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Abstract. Biomedical simulations often involve interfaces of geometrically complex shapes
which are described by 3D image data. For this purpose, Composite Finite Elements (CFEs)
for complicated domains, discontinuous coefficients, and their combination can be used. Their
efficiency is due to the uniformly structured hexahedral grid given by the image data. The
geometric complexity is treated by adapted FE basis functions without introducing additional
degrees of freedom.
The treatment of boundary conditions is not straight-forward in this context because geometrically complicated boundaries are not resolved by the computational grid. We here describe
how Dirichlet and Neumann boundary conditions can be incorporated in the CFE context. We
moreover show that our approach numerically achieves the expected orders of convergence of
the CFE approximation for increasing grid resolution, also in combination with discontinuous
coefficients.
The methods explained here are used for two biomedical applications. First, radio-frequency
ablation is an example where two scalar problems with complicated domains and discontinuous coefficients are considered. Second, a linearly elastic deformation of a vertebral disk is
simulated in a two-scale model geometry also involving both a complicated domain and a discontinuous coefficient. The coefficient for the trabecular interior is obtained from numerical
homogenization.
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INTRODUCTION

Biomedical or technical simulations often involve simulation of physical processes described
by partial differential equations (PDEs). Results can help to gain a deeper understanding of
physical or biological phenomena. In particular, simulations can be used to optimize structural
elements in mechanical engineering, improve diagnostic procedures, or optimize therapy parameters when planning medical treatment. Such simulations often involve geometrically complicated
interfaces, either between material and void or between materials with different parameters. For
this purpose, Composite Finite Elements (CFEs) for complicated domains [22], discontinuous
coefficients [27], and their combination can be used. We here discuss the treatment of boundary
conditions (BCs) on the complicated interfaces with the CFE approach and we apply the methods
described to two biomedical simulations.
Review of Related Simulation Methods. Geometrical interfaces are typically given from
CAD or described by 3D image data or other implicit representations using level sets. CAD
often provides interface triangulations or volume tetrahedrizations. Image data, obtained e.g.
from CT or MRI, requires a segmentation of the desired structures and provide a hexahedral grid
corresponding to the voxels.
Standard FE methods typically use generally unstructured tetrahedral meshes when dealing
with interfaces of complicated shape. This requires 3D meshing, a nontrivial problem [5, 33].
The main disadvantage of such unstructured meshes is the need for explicit storage and the lack
of canonical coarse scales.
For geometry description by 3D images, the corresponding voxel grids have a simpler structure,
but do not allow a smooth object representation [7]. Mesh smoothing [6] can remedy this but
may distort elements. Adaptively refined meshes [10, 16] can be used and allow using more
efficient data structures [26] than unstructured meshes.
Various methods to avoid meshing but still allowing for geometric flexibility have been
developed. We will give a brief overview of these here and refer the reader to [22,27,31] for more
details and references. For problems with geometrically complicated domains, fictitious domain
methods use domain-independent meshes and extend the problem considered to the exterior [28].
Weighted extended B-splines employ weight functions near the boundary [18] and are best suited
for CAD applications. For problems with discontinuous coefficients, there typically is some
a priori knowledge about the behavior of the solution at the interface. One can make use of
this information as e.g. in partition of unity methods [2]. Generalized FEM (GFEM) [1], also
known as hp clouds [23] use function spaces including knowledge about the solution, also in
combination with classical FE [9]. Extended FEM (XFEM) ‘enrich’ classical FE spaces by
additional basis functions [3] for this purpose. Unfitted meshes have been used both in the
context of geometrically complicated/curved domains [17] and discontinuous coefficients [15].
The same is true for immersed interface methods, which employ Cartesian grids with finite
difference stencils adapted near interfaces [21, 30]. For a general overview on meshfree methods,
we refer to [20].
Composite Finite Elements. The CFE method goes back to [11–14] and is based on the
idea of using a hexahedral computational mesh, with specialized basis functions. Those basis
functions capable of treating domain boundaries or interfaces between domains of different
coefficients are composed of simpler basis functions on an auxiliary submesh. In contrast to
standard FEs on unstructured meshes, where a combination of simple basis functions and a
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complicated mesh (representing the geometry) is used, the CFE approach uses complicated
basis functions on a simple mesh. This approach is particularly useful if we have an implicit
description of the geometry, e.g. by 3D image data.
The authors’ previous work includes a CFE implementation for geometrically complicated
domains in 3D along with a corresponding multigrid solver [22], as well as a CFE implementation
for discontinuous coefficients in 3D [27]. In both cases, scalar and vector-valued (elasticity)
problems were treated. The method was used for the simulation of phase change problems [24]
and in a numerical homogenization framework for obtaining effective elasticity properties of
non-periodic trabecular structures [29].
Biomedical Application Examples. About 50 % of the patients with malignant tumors are
affected by liver metastases. The surgical resection of these metastases is not possible for all
patients due to the location of the metastases or due to the general state of health of the patients.
An alternative to the surgical resection is to use radio-frequency (RF) ablation. RF ablation is
a minimally invasive technique. An RF probe is percutaneously placed inside the tissue and
connected to a generator delivering an electric current in the RF range. Due to the electric
impedance, the tissue close to the probe is heated and destroyed above 60 ◦ C. To be able to plan
the procedure, to optimize the probe position, and to estimate the ablation result a simulation of
the ablation can be used [4]. The cylindrically shaped probe and the interfaces between materials
like tumor, healthy liver tissue and blood vessels have to be considered in the simulation.
Osteoporosis is a widely spread disease in the Western world, it is characterized by degradation
of bones. In particular, strength and structural integrity of vertebral bodies decreases. Vertebral
bodies consist of a compact shell and a trabecular interior, the spongiosa. To assess fracture load,
FE models based on µCT scans can be used [25]. Simulating elastic deformations of the full
trabecular structure is a very computationally demanding task, even for only a single vertebra.
Due to its spatial structure, effective elasticity properties vary within the spongiosa, so it cannot
easily be represented by a homogeneous material in a multiscale model.
Outline. The goal of this article is twofold. On the one hand, we introduce the treatment of BCs
of Dirichlet and Neumann type in CFE simulations, in particular for BCs on the geometrically
complicated interface in Section 2. On the other hand, we discuss the combination of complicated
domain and discontinuous coefficient within one discretization and implementation in Section 4.
Also, we briefly demonstrate that the method can deal with more than one interface with
discontinuous coefficient in Section 3.1. An extensive numerical study is presented to verify
an improved approximation order compared to standard FE on hexahedral meshes. Both as
motivation and as proof of concept, we consider two biomedical applications for the methods
described previously and extended in this article. In a radio-frequency ablation model, we
consider two scalar problems with both complicated domains and discontinuous coefficients in
Section 5. A two-scale model problem for elasticity of trabecular bone combines complicated
domains and discontinuous coefficients in a vector-valued problem and builds on previous
numerical homogenization results in Section 6.

