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Abstract
Indroduction The signal-to-noise ratio of in vivo diffusion
tensor imaging (DTI) is usually very limited, especially if
high resolution data is acquired. In a variety of settings, the
signal of diffusion weighted images can drop below the back-
ground noise level yielding an underestimated diffusion con-
stant. In this work, we report two new artefacts in DTI that
are important in this regime.
Methods Both artifacts are described analytically and numer-
ically and are demonstrated in DTI phantoms and in subjects
in vivo.
Results First, eigenvectors are systematically shifted towards
distinct ‘attractive’ orientations of the gradient scheme. Sec-
ond, certain eigenvalues can be overestimated due to the
underestimation of the measured diffusion, which can result
in the misordering of eigenvalues
Discussion We show that these effects are relevant for cur-
rent clinical settings of DTI.
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Introduction

Typically, the signal-to-noise ratio (SNR) of in vivo diffusion
weighted images is small and image averaging is needed
to enable a stable calculation of the diffusion tensor and
derived values like fractional anisotropy (FA) and appar-
ent diffusion coefficient (ADC, the third of the trace of the
diffusion tensor). Magnitude images are commonly used for
averaging since phase instabilities induced by the diffusion
sensitizing gradients hamper complex averaging. Magnitude
averaging reduces the uncertainty but does not prevent that
the signal is biased at low SNR [1,2]. This becomes increas-
ingly prominent at high resolutions, high b values or path-
ological high ADCs. In these cases, the signal may already
be reduced below the background noise level, since it decays
rapidly if the diffusion weighting is applied along a princi-
pal axis of the diffusion tensor. Jones et al. showed that this
causes an underestimation of diffusion, FA and ADC [3].

Considering the precision of DTI, several authors pointed
out the importance of the gradient scheme. The gradient
scheme determines the uncertainty of measurements in an
tensor orientation dependent fashion [4–7]. Andersson [8],
Koay [9–12] and Chang [13] presented powerful frameworks
to describe the propagation of error from the measured sig-
nals to the diffusion tensor and to derived values like FA.
Besides the precision, Jones et al. [14] recognized that the
mean values of FA and ADC are also dependent on the spa-
tial orientation of the diffusion tensor towards the gradient
scheme for low signal to noise ratios (SNR) in diffusion
weighted images [14].

In this work, two new artefacts which are important in
this regime and which are related to the employed gradient
scheme are presented. They are relevant in high resolution
and high b value measurements. We show both, in computa-
tions and in phantom measurements that certain eigenvalues
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can be overestimated due to the underestimation of the
diffusion [3] and that eigenvectors are shifted from their true
orientation in a systematic fashion.

Theory

The paper addresses noise effects in DTI that result from low
SNR in diffusion weighted images, where the condition

S0 exp
(
−b�gT

i D �gi

)
> σ (1)

is violated. Here, S0 is the signal without diffusion weight-
ing, σ is the standard deviation of the complex signal [2],
b (or b value) is the strength of the diffusion weighting,
�gi = (

gix , giy, giz
)T is a unit vector pointing along the dif-

fusion gradient direction and D is the symmetric diffusion
tensor

D =
⎛
⎝

Dxx Dxy Dxz

Dxy Dyy Dyz

Dxz Dyz Dzz

⎞
⎠ (2)

which has six independent elements. We assume that a log-
linear tensor estimation is employed [4]. Then, D is deter-
mined by measuring tensor projections

pi = �gT
i D �gi = − ln(Si/S0)/b (3)

along N directions �gT
i . The signal Si is the diffusion-weigh-

ted signal. At least six non-colinear directions �gT
i must be

used for the determination of the six independent elements of
D. When using a log-linear tensor estimation [4], the tensor
elements are reordered in a vector �d = (

Dxx , Dyy, Dzz, Dxy,

Dxz, Dyz
)T , that is related to the projections �p = (p1, p2,

. . . , pN )T by

�p = A �d and �d = A−1 �p, (4)

with the transformation matrix A for N gradient directions

A=
⎛
⎝

g2
1x g2

1y g2
1z 2g1x g1y 2g1x g1z 2g1yg1z

· · · · · · · · · · · · · · · · · ·
g2

N x g2
N y g2

N z 2gN x gN y 2gN x gN z 2gN y gN z

⎞
⎠

(5)

and A−1 being the inverse or pseudoinverse of A.

