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Abstract Many bio-medical simulations involve structures of compli-
cated shape. Frequently, the geometry information is given by radiological
images. A particular challenge for model discretization in this context is
generating appropriate computational meshes.
One efficient approach for Finite Element simulations avoiding meshing is
the Composite Finite Element (CFE) approach that has been developed
and implemented for image-based simulations during the past decade.
In the present paper, we provide an overview of previous own work in
this field, summarizing the method and showing selected applications:
simulation of radio-frequency ablation including vaporization, simulation
of elastic deformation of trabecular bone, and numerical homogenization
of material properties for the latter.
[published in MICCAI 2015 Workshop Proceedings “Computational Biomechanics
for Medicine X”, pp. 128–140.]

1 Introduction

In the past decades mathematical modeling, simulation, and optimization have
become indispensable tools in systems biology, systems medicine, as well as med-
ical diagnosis and treatment-planning. In the ‘image based computing’ paradigm,
radiological images like CT, MRI, ultrasound, etc. are analyzed to yield segmented
structures of organs, tissue, or other structures pictured. The consequent goal
is to simulate physiological processes, or to simulate and optimize treatments
using mathematical models and their numerical implementations. A particular
challenge in this is, however, the generation of computational meshes from the
segmented imaging data that is needed in the process of discretization of models.

In fact, structures in organisms have a complicated geometry. They are in
general irregularly shaped and show large intra- and inter-individual variations.
Moreover, it is often necessary to also resolve internal sub-structures or interfaces
with a computational mesh, thus to account for various bio-physical properties of
the many tissue-types that might be involved and which may be discontinuous at
the internal tissue interfaces. These facts make mesh generation for image based
computing a difficult task that, moreover, must respect constraints of a clinical
workflow in case of a true medical application in daily routine.



For the discretization of mathematical models that are characterized by partial
differential equations (PDEs) computational meshes are directly related to the
Finite Element spaces spanning the space of solutions. In the case of irregular
boundaries or internal structures, it is known that the solutions have less regularity
that may result, e.g., in kinks and discontinuous gradients. The straightforward
approach to tackle these irregularities is mesh adaptivity, i.e., decreasing the size of
the mesh’s cells in areas with lower regularity of the solution and thus adapting the
associated Finite Element spaces. Other approaches avoiding mesh adaptivity that
have been discussed in the literature include generalized FEM (GFEM), extended
FEM (XFEM), Immersed FEM, Fictitious Domain Methods, WEB-Splines, and
others. We refer to [19,21,26] for literature overviews and [4,7,8,13,17,18,25] for
selected more recent approaches.

In this paper we review the Composite Finite Element (CFE) approach to
image based computing. The CFE approach goes back to [10, 24]. This paper is
a summary of our work from the past decade orginally published in [19,21–23,
26–30,35]. The method works efficiently on regular hexahedral grids as they are
provided by the usual three-dimensional voxel grids of medical images. Still it
allows for the resolution of complicated geometries and interfaces by automatically
adapting standard linear Finite Element basis functions and thus modifying the
corresponding Finite Element space accordingly. In the remainder of the paper we
first explain the general idea of CFE in more detail in Section 2 and an approach
for numerical homogenization in Section 3. Then, in Section 4, we show two
applications from the field of medical image computing that demonstrate the use
of CFE: the simulation of radio-frequency ablation, the simulation of the elastic
deformation of vertebral trabecular bone, and numerical homogenization for the
latter. We close the paper with a summary and conclusions in Section 5.

2 Composite Finite Elements

We will describe the concept of CFE for the domain Ω = (0, 1)3, which is be
discretized with a regular hexahedral grid G that has 23l elements of grid width
h = 2−l and a total of (2l + 1)3 nodes. We choose to work with the unit cube here
as it eases the presentation. The application of CFE to other cuboid domains is
of course possible straightforwardly. Working with piecewise affine-linear basis
functions, we subdivide each hexahedron in six tetrahedra in such a way that
edges are consistent with neighboring elements, resulting in the mesh G� denoted
as the regular tetrahedral mesh.