3

Lars Ole Schwen, Torben Pätz, and Tobias Preusser

2
2.1

COMPOSITE FINITE ELEMENTS FOR GEOMETRICALLY
COMPLICATED DOMAINS
CFE Notation

For the description of the CFE methods, we first need to introduce some notation, see Figure 1.
Let Ω be a bounding box for our domains of interest, for which we simply assume Ω = [0, 1]3 .
Let Φ be a level set function with the usual non-degeneracy assumptions (the zero level set is
a 2D manifold, i.e. ∇Φ exists almost everywhere and does not vanish on the zero level set).
The level set function Φ divides Ω in two domains Ω± = [Φ ≷ 0] ∩ Ω and defines an interface
γ = (∂ Ω+ ∩ ∂ Ω− ) \ ∂ Ω between material and void, or later between two domains with different
coefficients.
For the discretization of Ω we consider 3D image data whose voxels are given on a regular
grid. In fact, we assume that the domain information is given by this 3D image data and that
the voxel midpoints define the regular hexahedral grid G  . We divide each hexahedron in
six tetrahedra, resulting in G  in such a way that diagonals are consistent with neighboring
hexahedra. The interface γ is then approximated by finding zeroes of the level set function on the
tetrahedral edges, introducing additional local auxiliary or virtual nodes used to define another
tetrahedral mesh G 4 . Let us point out that G 4 is not used as a computational grid but only
temporarily during the construction of the CFE space. For the definition of the node sets N we
refer to Figure 1. CFE basis functions ψi are only defined for those nodes xi ∈ N  inside and one
 . The ψ are written as linear combinations of virtual
layer outside Ω− , briefly denoted by Ndom
i
basis functions ψz4 for nodes xz ∈ N 4 with construction weights wz,i for a set C (i) ⊂ N 4 of
nodes constrained by i,
ψi = ∑z∈C (i) wz,i ψz4 ,
(1)
restricted to Ω− in case of a complicated domain, unrestricted later in case of discontinuous
coefficients. For the case of complicated domains we introduce the space VCD spanned by the
basis functions ψi .
2.2

Construction of CFEs for Geometrically Complicated Domains

In case we are dealing with a geometrically complicated domain described by image data, we
first determine a level set function Φ as described above, which segments the image in domain
Ω− and void Ω+ . In the simplest setting this can be achieved by subtracting a threshold from the
image grey values and possibly inverting the sign. One may also use a more elaborate segmentation procedure possibly involving appropriate denoising. Virtual nodes are then determined as