Overestimation of eigenvalues

In this section, it is shown that certain eigenvalues can be
overestimated due to the underestimation of the tensor pro-
jections pi = �gT

i D �gi . The matrix A−1 has positive and
negative matrix elements. Thus, if the projections pi are
underestimated, elements of �d and hence the eigenvalues
λi may be overestimated by ‘inappropriate’ summation of
the pi . In the following, this is exemplarily shown for the

special case of a cigar-shaped tensor with eigenvalues λ1 >

λ2 = λ3, that is aligned along (1, 1, 0)T and that is mea-
sured with the dual gradient scheme �gi = { 1√

2
(1,±1, 0)T ,

1√
2
(1, 0,±1)T , 1√

2
(0, 1,±1)T }.

The tensor in this orientation is

D = 1

2

⎛
⎝

λ1 + λ2 λ1 − λ2 0
λ1 − λ2 λ1 + λ2 0

0 0 2λ3

⎞
⎠ (6)

and the inverse of transformation matrix is given by

A−1 = 1

2

⎛
⎜⎜⎜⎜⎜⎜⎝

1 1 1 1 −1 −1
1 1 −1 −1 1 1

−1 −1 1 1 1 1
1 −1 0 0 0 0
0 0 1 −1 0 0
0 0 0 0 1 −1

⎞
⎟⎟⎟⎟⎟⎟⎠

. (7)

The projections are �p = (p1, p2, p3, p3, p3, p3)
T , with

p1 = λ1, p2 = λ2, and p3 = (λ1 + λ2 + 2λ3)/4. In the fol-
lowing, the noisy, biased values are denoted by a dash. In the
presence of background noise, when condition (1) is violated,
the measured projections p′

i = − ln(S′
i/S′

0)/b are smaller
than pi such that p′

i < pi . Moreover, |p′
1 − p1| < |p′

3 − p3|
since the signal decays faster along the principal eigenvec-
tor and |p′

3 − p3| ≈ |p′
2 − p2|. With (6) and (7), D′

zz can
be calculated to be D′

zz = −1 · p′
1 − 1 · p′

2 + 4 · 1 · p′
3 >

−p1 − p2 +4p3 = Dzz . Since the diffusion tensor is aligned
along a symmetry axis of the gradient scheme, the eigenvec-
tors cannot shift and there is no mixing between of the x–y
plane elements of D′ and D′

zz . Therefore, D′
zz is equal to λ′

3.
As a result, the eigenvalue λ′

3 increases when p′
1 decreases

due to the background noise.
For the quantification of this effect the noisy signal can be

estimated by

S′
i =

√
S2

i + σ 2. (8)

An exact calculation yields

λ′
3 = −p′

1 − p′
2 + 4p′

3

= 1
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0 e−2bλ1+σ 2

S′
0

⎞
⎠ + ln
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⎝

√
S2
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S′
0

⎞
⎠

−4 ln

⎛
⎝

√
S2
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0

⎞
⎠

⎫⎬
⎭ (9)

and

λ′
1 = −1

b
ln

⎛
⎝

√
S2

0 e−2bλ1 + σ 2

S′
0

⎞
⎠ . (10)
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Hence, the b value at which λ′
3 exceeds λ′

1 can be estimated.
For instance, for an SNR of 10 and λ1 = 2 µm2/ms and
λ2 = λ3 = 0.5 µm2/ms, λ′

3 exceeds λ′
1 at b = 3, 000 s/mm2.

Eigenvector shift

In this section, an example for a systematic eigenvector shift
is computed. Consider a cigar-shaped diffusion tensor rotated
by an angle θ around the z axis

D =
⎛
⎝

λ1 0 0
0 λ2 0
0 0 λ2

⎞
⎠ Rotation(θ)−→

⎛
⎜⎜⎝

λ1cos (θ)2 + λ2sin (θ)2 (λ1 − λ2) sin (θ) cos (θ) 0

(λ1 − λ2) sin (θ) cos (θ) λ2cos (θ)2 + λ1sin (θ)2 0

0 0 λ2

⎞
⎟⎟⎠ .

(11)

The measured angle θ ′ can be determined by

θ ′ = −1

2
arctan

(
2D′

xy/
(

D′
yy − D′

xx

))
(12)

Using Eq. (8), the analytical result is given by

θ ′ = −1

2
arctan

×

⎛
⎜⎜⎝

log

(
σ 2+S2

0 exp(−b(λ1+λ2+(λ1−λ2)sin(2θ)))

σ 2+S2
0 exp(−b(λ1+λ2−(λ1−λ2)sin(2θ)))

)

2log

(
σ 2+S2

0 exp
(−b

(
λ2+λ2cos(θ)2+λ1sin(θ)2))

σ 2+S2
0 exp

(−b
(
λ2+λ1cos(θ)2+λ2sin(θ)2))

)

⎞
⎟⎟⎠ .

