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ABSTRACT

The models used for analyzing functional MRI (fMRI) data have
profound impact on the detection of active brain areas. In this pa-
per temporal and spatial linear subspace models for fMRI analysis
are reviewed. General principles of how such subspaces should
be constructed in order to obtain optimal detection performance
are discussed and it is shown that customarily employed subspace
models can be significantly improved upon.

1. INTRODUCTION

Functional MRI data consist of a temporal sequence of brain im-
age volumes in which a dynamic pattern, referred to as the Blood
Oxygen Dependent (BOLD) response, has been induced. As the
BOLD response is widely accepted as an indirect indicator of brain
activity, a fundamental question in fMRI analysis is:Which voxels
contain a BOLD response?In order to answer this question, first
consider each voxel in the spatio-temporal data set as an isolated
entity. The time series of intensity values for each voxel can be
decomposed as

Voxel time series= BOLD response
| {z }

Xβ

+ Drift
|{z}

Sθ

+Noise. (1)

To attribute variance in the observed voxel time series to each of
these components, models of the BOLD response, drift and noise
must be specified. A theoretically and computationally tractable
class of models of the BOLD response and drifts is linear subspace
models. Such models are extensively used in fMRI analysis. In Eq.
1, the basis functions spanning these model subspaces are gathered
in the columns of the matricesX andS. Signal variance in the
observed time series is then explained by determining appropriate
parameter vectors (or coordinates in the subspace relative to the
bases inX andS) β andθ. Once the signal variance has been
distributed among the components in Eq. 1, a scalar test statistic
λ, indicating the presence of a BOLD response in the time series,
can be calculated. Whenλ exceeds a suitably chosen threshold we
decide that there is a BOLD response present and declare the voxel
active. Due to the noise component this decision will however be
made under some amount of uncertainty. There is a risk thatλ
exceeds the threshold even if there is no BOLD response in the
time series and vice versa. Figure 1 illustrates this situation. The
shaded areas indicate the probability of making a decision error.
To give an accurate answer to the question stated above, we would
like to have a detection situation where the distributions in Fig. 1
are maximally separated, i.e. we want the probability of making an
error to be as small as possible.

In this paper we discuss various linear subspace models for
functional MRI data analysis and their impact on the distributions
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Fig. 1. Distributions of a test statisticλ, given the absence and
presence of a BOLD response in the observed voxel time series.

in Fig. 1. We point to the intrinsic cone geometry in many linear
subspace models and discuss how this geometry can be exploited
for improving detection performance. In addition to the tempo-
ral subspace models of the BOLD response and drift components,
spatial subspace models of local brain activity patterns are also
considered.

2. SUBSPACE MODELS

In this section temporal and spatial subspace models for fMRI data
analysis are discussed. To form a complete detection method, the
models are to be used together with a detector, for example the
General Linear Model (GLM) [1], Canonical Correlation Analysis
(CCA) [2] or Generalized Likelihood Ratio (GLR) [3] detectors.
These detectors have the same optimality properties, given the cor-
rectness of the chosen models. It should therefore be stressed that
it is the model choices alone that dictate the detection performance.

2.1. Subspace models of the BOLD response

Linear subspace models of the BOLD response are widely used
in fMRI analysis. An example is the truncated Fourier subspace,
which is spanned by a set of sine and cosine functions. The Taylor
subspace, spanned by a basic BOLD response shape and a number
of derivatives with respect to the variables controlling the shape
of this basic response, is another example. Figure 2 illustrates a
blocked design model shapex(t) and its temporal derivativėx(t).
In the two-dimensional subspace spanned by these functions we
find (approximate) temporally shifted versions of the basic BOLD
shape:

x(t + τ) ≈ x(t) + τ ẋ(t). (2)

This two-dimensional subspace model is hence able to account for
small unknown delays in the BOLD response. Obviously, high-
dimensional subspaces better account for variations in the BOLD
response and therefore provide a more sensitive detection. In terms



Fig. 2. A putative BOLD response model shapex(t) (bold line)
and its temporal derivativėx(t).
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ẋ(t)

x(t)

Fig. 3. The cone geometry exemplified in the Taylor subspace
case. In a), plausible BOLD responses are located in a cone. This
cone can be mapped to the first quadrant in a new basis, as shown
in b).

of the distributions in Fig. 1, the higher the dimensionality of the
subspace the farther to the right the “active” distribution will be lo-
cated. However, with higher dimensionality the “non-active” dis-
tribution becomes broader since the risk of finding spurious fits to
noise increases (also known as overfitting). Optimal detection per-
formance is thus obtained with a low-dimensional subspace which
captures the most important variations in the BOLD response. A
general approach for finding such subspaces is to produce a large
set of plausible BOLD response shapes and then find a set of ba-
sis functions that are able to reconstruct these shapes as well as
possible, e.g. in a least square error sense [4, 2, 5].