We assume that the domain Ω contains Ωi ⊂ Ω, the object we are interested
in, and which has a complicated boundary. Consequently the solution to an
elliptic (or parabolic) PDE will be supported on Ωi and we will build a Finite
Element space whose basis functions are supported on Ωi. If in addition the
object comprises complex interfaces between materials of different bio-physical
properties the solution to the PDE will have kinks at the interface. Such kinks
result from discontinuities of material properties when they have different values
on both sides of the interface. The material properties enter the equations as
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coefficients (e.g., as diffusivities or elasticity parameters) and the kink in the
solution will depend on the ratio of the material property across the interface.
Again, in CFE we will build basis functions that are able to interpolate functions
fulfilling the kink condition. This approach to complex object boundaries and
interfaces makes classical grid adaptivity obsolete.

To proceed let us assume that Ω = Ωi ∪Ωe and further Ωi = Ω+ ∪Ω−
where Ω± are disjoint sets. Thus, the domain Ω is decomposed into the object
Ωi and its exterior Ωe. The object Ωi contains two material domains Ω±. A
generalization to more objects and more materials is of course easily possible [27].
In image based computing it is convenient to define these domains from 3D image
data that is provided on a regular hexahedral voxel grid. With image processing
methodology level-set functions can be provided such that the zero level-sets
define the interfaces of the domains, see below.

In the following we will describe how to construct CFE for complicated
domains, for complicated interfaces between different materials, and how to use
CFE in the context of homogenization. Note that our expositions will be brief
and just explaining the principal concepts. For more details we refer the reader
to the original publications that mentioned the respective sections below.

The treatment of different cases of boundary conditions (Dirichlet and Neu-
mann; on the bounding box and on the interface; zero and nonzero) is addressed
in [27]. A key advantage of the underlying uniform hexahedral grids is their
natural hierarchy of coarse scales. These were used in a CFE multigrid solver for
the case of complicated domains [19]. Defining a suitable coarsening scheme for
CFE for discontinuous coefficients turned out to be challenging [21] and requires
further investigation. One possibility could be a hybrid approach combining
standard geometric, algebraic [33], and topological [6] coarsening.

2.1 CFE for Complicated Domains

Let us first consider the case of a domain with complicated boundary consisting
of only a single material, w.l.o.g. described by Ω+ = ∅ and Ωi = Ω−. The interior
boundary is then given as Γ = ∂Ωi ∩Ω. Let ϕ : Ω → R be the level-set function
defining this domain, i.e., a function whose zero sub-levelset is Ω−.

In this case, CFE basis functions are constructed to be standard affine FE basis
functions restricted to Ωi as shown in Fig. 1 for the 2D case. This construction is
achieved by introducing an auxiliary mesh G4. For this purpose, tetrahedra of
G� intersected by the interior boundary Γ are further subdivided in four or six
sub-tetrahedra such that the a linear approximation to the boundary Γ is resolved.
In fact, the auxiliary nodes n4i needed for the construction of the auxiliary mesh
are computed as the zero crossings of the affine-linear interpolation of ϕ on the
edges of G� that are intersected by Γ . From the standard, piecewise affine basis
functions G4, CFE basis functions are composed as a weighted sum, where the
weights are given by the barycentric coordinates of the auxiliary nodes n4i on
the respective edges of G�.

For a detailed discussion of the CFE construction including the description
of a multigrid solver, we refer to [19,26].
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Figure 1. 2D CFE Basis Func-
tions for Complicated Domains.
For the domain (left, light blue re-
gion), CFE basis functions in the in-
terior are standard piecewise affine
tent functions for the nodes of the
regular tetrahedral mesh G�. For the
exterior (right, white region), there
are no degrees of freedom and no ba-
sis functions. Near the interface (red
line), standard tent functions are re-
stricted to the interior of the domain.
This applies to the nodes of G� adja-
cent to the intersection of the inter-
face. (Figure from [26, Fig. 3.11])