(13)

In Fig. 1, the angular shift θ ′ − θ is plotted versus θ for
ADC = 0.80 µm2/ms and FA = 0.82. The shift is largest
for θ = ±26◦. It is zero for θ = 0◦ and ±45◦ since these
orientations correspond to symmetry axes of the gradient
scheme. The orientation θ = 0◦ is “attractive” since the angu-
lar shift θ ′ − θ < 0 for small positive θ . For SNR = 19 and
b = 1,000 s/mm2, the maximal shift is 0.25◦. For smaller
SNR or larger b values, the angular shift increases (θ ′ − θ <

1.5◦ for SNR = 7 and b = 1,000 s/mm2; θ ′ − θ < 3.2◦ for
SNR = 19 and b = 2,000 s/mm2).

Methods

Phantom measurements

A circular DTI-phantom was constructed by winding poly-
amide fibers (polyfil, consisting of 15 µm fibers, 50 dtex,
Filamentgarn TYPE 611, Trevira GmbH, Bobingen,
Germany) around an acrylic glass spindle. An aqueous
sodium chloride solution (83 g NaCl per kg water) was used
as fluid. The concentration of sodium chloride was adapted
to match the susceptibility of fibers and fluid [15,16].

Fig. 1 Theoretically computed angular shift θ ′ −θ for different tensor
orientations. θ is the angle that that a cigar-shaped diffusion tensor,
which was initially oriented along the x axis, was rotated around the z
axis. θ ′ is the angle determined in the presence of background noise.
Computation parameters were ADC = 0.80 µm2/ms and FA = 0.82.
The angular shift is orientation dependent and maximal for θ = ±26◦,
it becomes increasingly prominent at large b values and small signal-
to-noise ratios

The diffusion tensor of the phantom was measured on a
Magnetom Avanto 1.5 T scanner (Siemens Medical Solu-
tions, Erlangen, Germany) with a single channel coil, using
a spin echo echoplanar sequence. Imaging parameters were
TE = 100 ms, TR = 3 s, 10 averages, FOV = 256×72 mm2,
voxel size = 2 × 2 × 5 mm3, partial fourier (6/8), b =
0 to 5, 000 s/mm2 in steps of 200 s/mm2, bandwidth =
2,298 Hz/Px, 6 direction gradient scheme {(1,±1, 0)T ,

(1, 0,±1)T , (0, 1,±1)T }.

In vivo measurements

In vivo diffusion-weighted images of the healthy brain were
acquired with two parameters sets.

(i) Clinical setting. TE=100 ms, TR=3 s, 10 averages,
FOV = 256×256 mm2, voxel size = 2×2×2 mm3,
partial fourier (5/8), bandwidth = 2,300 Hz/Px, b =
0, 1, 000 s/mm2, 6 direction gradient scheme which
is rotated around the head-feed axis in steps of 10◦,
3 T (Magnetom Trio, Siemens Medical Solutions,
Erlangen, Germany), one channel head coil.

(ii) Very high b value. TE = 140 ms, TR = 3 s, 3 averages,
FOV = 200×200 mm2, voxel size = 2×2×2 mm3,
partial fourier (6/8), bandwidth = 754 Hz/Px, b = 0,
8, 000 s/mm2, 6 direction gradient scheme which is
rotated around the anterior–posterior axis in steps of
45◦, 1.5 T, Grappa with reduction factor two. Here, a
12-channel head coil was employed to improve image
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quality. Note that the described artefacts are qualita-
tively observable here, although Ricianity of the Signal
is not necessarily conserved.

The acquired images were evaluated in Matlab (The
Mathworks, Natick, MA, USA) and NeuroQLab (MeVis
Research, Bremen, Germany). Informed consent was obt-
ained from all subjects in accordance with the Declaration
of Helsinki, and ethical approval was granted by the ethics
committee of the Heidelberg University.

Numerical computations

Numerical computations were performed as follows:

(i) The true diffusion tensor was computed using the
free parameters FA and ADC and was rotated into
the desired orientation. Cigar shaped tensors were
employed.

(ii) The signal was computed for each gradient directions
by S0exp(−b�gT

i D �gi ). The 6-directions gradient
scheme {(1,±1, 0)T , (1, 0,±1)T , (0, 1,±1)T }, the
12-directions scheme {(1,±0.5, 0)T , (1, 0,±0.5)T ,

(±0.5, 1, 0)T , . . .} and the 20- and 30-directions sche-
mes proposed in [4,17] were employed.

