea

For complicated geometry:

I classically, use complicated mesh with simple basis functions

I CFE: use simple mesh with complicated basis functions

I both are immediately given by the image data (µCT scan)
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Grey Images: CT-Scans
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Construction of CFE Grids

a grid consisting of squares



Construction of CFE Grids

squares cut in triangles



Construction of CFE Grids

object boundary recovered from image



Construction of CFE Grids
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CFE Basis Functions

I regular grid points only as degrees of freedom: simple
neighborhood relations

I cut off basis functions on regular grid at interface

I virtual grid only needed internally
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Composite Finite Elements: Advantages and
Disadvantages

I meshing is easy, mesh is given by image data

I structured grid

I hence structured sparse system of equations
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