Figure 2. 2D CFE Basis Functions for
Complicated Interfaces. For piecewise con-
stant coefficients in two domains (light blue
and yellow regions) with a discontinuity across
the interface (red line), CFE basis functions
far from the interface are again standard piece-
wise affine tent functions for the nodes of the
regular tetrahedral mesh G�. At the interface,
CFE basis functions are constructed in such
a way that they can interpolate the local kink
condition, in this case for isotropic scalar coef-
ficients with a ratio of 1 :10. These CFE basis
functions at the interface may attain values
outside [0, 1] and may have extended support.
Still, they form a partition of unity and their
support remains local and bounded. (Figure
from [26, Fig. 3.12])

2.2 CFE for Discontinuous Coefficients

For the case of discontinuous coefficients, let us assume that Ω = Ωi, i.e., there
is no additional complicated domain boundary. In this case, let Γ = ∂Ω+ ∩ ∂Ω−,
i.e., the interface between the two different materials, and let again ϕ : Ω → R

be the function defining this interface, i.e., ϕ is positive/negative in Ω± and Γ is
its zero levelset.

In this case, CFE basis functions are constructed such that they are capable
of interpolating functions satisfying the kink condition due to the parameter
discontinuity (denoted below as ‘admissible’ functions). The construction starts
similar to the case above, introducing G� which now approximates the interface
between two material domains. Next, composition weights need to be determined
to to obtain CFE basis functions as weighted sums of standard, piecewise affine
basis functions G4. For this purpose, we consider the problem of locally inter-
polating admissible functions at nodes n4i of the auxiliary mesh G4 from nodes
n�j of G�. The admissibility condition (= kink condition) involves the local
interface geometry, the underlying PDE, and the values of its coefficients on
both sides of the interface. Using a Taylor expansion, known properties can be
exploited, namely continuity of (a) the function, of (b) its derivative in tangential
directions, and of (c) coefficient times derivative in normal direction of the
function. Averaging over all adjacent tetrahedra of G� provides the interpolation
weight wi,j for the pair

(
n4i , n

�
j

)
. In turn, wi,j is finally used as the composition
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weight with which the auxiliary basis function for n4i of G4 contributes to the
CFE basis function for n�j of G�.

For diffusion as a scalar model problem, a 2D example is shown in Fig. 2. The
resulting basis functions remain a partition of unity and retain boundedness of
their supports. However, they may attain values below 0 (see Fig. 2) or greater
than 1 near the interface.

In case of vector-valued elasticity with discontinuous material parameters,
the construction is more technical as the coupling condition at the interface then
involves three dimensions simultaneously. For nodes near the interface, this leads
to three CFE basis functions, each of which has contributions in all three space
dimensions. For a more detailed description of the construction for the scalar
and vector-valued model problems, we refer to [21,26].

3 Numerical Homogenization with CFE

Being specifically designed for simulations on cuboid domains, CFE are well suited
for numerical homogenization, i.e., for determining effective macroscopic material
parameters. An approach for numerical homogenization for linear elasticity of
trabecular bone specimens was presented in [23], other approaches include [9,14].
The basic idea of our approach [23] is to simulate six cases of uniaxial com-
pression and shearing (‘macroscopic unit strains’) and determine the respective
stress response of a statistically representative cubic part of the trabecular bone.
Together, this provides the necessary information for the macroscopic linear
elasticity tensor.

3.1 Simulations on Representative Volume Elements.

In case of microstuctures with exact geometric periodicity, the ‘cell problem’
approach cf. [2, Chapter 1] could be applied. Here, one fundamental cell of the
microstructure can be used as the computational domain, and the deformation
due to macroscopic unit strains can be determined using periodic boundary
conditions. The stress response can then be evaluated by integration over the
entire fundamental cell.