(iii) The noisy signal S′ was computed numerically assum-
ing a Rician distributed magnitude signal [2]. For SNR
larger than 5, these signal expectation values were
approximated by Eq. (8), for smaller SNR, they were
computed explicitly from the Rician distribution.

(iv) The noisy tensor was estimated with a log-linear model
as described in the theory section (Eqs. (3)–(5)) and
the corresponding eigenvalues and eigenvectors were
computed from the diffusion tensor.

Results

Overestimation of eigenvalues

In Fig. 2a, the measured eigenvalues of the DTI phantom
are plotted with respect to the b value using the 6 direc-
tion gradient scheme. The eigenvalues were evaluated in two
ROIs (Fig. 2b) and are represented by dots. The SNR of
the measurement was 19. The FA/ADC values of the phan-
tom (FA = 0.82 ± 0.02, ADC = 0.80 ± 0.02 µm2/ms),
that were used for theoretical calculations (solid lines), were
determined at b = 1,000 s/mm2, such that the background
noise did not influence the measurement.

For b values larger than 1,000 s/mm2, the measured eigen-
values depend on the applied b value and on the fiber
orientation. Eigenvalues in ROI 1 show the ‘squashed peanut’
behaviour [3]: the second and tertiary eigenvalue remain

constant while the principal eigenvalue decreases for b val-
ues larger than 1,500 s/mm2. In ROI 2, the principal eigen-
value decreases at smaller b values (b = 1,000 s/mm2)

since the fibers are aligned parallel to one of the diffusion
directions and hence the signal decays faster. The secondary
eigenvalue λ2 increases non-intuitively for b values larger
than 1,250 s/mm2 and exceeds the primary eigenvalue at
b = 3,500 s/mm2 which leads to an eigenvalue misordering.
This misordering can also be observed on the colormaps of
Fig. 2b which were acquired with b = 1,000 s/mm2 and
b = 5,000 s/mm2. The colors represent the principal eigen-
vector direction. In the b = 1,000 s/mm2 measurement, the
fiber orientation is represented correctly. But in ROI 2 of
the b = 5,000 s/mm2 measurement, the principal eigenvec-
tor points perpendicular to the fibers which is caused by the
misordering of the eigenvalues.

Eigenvector shift

Figure 3 shows the principle eigenvectors of the DTI phan-
tom, that were measured with the b values 1,000 s/mm2 and
5,000 s/mm2 using the six direction gradient scheme. The
eigenvectors measured with b = 1,000 s/mm2 correspond
well to the fiber orientation. In the b = 5,000 s/mm2 measure-
ment, the eigenvectors in regions corresponding to ROI 1 of
Fig. 2b are shifted towards the ‘attractive’ orientations ‘left-
right’ and ‘top-bottom’. Eigenvectors which correspond to
ROI 2 of Fig. 2b point perpendicular to the phantom plane.
Here, the secondary eigenvector is misinterpreted as the prin-
cipal eigenvector.

In Fig. 4a–c, the theoretically calculated eigenvector shift
for a tensor with FA = 0.7 and ADC = 1 µm2/ms is visu-
alized by arrows. The arrows point from the true position
of the principal eigenvector to the shifted position on a unit
sphere (only a quarter of the sphere is plotted). For six dif-
fusion directions, the eigenvectors are systematically shifted
away from the gradient directions towards ‘attractive’ sym-
metry axes of the gradient scheme (e.g. towards (1, 0, 0)T ).
The shift is largest between attractive orientation and dif-
fusion gradient. The shift is zero for eigenvectors pointing
along one of the diffusion gradients. For twelve directions,
the eigenvector shift is clearly reduced but still present. The
pattern of the shift is very similar to that of six directions
and the diffusion gradient directions are not necessarily ‘dis-
tractive’ orientations. Figure 4d shows the maximal angular
shift of the principal eigenvector for SNR = 10. Employing
more gradient directions clearly reduces the angular shift,
e.g. using 20 gradient directions, the shift is only 0.12◦ at
b = 1,000 s/mm2, which is acceptable. Thus, using at least
20 gradient directions mainly eliminates the angular shift of
the principal eigenvector.
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Fig. 2 a Eigenvalues of the DTI phantom versus b value for two
tensor orientations. b Colormap of the circular DTI phantom for b =
1,000 s/mm2 and b = 5,000 s/mm2. In ROI 2, the secondary eigenvalue
λ2 increases non-intuitively for b values larger than 1,250 s/mm2 and

exceeds the primary eigenvalue at b = 3,500 s/mm2 which leads to
an eigenvalue misordering. This increase of the secondary eigenvalue
is due to the summation procedure of underestimated diffusion values
which is employed to calculate the diffusion tensor elements