G , γ

G , γ

G 4, Γ

Figure 1: CFE notation. The regular hexahedral grid G  discretizing the unit square Ω and the tetrahedral mesh
G  for a 2D example do not resolve the interface (dotted line) and have the same set of nodes N  = N  shown
as  symbols. The local auxiliary or virtual mesh G 4 additionally has nodes N virt shown as • which do not have
assigned DOFs. (Figure from [31])
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roots of the level set function using piecewise affine-linear interpolation on the edges of G  .
As CFE basis functions, we then use standard affine-linear tent functions in the interior
away from the boundary; for grid points adjacent to the boundary, such standard tent functions
are restricted to the approximate interior, making them jump discontinuously to zero. This is
achieved by setting wz,i in (1) to 1 if z = i, the barycentric coordinate of the node z on the edge
incident to i, and 0 otherwise. In case of a vector-valued (elasticity) problem, the CFE basis
functions are used to discretize each component of the displacement separately. The construction
and its implementation is described in more detail in [22, 31]. 2D CFE basis functions are
visualized in Figure 2.
An important property of this construction is that degrees of freedom (DOFs) are only assigned
 of nodes of the uniform hexahedral grid, not to the local auxiliary nodes.
to the subset Ndom
Values at those nodes are always interpolated values from the constraining hexahedral grid nodes,
those two adjacent to the edge on which the virtual node lies. In the case of discontinuous
coefficients in Section 3, there will be more constraining nodes, cf. Figure 3.
As a model scalar problem, let us consider the PDE
−∇ · (a∇u) = f in Ω− ⊂ Ω = [0, 1]3
∂ν u = gN on ΓN
u = gD on ΓD

(2)

on the domain Ω− with a Neumann boundary ΓN (with outer normal ν) and a Dirichlet boundary ΓD . The right hand side f and coefficient a are assumed to be in L2 (Ω− ) and L∞ (Ω− ),
respectively, and we are searching for a solution u ∈ H 1 (Ω− ) satisfying the BCs.
Following the standard Galerkin discretization [8], we first state the weak formulation of (2),
Z

a∇u · ∇θ dx =

Z

Ω−

Z

f θ dx +
Ω−

gN θ dA

(3)

ΓN

for test functions θ . Note that Neumann BCs appear here as the area integral, whereas Dirichlet
BCs are built into the space of admissible functions.
 , i.e. approximate u by
We then discretize (3) with CFE basis functions ψi , xi ∈ Ndom
∑i Ui ψi
and substitute ψi for the test functions θ . The corresponding discrete function space spanned

Figure 2: 2D CFE basis functions for complicated domains are standard tent functions in the interior (left)
and restricted to the interior near the boundary (middle
two) where the transparent grey part shows where basis
functions are set to zero. Grid points outside the domain
(light blue, bounded by the red interface) do not have
associated basis functions (right). (Figure from [31])

Figure 3: 2D CFE basis functions for discontinuous coefficients are constructed in such a way that they are capable of interpolating functions satisfying the local kink
condition, in this case for isotropic scalar coefficients
differing by a factor of 10. Away from the interface, we
again only use standard tent functions, whereas their
support near the boundary may become larger and they
may attain values outside [0, 1]. Still, supports are local
and the basis functions form a partition of unity. (Figure
from [27], © SIAM)
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by the ψi will be denoted by VCD . For Dirichlet BCs, we first transform to homogeneous BCs
and only consider those ψi satisfying ψi |ΓD = 0. We denote the corresponding discrete function
space by VDirichlet .
Within this section, we will consider three cases of inhomogeneous BCs: Neumann or
Dirichlet BCs on the bounding box in Section 2.3, Neumann BCs on the interface in Section 2.4,
and Dirichlet BCs on the interface in Section 2.5.
2.3

Boundary Conditions on the Bounding Box

Let us first consider the case of inhomogeneous BCs only on the boundary ∂ Ω of the bounding
box. If the interface Γ does not intersect ∂ Ω, we proceed as in standard FE implementations.
Otherwise, special treatment is required near the intersection. For simplicity, we assume homogeneous Neumann BCs at the interface, i.e. ∂ν u = 0 on Γ in (2).
Neumann Boundary Conditions on the Bounding Box
Let us first consider the case of inhomogeneous Neumann BCs on ∂ Ω− ∩ ∂ Ω, in particular
ΓD = 0.
/ In this case, the discretization of (3) is
Z