In all subspace models discussed above, except for the trun-
cated Fourier model, there is an intrinsic cone geometry that can
be exploited to improve detection performance. To exemplify this
cone geometry, consider the Taylor subspace basis functions in
Fig. 2 and Eq. 2. The Taylor approximation in Eq. 2 holds rea-
sonably well for small temporal shifts, which in the subspace cor-
respond to points within a cone centered around the main basis
function x(t), as illustrated in Fig. 3a. Points outside this cone
correspond to model shapes we do not accept as realistic. The de-
grees of freedom in the model can thus be reduced, without loosing
detection sensitivity, by restricting the admissible BOLD response
shapes to those within the cone. Methods for handling such con-
straints are however required. In [6] a GLR detector for this partic-
ular problem is derived. An alternative way to proceed is to intro-
duce a new basis, constructed so that the cone is mapped to the first
quadrant in this new basis, see Fig. 3. Detection can subsequently
be carried out with the GLM approach with non-negativity con-
straints imposed on the regression weights [7]. A corresponding
non-negative constrained CCA is presented in [8].

Enforcing the cone constraints is a way of incorporating prior
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Fig. 4. a) A Gaussian at its derivative with respect to the width
parameter. Note that the extension to 3D Gaussian functions is
trivial. b) Two spatial shapes/filters found in the subspace spanned
by the functions in a).

knowledge into the detection. Compared to a Bayesian approach,
where knowledge enters as prior distributions on the parameters in
the model, the cone approach is computationally orders of magni-
tudes faster due to the existence of closed form solutions.

2.2. Subspace models of local activity patterns

Even though brain activity is inferred by examining the tempo-
ral behavior of voxel intensities, detection performance is signifi-
cantly improved if the spatial dimensions of the data are exploited.
Since active brain areas extend over several voxels, a BOLD re-
sponse can be detected with greater sensitivity if we first perform
a spatial averaging. The averaging should however be matched
to the local activity pattern so that only time series containing the
BOLD response are averaged. To this end we need a model of
plausible shapes of local activity patterns. It is tractable to use
subspace models also for this purpose. Figure 4a illustrates two
basis functions spanning such a subspace. The left basis func-
tion in Fig. 4a is a Gaussian smoothing kernel, and the right basis
function is the derivative of this Gaussian with respect to the pa-
rameter determining its width. By a Taylor approximation, these
two basis functions span a two-dimensional subspace containing
approximate Gaussian shapes of different widths, see Fig. 4b.

Now assume that we wish to examine a certain voxel in the
fMRI data set. We center the spatial basis functions over this voxel
and average the time series in its neighborhood weighted accord-
ing to the basis functions. Thus, to each spatial basis function there
is an associated time series. These associated time series are to be
linearly combined so as to extract a BOLD response, defined by
a BOLD response model, as accurately as possible. In regression
terminology, the time series associated with the spatial basis func-
tions act as independent variables while the BOLD response model
acts as dependent variable(s). Since all operations are linear and
the order in which they are applied therefore is interchangeable,
finding the combination of associated time series that best fits the
BOLD response model can be interpreted as finding the spatial fil-
ter that best extracts a BOLD response. Note that the traditional



Fig. 5. Two examples of fMRI time series containing drifts, and
the resulting fits of a polynomial drift subspace model.

Gaussian pre-smoothing of the fMRI images is equivalent to us-
ing a one-dimensional subspace spanned by the single Gaussian
filter kernel used for the smoothing. However, by using more than
one spatial basis function we can find better matches to local activ-
ity patterns and thus obtain better detection sensitivity. As for the
modeling of the BOLD response discussed in the previous section,
with more degrees of freedom comes an increased risk of con-
structing something similar to a BOLD response out of pure noise
time series. Hence, the non-active distribution in Fig. 1 becomes
broader when the subspace dimensionality increases. To alleviate
this problem it is possible to exploit a cone geometry, exactly in the
same manner as shown in Fig. 3. Other subspace models of local
activity patterns and examples of the cone geometry are presented
in [2].

2.3. Subspace models of drift components

Slowly varying temporal drifts are abundant in fMRI data, see Fig.
5. These drifts are not interesting per se, but they must still be ac-
counted for in order to correctly distribute signal variance among
the components in Eq. 1. Linear subspaces spanned by a set of
polynomial or Discrete Cosine Transform (DCT) basis functions
are commonly employed drift models. Subspaces spanned by large
scale wavelets have also been proposed [9]. However, since the
origin of these drifts are still poorly understood and we have very
little a priori knowledge about them, it is difficult to specify a lin-
ear subspace model valid for every fMRI data set. As before, the
model subspace should be of as low dimensionality as possible but
still be able to account for the drifts. Unmodeled drift components
end up as additional noise and we may loose detection sensitivity.
Using an excess of basis functions for modeling the drifts results
in inflated variances of parameter estimates, i.e. extra uncertainty
regarding to which of the components in Eq. 1 the observed vari-
ance should be attributed. As a consequence the distributions in
Fig. 1 become wider and the detection performance suboptimal.
In both cases the estimated noise autocorrelation structure will be
unnecessary complex, either because drift components remain in
the data or because autocorrelation is induced when low frequency
basis functions are removed. This has for example lead to the
widespread belief that fMRI noise has a1/f spectral character-
istic.