As biological structures like, e.g., trabecular bone, do not have an exactly
periodic geometric structure, there is no geometrically fundamental cell of the
object on which to impose periodic boundary conditions. Thus, we modify the
‘cell problem’ approach and use a statistically representative part of the structure
as the computational domain, which we call representative volume element or
RVE [15]. For simplicity, the RVE is assumed to be cube-shaped. Macroscopic
unit strains are imposed by corresponding Dirichlet boundary conditions on
the entire outer boundary of the RVE. Evaluating the stress response is then
restricted to an inner part of the RVE sufficiently far from the outer boundary.
This is necessary to avoid artificial stiffening due to boundary effects [21, Fig. 7.3].
A suitable thickness for the boundary layer omitted for the stress evaluation
turned out to be [21, Section 7.2] approximately one eighth of the edge length of
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the RVE. Based on [11, 34], the size of the interior used for stress evaluation was
chosen to be at least 5 times the intertrabecular distance (pore size).

3.2 Macroscopic Linear Elasticity Tensors.

From the approach described above, the stress response for each unit strain is
obtained, providing all parameters of the macroscopic elasticity tensor, i.e., the
effective elasticity tensor.

For these, the question arises whether they are approximately orthotropic,
and if so, what is the orientation of the axes. For this purpose, we solve an
optimization problem, finding the rotation of the coordinate system for which
the deviation of the tensor from an orthotropic one is minimized. The objective
function representing this deviation is obtained from the tensor written in Voigt’s
notation where orthotropy is observed by certain entries being zero. Again, we
refer the reader to [23] for more details on the approach.

4 Applications

In the following we will briefly describe some use cases for the CFE approaches
described so far.

4.1 Vaporization during Radio-Frequency Ablation

As a first application reported in [20], we consider a simulation of radio-frequency
ablation (RFA). RFA is a minimally invasive technique for the treatment of
lesions, e.g., liver cancer [3, 16]. For RFA, a thin probe carrying electrodes is
placed percutaneously inside the tumor and connected to an electric generator.
Due to the electric resistance of the tissue, heat develops and destroys proteins
and thus cells. When the temperature exceeds 100◦C, the water inside the tissue
vaporizes. This changes both the heat conductivity and the electric conductivity,
and thus the electric potential causing the heating.

To simulate the temperature evolution during RFA, we couple models for
electrostatic fields and temperature diffusion with a model for phase changes to
account for the water evaporization. Thus, we have a free boundary problem with
a complicated boundary that is coupled with discontinuous material coefficients
across this interface. In the following, we discretize this problem with the CFE
approach. In the notation introduced above, we consider the liquid phase to be
‘the object’ Ωi = Ωl and the gaseous phase to be ‘the exterior‘ Ωe = Ωg. Here
and in the following, indices l denote quantities in the liquid phase, whereas the
subscript g denotes quantities in the gaseous phase.

Phase Change. The phase change is modeled by a well-known Stefan problem [31]
that describes the discontinuity of the temperature gradient across an interface
between water in different phases, e.g., between liquid and vaporized water:

[−λ∇T ·N ]
L

= ρl

(
vl −D

)
, (1)
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where λ is the the thermal conductivity, T the temperature, N the unit normal
to the interface pointing from the liquid to the vapor domain, L the latent heat
of the phase change, ρl the density of the liquid, vl the liquid vapor speed at
the interface and D the interface speed in normal direction. The jump operator
[A] := Ag −Al denotes the difference between quantities on the liquid and vapor
side of the interface. The Stefan condition allows to decouple the heat transfer
equations in the liquid and vapor phase. Thus, for the heat diffusion we end up
with the equations

ρgcg∂tT + ρgcgV · ∇T = −div(λg∇T ) +Qrf in Ωg ×R+,

ρlcl∂tT = −div(λl∇T ) +Qrf in Ωl ×R+,
(2)

with appropriate initial and boundary conditions and where Qrf is the heat source
according to the electric field caused by the RF current, see below. These equations,
with complicated shaped domain boundary on the liquid-vapor boundary are
discretized and solved using the CFE approach presented above. For details, we
refer to [20].

RFA Simulation. The second main component of the RFA simulation is the
solution of the electrostatic equation

−div(σ∇Φ) = 0 in Ω (3)

with appropriate boundary conditions. This equation provides the electric poten-
tial and thus the heat source Qrf = σ‖∇Φ‖2. Here, σ is the electric conductivity
that has a discontinuity at the interface separating liquid and gaseous domain.