Z

Z
a∇ψ
·
∇ψ
dx
U
=
ψ
ψ
dx
F
dx
+
gN ψi dA
j
i
j
j
∑ j Ω−
∑ j Ω− j i
ΓN
(4)
Z
LU = MF +
gN ψi dA
ΓN

with ψi , ψ j ∈ VCD , FE stiffness and mass matrices L and M respectively, and an additional term
for the Neumann BCs on the right hand side.
In a classical FE approach, gN can be discretized using the FE basis functions and expressed
in terms of a value vector and matrix-vector multiplication,
Z

Z
gN ψi dA ≈ ∑ j
ψ j ψi dA (GN ) j .
(5)
ΓN

ΓN

In the CFE framework, we need to pay attention that we can only specify values at the
hexahedral grid points, but not at local auxiliary nodes. So if the complicated boundary Γ
intersects the boundary of the bounding box ∂ Ω, computing the boundary integral can be
implemented by evaluating a function gN at quadrature points. Alternatively, we can set discrete
 (in particular on the one layer of nodes outside Ω ) in such
values on the nodes in Ndom
−
a way that the CFE interpolation yields the desired values at the virtual nodes. In case of
non-constant gN , this may be only possible in an approximate way.
Dirichlet Boundary Conditions on the Bounding Box
Now let us consider inhomogeneous Dirichlet BCs on ∂ Ω− ∩ ∂ Ω, in particular ΓN ∩ ∂ Ω = 0.
/
In this case, we decompose u = v + w on Ω̄ where v satisfies the BC v|ΓD = gD and has a
sufficiently smooth extension to the interior Ω− . We then solve
−∇ · (a∇w) = f + ∇ · (a∇v) in Ω−
w=0
on ΓD
for w and add v to obtain u according to the decomposition.
6
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As before, we pass to the weak formulation and discretize, this time using the space VDirichlet
defined above. In the implementation, this can be is achieved by using standard CFE mass and
stiffness matrices M and L, using
(
gD (xi ) if xi is Dirichlet node
Vi =
(7)
0
else,
solving the system of equations
(Rm L)W = Rv (LV + MF)
for W , and finally setting U = V +W . The operators R modify the vector and matrix

(

Li j if i and j index DOFs
Xi if i indexes DOF
(Rm L)i j = 1
if i = j index Dirichlet node (Rv X)i =

0 else

0
else

(8)

(9)

in such a way that zero Dirichlet BCs are enforced, effectively omitting basis function for nodes
on the boundary.
A consequence of the CFE construction is that only nodes of the uniform hexahedral grid
can be marked as Dirichlet nodes. If the interface Γ intersects the outer boundary ∂ Ω, local
auxiliary nodes effectively become Dirichlet nodes if their constraining (uniform hexahedral)
nodes are marked as Dirichlet nodes since values are then interpolated between Dirichlet values.
For virtual nodes near ∂ Ω constrained by Dirichlet nodes, interpolation between a Dirichlet
value and a computed values at a DOF node is performed, which does not cause difficulties.
2.4

Neumann Boundary Conditions on the Geometrically Complicated Boundary

In what follows we describe a possibility to respect Neumann BCs on a geometrically
complicated domain. The classical method for handling Neumann BCs is not directly applicable
because we have no DOFs on the geometrically complicated domain boundary due to the CFE
construction with virtual nodes.
We introduce the procedure to incorporate Neumann BCs using the model equation (2) with an
inhomogeneous Neumann BC gN 6= 0 on ΓN . To ease the presentation, we assume that the whole
geometrically complicated domain boundary is a Neumann boundary, and that the boundary of
the bounding box has Dirichlet BCs. The generalization to mixed BCs is straightforward for
unconnected boundary parts. However, if the boundary parts are located in the same element of
G  , the procedure will fail.
As before, the left hand side of the weak formulation (3) is not influenced by the Neumann
BCs. The right hand side now involves an additional term requiring integration over the interface.
Using the set of tetrahedra cut by the domain boundary
P = {t ∈ G 4 : t ∩ Γ 6= 0/ ∧ t ∩ Ω− 6= 0}
/ ,