With the above discussion in mind, the goal is to find a com-
pact drift model subspace adapted to the specific data set at hand.
Such a subspace can for example be estimated with a Maximum
Likelihood (ML) approach; see [3] for a general description of the
technique and [10] for an fMRI analysis application. The ML sub-
space model is spanned by the eigenvectors of the data covariance
matrix obtained when each time series has been orthogonalized
to the BOLD response model. Hence, the most variable compo-
nents in the residual data are chosen as basis functions for the drift
model subspace. In a similar manner, subspaces spanned by max-
imally autocorrelated temporal components found in the specific

data set were proposed as drift models in [2]. Since drifts are well
characterized by both high autocorrelation and energy, these latter
subspace models capture drifts with greater efficacy than do sub-
spaces spanned by polynomial or DCT basis functions.

3. RESULTS

3.1. Spatial subspace model and cone constraints

The established approach for detecting active voxels in fMRI data
employs a multi-dimensional subspace model of the BOLD re-
sponse and a one-dimensional subspace model of local activity
patterns (in the framework of the GLM [1]). The improved detec-
tion performance offered by a multi-dimensional spatial subspace
model together with cone constraints is here demonstrated. A syn-
thetic putative BOLD response shape, similar to the one shown
in Fig. 1, with slightly different delays in different voxels, was
embedded in Gaussian shaped patterns of different sizes in a real
fMRI data set acquired during a resting condition. Detection was
then carried out with a Taylor subspace model of the BOLD re-
sponse (Fig. 2) and a pre-smoothing with a Gaussian filter (i.e.
a one-dimensional spatial model). A similar detection, but with
a two-dimensional spatial subspace (Fig. 4) and cone constraints
enforced, was also performed. For the record, the CCA detector
was used in both cases because it can handle multi-dimensional
temporal and spatial subspace models simultaneously [2], whereas
the GLM detector only handles one multi-dimensional subspace.
Again it should however be stressed that it is the model choice
and not the detector choice that affects the result; the GLM detec-
tor is just a special case of the CCA detector. The upper panel in
Fig. 6 shows the resulting maps of canonical correlations and the
lower panel the result after a thresholding operation. The multi-
dimensional spatial model and the cone constraints clearly provide
a better detection.

3.2. Drift model

It is somewhat more difficult to evaluate drift models since we
know very little about both the nature of the drifts (and other phys-
iological phenomena) and the noise. However, with a correct drift
model it is reasonable to hypothesize that the noise should be ap-
proximately temporally white and spatially uniform, at least within
the brain. Under these assumptions the performance of different
drift models can be compared. Polynomial, DCT, ML and max-
imum autocorrelation subspace models of different dimensionali-
ties were fitted and removed from an fMRI data set acquired dur-
ing a resting condition. The ML and maximum autocorrelation
subspaces were adapted to this specific data set (not shown due to
lack of space). The residual noise time series were then examined
from autocorrelation, variance and the homogeneity of the vari-
ance across voxels (spatial heteroscedasticy) points of view, see
Fig. 7. The residual noise autocorrelation was assessed with the
Durbin-Watson statistic, which attains the value 2 when there is
no autocorrelation. The average Durbin-Watson statistic over all
within-brain voxels is plotted in Fig. 7a. Similarly, the average
residual noise variance is plotted in Fig. 7b. Since the maximum
autocorrelation and ML subspace models are tailored for remov-
ing autocorrelation and variance respectively, it is not surprising
that these models perform best in these respects. Finally, in Fig.
7c the spatial homogeneity of the noise variance is examined. The
conclusion drawn from the results in Fig. 7 (together with exami-
nations carried out using other fMRI data sets) is that drift models
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Fig. 7. a) The mean of the Durbin-Watson statistic over all within-brain voxels for different dimensionalities of the drift subspace model.
The Durbin-Watson statistic attains the value 2 for white noise. b) The average residual noise variance. c) The standard error of the residual
noise variance across voxels.
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Fig. 6. Upper panel: Canonical correlation maps obtained with
different subspace models. The size of the embedded activity pat-
terns, given to the left, is in voxel units. The spatial subspace
model was in both cases based on a Gaussian kernel with a width
of 4 voxel FWHM. Bottom panel: The canonical correlation maps
thresholded so that no truly non-active voxels are declared active.

adapted to the specific data set at hand more effectively captures
drifts than do the customarily employed and moread hocpolyno-
mial and DCT subspace models.
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