Thus, for the overall RFA simulation, we need to solve (a) two heat transfer
equations on the vapor and liquid domains domains of complicated shape, one for
each phase, and (b) the potential equation for computing the electric potential
with a discontinuous coefficient on the interface between the two domains. The
evolution of the interface is obtained through the Stefan condition from above.

With this RFA model, we were able to calculate the expansion of a vapor
bubble around the probe (see Fig. 3). With our simulation we achieve results
comparable to measurements from ex situ experiments. Additionally, we com-
puted the impedance during ablation in our simulations and compared them to
measurements from [32, Fig. 7-1], see Fig. 4. Indeed, the characteristics of the
curves for numerical simulation and experiment coincide, i.e., the impedance
slightly decreases at the beginning; it rises steeply when the vapor bubble around
the applicator is established; and the impedance remains constant afterwards.

4.2 Elastic Deformation of Trabecular Bone

Vertebroplasty. As an application involving linear elasticity with discontinuous
coefficients, we consider an example from [21, 26], a specimen of a porcine
T1 vertebral body virtually embedded in Polymethylmethacrylate (PMMA)
subject to 1 % longitudinal compression. Material properties for the bone are
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Figure 3. Expansion of the va-
por phase around an RF probe.
Arrows, color coded by veloc-
ity, indicate the vector field that
drives the evolution of the in-
terface, i.e., the water bubble.
(Image from [20, Fig. 4.6]. Copy-
right © 2012 Society for Industrial
Mathematics. Reprinted with per-
mission. All rights reserved.)

Figure 4. Comparison of the
impedance measured during an
ablation (grey curve, experimen-
tal data from [32]) and com-
puted from the simulation (black
curve). (Figure adapted from [20,
Fig. 4.7]. Original image Copy-
right © 2012 Society for Industrial
Mathematics. Reprinted with per-
mission. All rights reserved.)

undeformed deformed ⊥ displacement von Mises stress
(×20) −7 7 · 10−5 0 0.15 GPa

Figure 5. Vertebroplasty. For a porcine trabecular bone specimen virtually embedded
in Polymethylmethacrylate (PMMA), compression was simulated. On a slice through
the center of the specimen, the displacements perpendicular to the slice are shown in
units relative to the specimen height. Moreover, the von Mises stress on that slice as
well as the bone/PMMA interface are visualized. These visualizations show the impact
of the parameter discontinuity across the interface of geometrically complicated shape.
(Figure adapted from [26, Fig. 7.28] and [21, Fig. 6.5])
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Figure 6. Comparison of Effective Elasticity Tensors. The four images in the
top row show specimens from a human T12, from an osteoporotic human T10, a porcine
T1 and a bovine L1 vertebra along with the effective elasticity tensors obtained by our
numerical homogenization procedure (images adapted from [26, Fig. 7.36]). The overall
stiffness matches the visual impression of the bone density, and the stiffness is largest
in approximately the craniocaudal direction, corresponding to the vertical axis in the
specimens. The bottom left plot provides a comparison of longitudinal stiffness and
average stiffness in the transverse directions for multiple specimens of the species above
(adapted from [23, Fig. 2]). This shows a rather clear clustering in terms of both absolute
stiffness and ratio of longitudinal over transverse stiffness. The bottom right image
comprises the effective elasticity tensors obtained for different positions within an entire
human L4 vertebra (image adapted from [29, Fig. 6], original image Copyright © 2012
Taylor & Francis, http://www.tandfonline.com/), again showing craniocaudal anisotropy
and stiffness variations depending on the position.

assumed to be those for human vertebral bodies, E = 13 GPa and ν = 0.32 [36],
and E = 3 GPa and ν = 0.38 for PMMA as in [21]. With an isotropic image
resolution of 35 µm, the resulting computational mesh had 143× 143× 214 nodes.
Results of this simulation are shown in Fig. 5.