(10)

we can reformulate the boundary integral as
Z
ΓN

Z

gN θ dA = ∑t∈P

7
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gN θ dA .
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Substituting CFE basis functions ψi ∈ VCD for the test function θ , we note that only virtual
 contribute to the
tetrahedra t contained in tetrahedra T ∈ G  incident to the grid node xi ∈ Ndom
integral. Moreover, t ∩ Γ is a triangle consisting of three virtual nodes, see Figure
4.
R
These facts can be exploited to efficiently implement the computation of ΓN gN ψi dA. If we
loop over all interior tetrahedra t of the local auxiliary grid, i.e. t ∈ G 4 ∩ Ω− , and consider all
faces of t with three virtual nodes z j as vertices, this exactly covers Γ once. For each such t,
consider the four vertices xi of the containing tetrahedron T ∈ G  and sum up the contributions
using the quadrature formula
Z
t

gN ψi dA ≈

|t| 2
|t| 2
gN (z j )ψi (z j ) = ∑ j=0 gN (z j )wz j ,i
∑
j=0
3
3

(12)

where the last equality makes use of the CFE construction weights wz j ,i in (1).
As above, gN can be given directly on the virtual nodes or obtained from CFE interpolation
from G  .
Numerical Results
To show the presented method allows us to achieve the desired convergence rates, we use a
function for which we can analytically compute the first and second derivatives. Based on the onedimensional function u0 (r) = r2 , we construct a radially symmetric function around the center
of the domain. The function u0 is visualized in Figure 5. First and second partial derivatives
with respect to the standard coordinates are easily computed. The task in this experiment is
to reconstruct the function using the elliptic PDE (2) for f = −∇ · ∇u with inhomogeneous
Neumann BC gN = ∇u · ν at the geometrically complicated domain boundary given by the
analytical derivative of the function in the normal direction. For simplicity, a ≡ 1 is assumed. As
domain we use the unit cube and cut out a sphere in the center of the cube,

Ω− = [0, 1]3 \ x ∈ [0, 1]3 : kx − (0.5, 0.5, 0.5)k2 < 29 .
(13)
The numerical results for this test scenario are summarized in Figure 5 and show the theoretically
expected rates: quadratic convergence in the L2 and L∞ norms and linear convergence in the
H 1 norm.
The L2 and H 1 approximation errors are computed as in [27] by first-order midpoint quadrature
over all tetrahedra of G 4 , the L∞ norm is computed as the maximum difference of all quadrature

ν

Γ

Figure 4: The intersection of the piecewise planar interface approximation Γ and a tetrahedron T of G  is given by
 . T decomposes in subtetrahedra t ∈ G 4 whose intersection with
virtual nodes • as opposed to the nodes  in Ndom
Γ consists of triangles (two in this case) with virtual nodes as vertices.
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Figure 5: Convergence results for Neumann and Dirichlet BCs on geometrically complicated domains. From
the prototype function (top left) we construct a radially symmetric function for the complicated domains (top
middle/right, clipped at y = 0.45). Outside the domains, the function is set to zero. For the resulting function, we
compute the error of the CFE solution of the corresponding elliptic problem in three different norms depending on
the grid spacing (bottom). The error is shown relative to the L2 norm of the function. As expected, on the spherical
domain boundary we achieve the desired convergence rate, whereas the convergence rate drops down on the cubic
domain boundary due to the non-constant Dirichlet BC.

points and grid points of G 4 . For a better comparison, and without any influence on the
convergence orders, the plots show values relative to the L2 norm of the function considered.
2.5

Dirichlet Boundary Conditions on the Geometrically Complicated Boundary

In this section we use (2) equipped with an inhomogeneous Dirichlet BC on the geometrically
complicated domain boundary, i.e. gD 6= 0 on ΓD = Γ. At the domain boundary of the unit cube
we assume a Dirichlet BC, too.
The procedure for the Dirichlet BCs for CFEs follows the procedure for classical finite
elements, but we have an additional difficulty because there are no DOFs at the virtual nodes on
the boundary. Thus, we need to construct a discrete function that is interpolated to satisfying the
BCs. Such a function can be constructed using
Gi = G(xi ) =

∑z∈C (i) wz,i g(z)
,
∑z∈C (i) wz,i

(14)

i.e. we average the function values of virtual nodes constrained by a particular regular node at
this node using the weights of the virtual basis functions. Having a function satisfying the BCs
at hand, we transform the problem with inhomogeneous Dirichlet boundary values to a problem
with homogeneous ones as previously presented for the outer boundary.
To define CFE basis functions for representing solutions to this problem, we omit virtual
basis functions corresponding to virtual nodes on the Dirichlet boundary. This is achieved by
considering C (i) without virtual Dirichlet nodes, or just setting wz,i = 0 for virtual Dirichlet
nodes z in (1) and can already be incorporated in the matrix assembling loop.
As a consequence, basis functions are now continuous at the boundary, but their slope, i.e.
the norm of their gradient, is no longer the one of standard affine-linear FE basis functions.
9
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Moreover, the construction in (14) is only exact if the Dirichlet value on connected components
of ΓD is constant, otherwise the order of accuracy is lost as we will demonstrate by an example
below.
Numerical Results
Here we use the same procedure as in Section 2.4, except that the equation is equipped with
a Dirichlet BC on the geometrically complicated domain boundary u = gD on ΓD . Due to the
radial symmetry of the test function we have a constant Dirichlet BC on the spherical domain
boundary. Thus, we expect again quadratic convergence in the L2 and L∞ norms and linear
convergence in the H 1 norm. The results are summarized in Figure 5.
To show that the method does not yield the desired convergence rates for arbitrary Dirichlet
BCs we have used the same test function, but cut a small cube with edge length 29 centered in the
computational domain out of the domain. Thus, in this case the computational domain is given
by

Ω = [0, 1]3 \ x ∈ [0, 1]3 : kx − (0.5, 0.5, 0.5)k∞ < 29 .
(15)
In this case the radially symmetric test function does not have constant value at the geometrically
complicated domain boundary. The results of this experiment are summarized in Figure 5. The
average convergence rates for this test setting are 1.1 for the L∞ norm, 1.8 for the L2 norm, and
0.9 for the H 1 norm, respectively.
3

COMPOSITE FINITE ELEMENTS FOR DISCONTINUOUS COEFFICIENTS

A CFE construction for discontinuous coefficients across a geometrically complicated interface aims at basis functions that are capable of interpolating an expected non-differentiability
in the solution. We briefly explain this construction here, a detailed description is available
in [27, 31].
We first determine the interface based on a level set function as before in Section 2. Based on
the local geometry of the interface and based on the coefficients on the two sides of the interface,
we determine a coupling condition across the interface. Using Taylor expansion at an interface
point, we exploit continuity of the solution, continuity of its first partial derivatives in direction
tangential to the interface and the discontinuity of the first partial derivative in normal direction
due to the discontinuity in the coefficient. We then consider the problem of interpolating the
value of such a locally admissible function at a virtual node from its values at nodes of the regular
hexahedral grid. The interpolation weights, after suitable averaging over adjacent tetrahedra
of G  , are then in turn used as the values wz,i when composing the CFE basis functions from
basis functions on the local auxiliary mesh G 4 as described in (1).
A 2D example of such CFE basis functions is shown in Figure 3. Away from the interface, we
still obtain standard tent functions on G  whereas specialized CFE basis functions are obtained
near the interface. Their support is slightly larger than the support of standard tent functions,
but still local. The basis functions may attain values outside [0, 1], but still form a partition of
unity. In the vector-valued elasticity case, the coupling condition simultaneously involves the
three directional components of the displacement. Near the interface, this results in three basis
functions per node (as usual), each of which has contributions in all space directions (different
from the case of complicated domains).
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Figure 6: From prototype functions (top left) we construct radially symmetric functions for the domain with two
interfaces (top middle, clipped at y = 0.45) and multiply it by a tangential modulation term (top right). For the
resulting functions, we compute the CFE interpolation error (middle) and the error of the CFE solution of the
corresponding elliptic problem (bottom) in three different norms depending on the grid spacing. In comparison,
standard FE exhibit a lower order of convergence in the interpolation error. All errors are relative to the L2 norm of
the function.

3.1

Multiple Interfaces

The above construction is also possible if there is more than one interface across which the
coefficient is discontinuous, provided the distinct interfaces do not intersect and the computational
resolution is sufficient that each grid cell is intersected by at most one interface. In this case, we
can consider a single level set function whose sign changes at each interface and a coefficient
function providing the appropriate coefficient at each grid point. We then proceed as in the single
interface case.
3.2

Numerical Results

To numerically verify that we obtain the expected approximation orders, we consider an
analytically given function u with discontinuous first derivative across two interfaces. Similar to
the procedure in [27], we first determine the approximation order when comparing the analytic
function to its CFE interpolant. Then, similar to Section 2.5, we solve the elliptic problem with a
Dirichlet BC on the outer boundary ∂ Ω. In comparison to [27], we here consider two kinks and
a function with an inhomogeneous Dirichlet BC.
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Consider the one-dimensional function

2

c0 r
u0 (r) = c1 r2 + (c0 − c1 )R20

 2
c2 r + (c1 − c2 )R21 + (c0 − c1 )R20



1/c0
a(r) = 1/c1


1/c2

if 0 ≤ r < R0 = 29
if R0 ≤ r < R1 = 94
if R1 ≤ r

(16)

visualized in Figure 6 and define u1 (x) to be the radially symmetric function around
√ the domain
center constructed from u0 . We set c0 = 1, c1 = κ for variable κ > 0, and c2 = 2.
Furthermore, define a tangential modulation term
x̄ x̄ x̄
q0 1 2 q
m(x) = q
x̄02 + x̄12 x̄02 + x̄22 x̄12 + x̄22