Effective Elasticity Tensors of Trabecular Bone in Different Species. As a second
application involving trabecular bone, we investigate differences in the macro-
scopic stiffness of specimens taken from vertebrae of different species [23]. For
this purpose, cubic specimens of edge length 5.16 mm were obtained from a young
male human, an osteoporotic female human, a porcine, and a bovine spine. The
values above, E = 13 GPa and ν = 0.32, were used as material properties for the
trabecular bone, this time viewed as a complicated domain without surrounding
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Figure 7. Correlations
Between Experiment and
CFE Homogenization. Cor-
relations lines for resolutions
below 168 µm were statistically
significant (p < 0.05). Concor-
dance coefficients rc are given
in the box for the varying
resolutions. Ideal concordance
would have been given by a
correlation straight falling to-
gether with the black, dashed
line. (Image adapted from [29,
Fig. 3], original image Copy-
right © 2012 Taylor & Francis,
http://www.tandfonline.com/)

medium. Using the numerical homogenization approach above, effective stiffness
tensors were obtained for each of the specimens, visualized in Fig. 6.

Here, in order to give a quick visual impression of the macroscopic elasticity
properties, we use the visualization presented in [5, 12]: A sphere is deformed
according to the compressive stiffness in different directions, and it is rendered
colored according to the respective bulk modulus, resulting in the colored ‘peanuts’
shown in Fig. 6.

Plotting the longitudinal and the average transverse stiffness for all specimens,
a clear clustering of the different species can be observed. In [29], intravertebral
variations were investigated further for multiple samples of an entire human
vertebra, also shown in Fig. 6.

A validation of the CFE elasticity simulation and the homogenization has
been discussed in [29]. There, local stiffness tensors have been computed for
the trabecular core of a female human lumbar vertebra (58 y) which had been
scanned by µCT. Fig. 7 briefly summarizes the results in terms of a correlation
plot for measured and experimental apparent stiffness for various resolutions of
the image data that shows the trabecular bones. Our investigations show that
there is a moderate but acceptable agreement between experiment and numerical
homogenization.

5 Conclusions

We have discussed a Composite Finite Element approach to image based comput-
ing. The CFE method is capable of resolving complicated structures or interfaces
on hexahedral grids as they are provided by standard voxel grids of three dimen-
sional medical image data. In the paper we have presented possible use cases for
CFE, when the domain has a complicated boundary, when an interface between
different materials has complicated shape, or when the computation of efficient
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macroscopic quantities, i.e., homogenization of complicated materials, is of in-
terest. In contrast to standard FE on hexahedral grids, approximate interfaces
are resolved. Thus, a higher order of convergence by CFE is expected and was
verified in [20,21,27].

The method is based on a virtual sub-division of the hexahedral grids into
tetrahedra. The CFE discretization can be implemented efficiently and a multigrid
solver has been developed. The CFE implementation from [26] is open source
and available as part of the QuocMesh software library [1].

We have shown the application of the CFE discretization to the simulation
of radio frequency ablation in which the electric conductivity is discontinuous
across a moving interface that has complicated shape. Also we demonstrate the
homogenization approach for the elastic deformation of trabecular bone. As said
before, for more details we refer the reader to the original publications mentioned
above.

Acknowledgments. We acknowledge Martin Rumpf, Stefan Sauter, and Uwe
Wolfram for their collaboration and many fruitful and inspiring discussions
regarding CFE and their applications.
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[34] Ün, K., Bevill, G., Keaveny, T.M.: The effects of side-artifacts on the elastic
modulus of trabecular bone. J. Biomech. 39, 1955–1963 (2006)

[35] Wolfram, U., Schwen, L.O., Simon, U., Rumpf, M., Wilke, H.J.: Statistical osteo-
porosis models using composite finite elements: A parameter study. J. Biomech.
42(13), 2205–2209 (September 2009)

[36] Wolfram, U., Wilke, H.J., Zysset, P.K.: Rehydration of vertebral trabecular bone:
Influences on its anisotropy, its stiffness and the indentation work with a view to
age, gender and vertebral level. Bone 46, 348–354 (2010)

13


	Some Use Cases for Composite Finite Elementsin Image Based Computing