(17)

where x̄ = x − domain center, continuously extended by m(center) = 0, also visualized in Figure 6. From these, define the function
u(x) = u0 (r(x)) · (1 − 0.1m(x))

(18)

for which analytical first and second partial derivatives can be computed. Note that u is constructed in such a way that it is continuous, a(r(x))∇u(r(x)) can be extended continuously at the
interfaces because m does not affect the kink in radial direction, and u is neither constant on ∂ Ω
nor on the spherical interfaces given by R0 and R1 .
We compute the difference between u and its CFE interpolation and, as before, solve the
elliptic problem with a Dirichlet BC, here on the boundary of the bounding box, assumed to be
the unit cube. In Figure 6, we can observe that the L∞ error does not decrease with second order,
but this only occurs at few points so that second order L2 and first order H 1 convergences are
obtained. In particular, the convergence of the interpolation error is better than for standard FE
not resolving the two interfaces. Let us point out that, for the large grid spacings shown, the
resolution is actually insufficient to separate the two interfaces in the CFE construction.
4

COMBINING COMPOSITE FINITE ELEMENTS FOR
COMPLICATED DOMAINS AND DISCONTINUOUS COEFFICIENTS

The previous sections have introduced CFEs for the discretization of PDEs with geometrically
complicated domain boundary or discontinuous coefficient. In this section we combine both
approaches to be able to solve PDEs with discontinuous coefficient defined on geometrically
complicated domains.
The procedure is the same as before. We need two level sets describing the computational
domain and the discontinuity of the coefficient. Then, every level set is processed as described in
the corresponding sections of the paper, i.e. we construct virtual nodes at the domain boundary
and the interface, introduce a local auxiliary grid that resolves the linear interpolation of the
domain boundary and the interface and build the FE matrices by the described assembling
procedures. To be able to use this procedure it is necessary that the domain boundary and the
interface do not intersect and that they do not cut the same cubic element of G  . Otherwise, the
computation of the virtual nodes is ambiguous.
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Figure 7: Convergence results for Dirichlet and Neumann BCs on the geometrically complicated domain with
an additional interface with discontinuous coefficient. From prototype function (top left) we construct radially
symmetric functions for the geometrically complicated domain (top right, clipped at y = 0.45). Outside the domain,
the function is set to zero. For the resulting function, we compute the error of the CFE solution of the corresponding
elliptic problem for Dirichlet BCs (middle) and Neumann BCs (bottom) in three different norms depending on the
grid spacing. The error is shown relative to the L2 norm of the function.

4.1

Numerical Results

Here, we show that the combination of geometrically complicated domains and discontinuous
coefficients still yields to quadratic convergence in the L2 and L∞ norms and linear convergence
in the H 1 norm. To do so we combine our test functions from the discontinuous coefficient
and the geometrically complicated domain case. To be precise, we use the same computational
domain as in Section 2.4 and 2.5 and add an additional interface at the same location than the
outer interface in Section 3.2. The results of this numerical test are shown in Figure 7.
5

APPLICATION 1: RADIO-FREQUENCY ABLATION
The RF ablation model consists of the electric potential equation
−∇ · (σ ∇ϕ) = 0

in Ω \ Ωel ,

(19)

where ϕ is the electric potential, σ the electrical conductivity, Ω the computational domain,
typically a cube with edge length 60 mm, and Ωel the electrode of the RF probe. We set a
homogeneous Dirichlet BC at the outer domain boundary, because the electric potential is
constant far away from the electrode. On the electrode we set ϕ = 1. This arbitrary choice of the
potential on the electrode is compensated by a scaling afterwards.
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Figure 8: Result of an RF ablation simulation. We show the electrode (brown), the tumor (gray), and one slice of
the electric electric conductivity (left) respectively the heat source (middle). In addition, the 60◦ C profile of the
temperature is shown in red (right), indicating that the tumor can be destroyed almost completely in this setting.

From the electric potential we compute the heat source for the bioheat transfer equation
(BHTE), given by Qrf (x) = Pσ (x)|∇ϕ(x)|2 , where P is a scaling factor depending on the electric
generator, the impedance and the electrical conductivity (see [19] for details). Having the heat
source due to the electric power induced into the tissue at hand, the BHTE is given by
ρc


∂T
− ∇ · (λ ∇T ) = ρc Qrf + Qperf
∂t

in Ω \ Ωprobe ,

(20)

where T is the temperature, λ the thermal conductivity, ρc the specific heat capacity per volume,
Qperf the cooling due to blood perfusion, and Ωprobe the part of the probe inside the domain Ω.
In the case of a temperature dependent electrical conductivity the two equations are coupled.
As BCs we set T = Tbody on Ωprobe because the probe is internally cooled and T = Tbody on
∂ Ω because there is no heating of the tissue outside of the computational domain, thus the
temperature stays at the body temperature Tbody . The perfusion term Qperf describing the cooling
influence of capillaries inside the domain is proportionsl to T − Tbody .
Due to the difference of the material parameters of the healthy liver tissue and the tumor,
material parameters are discontinuous across the interface between tumor and liver. We used a
discontinuous electric conductivity σ by setting
(
A
0.8 Vm
if x ∈ Ωtumor
σ (x) =
(21)
A
0.3835 Vm else.
Due to the discontinuous electric conductivity and the probes electrode that has to be removed
from the computational domain, we are in the same situation as in Section 4. We have to resolve
the geometrically complicated electrode to get the computational domain and the discontinuous
coefficient to get meaningful numerical results.
For the BHTE the computational domain is given by a cube without the part of the probe inside
this cube and we have a discontinuous heat conductivity λ across the interface between tumor
and the surrounding tissue. Thus, the BHTE has to be solved on a geometrically complicated
domain with an additional interface. We used
(
W
0.6420 Km
if x ∈ Ωtumor
λ (x) =
(22)
W
0.5535 Km else.
The result of an RF ablation simulation is depicted in Figure 8.
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Figure 9: Two specimens of human vertebral trabecular bone (relative position visualized to scale) exhibit similar
macroscopic elasticity properties, a clear clustering of craniocaudal and transverse isotropy for different species
is observed (left and middle, figures from [29]). Within a single human vertebra, effective elasticity tensors vary
(right). (Figure from [32])

6

APPLICATION 2: BONE ELASTICITY

It is well known in biomechanics that the trabecular interior of vertebral bodies cannot be
easily modeled as a homogeneous medium with constant properties. This also was the focus of
CFE simulations [29] where a numerical homogenization framework was used to obtain effective
elasticity properties of non-periodic trabecular structures. To achieve this, the deformation of
representative volume cells subject to different unit strains was simulated and the stress response
was computed in such a way that boundary artifacts are avoided.
Cubes of trabecular bone from different species were used as specimens of geometrically
complicated shape. Using microscopically isotropic material properties, effective elasticity
tensors were determined in [29] and visualized as described therein. A clear clustering of
craniocaudal and averaged transverse compressive stiffness for different species was observed
(Figure 9, middle). In a previous study [32], a human L4 vertebra was considered (♀, 58 y)
divided in many different representative cells of 6 mm edge length, the same homogenization
procedure shows a variation of the effective elastic properties within the vertebra (Figure 9 right).
We here present a two-scale simulation for a model geometry consisting of two elliptic
columns, thus having a complicated shape and complicated interface between compacta and
spongiosa. For the compacta, isotropic elasticity properties (Young’s modulus E = 13 GPa,
Poisson’s ratio ν = 0.32) were assumed, the same as for the interior of the trabecular structures.
In the spongiosa, two effective anisotropic elasticity tensors shown in [32] were used, one in the
center and one near the boundary. In our elliptically symmetric setting, we interpolated between
the 6 × 6 matrix Voigt representations of these two tensors to obtain a continuously varying local
elasticity tensor in the spongiosa. In contrast, the elasticity coefficient is discontinuous at the
interface to the spongiosa. Since this is meant as a proof of concept, no effort was made to make
this model realistic in terms of relative sizes and we only present qualitative results in Figure 10.
Acknowledgments. The authors would like to thank Uwe Wolfram and Hans-Joachim Wilke
for the µCT scans used for the elasticity simulations. The simulations described here were
implemented in the framework of the QuocMesh library developed by AG Rumpf, Institute for
Numerical Simulation, University of Bonn.
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◦ ◦
Figure 10: As a model geometry for a two-scale bone elasticity simulation, we consider a domain of compact bone
around a homogenized trabecular interior (left). At the interface between these two domains, a discontinuity in the
elasticity coefficient is assumed. Within the homogenized trabecular interior, we assume a continuous transition
from an elasticity tensor in the center to one at the interface, these two are visualized in the image; the tensor for the
compacta would be a much larger uniformly colored sphere and is not shown.
For a simulated compression by 20 %, the middle image shows the longitudinal displacement (color-coded from
minimal to maximal value) of the void/compacta and compacta/homogenized spongiosa interfaces, the right image
shows the transversal displacement (bulging) on a central cutting plane. The effect of the discontinuous elasticity
coefficient becomes visible in the circled regions and the zoomed view on the very right where the cyan and yellow
isolines of the transversal displacement have a kink.
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