Fig. 3 Principle eigenvectors of the DTI phantom measured with b

values 1,000 s/mm2 and 5,000 s/mm2. The eigenvectors measured
with b = 1,000 s/mm2 correspond well to the fiber orientation. For

b = 5,000 s/mm2, eigenvectors corresponding to ROI 1 of Fig. 2b are
shifted towards the ‘attractive’ orientations left-right and top-bottom
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Fig. 4 a–c Numerically calculated eigenvector shift. Arrows point
from the true eigenvector position to the shifted position on a unit
sphere. The eigenvectors are systematically shifted away from the gradi-
ent directions towards ‘attractive’ symmetry axes of the gradient scheme

(e.g. towards (1, 0, 0)T ). For 12 directions, the eigenvector shift is
clearly reduced but still present. d Maximal angular eigenvector shift
in dependency of the b value for SNR = 10. The angular shift is clearly
reduced when using more gradient directions

Fig. 5 a Secondary and tertiary eigenvalues in the Corpus Callosum
measured with the 6-direction gradient scheme. ϕ represents the rota-
tional angle of the gradient scheme along the head-feed axis. The ter-
tiary eigenvalue is clearly orientation dependent due to the background
noise. b Colormap of the corpus callosum and the medulla oblongata,

acquired with a large b value of 8,000 s/mm2. For the dual gradient
scheme, the main fiber directions are represented correctly. If the gradi-
ent scheme is rotated by 45◦, the principal eigenvectors wrongly point
in the anterior–posterior direction since the eigenvalues are misordered

In vivo data

Figure 5a shows secondary and tertiary eigenvalues of the
corpus callosum that were measured using the clinical para-
meter setting(i). Here, ϕ is the angle that the gradient scheme
was rotated around the head-feed axis. The secondary eigen-

value is clearly dependent on the orientation of the gradient
scheme and becomes largest for ϕ = 45◦. The solid line
represents theoretically computed values for a cigar shaped
tensor with FA = 0.7, ADC = 1 µm2/ms and SNR = 10. The
shape of the solid line corresponds qualitatively and quanti-
tatively to the measured values. The difference of secondary
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and tertiary eigenvalue for ϕ = 0◦ can be attributed to the
eigenvalue sorting bias [18].

Figure 5b shows colormaps covering the corpus callosum
and the medulla oblongata, acquired with a large b value
of 8,000 s/mm2. For the dual gradient scheme, the main
fiber directions are represented correctly, but if the gradient
scheme is rotated by 45◦, the principal eigenvectors of corpus
callosum and medulla oblongata incorrectly point in the ante-
rior–posterior direction since the eigenvalues are misordered.
In the central part of the Corpus Callosum, the misordering
is not observed since the FA is smaller than in the outer part
[19].

Discussion

In this work, two novel background noise effects on DTI
are presented. The underestimation of diffusion in the pres-
ence of background noise can cause both, an misordering of
eigenvalues and a systematic eigenvector shift. The uncer-
tainty of eigenvector direction was previously described by
the cone of uncertainty [20] and in a later work, an orienta-
tion dependency of the cone of uncertainty was recognized
[14]. Here, we show that besides this uncertainty, also the
mean eigenvector direction is systematically shifted.

Both effects are important when condition (1) is violated,
which may be the case in variety of settings. In high reso-
lution applications, like DTI of the spinal cord [21] or optic
nerve [22], the SNR is inherently small, such that background
noise effects can be relevant even for moderate b values. For
large b values, they can still be relevant, even if high SNRs are
achieved in unweighted images. Large b values are applied,
e.g. for the detection of water compartmentation [23,24] or
for functional DWI [17]. Measurements can also be strongly
affected if ADC or FA increase unexpectedly under patho-
logical conditions [19]. Then, eigenvectors may be shifted
unnoticed.

Note that Eq. (1) can be violated using parameters that are
well within the current standard setting of DTI, like the in
vivo parameter set (i) [25]. The increasing secondary eigen-
value can falsify image contrast based on eigenvalues [26]
and the biased eigenvalues and the consequent erroneous FA
can be misinterpreted as changes in fiber integrity due to path-
ological processes such as infiltration [19]. This especially
hampers quantitative evaluations and has to be allowed for.

The data presented here (Figs. 2, 3, 5) was acquired using
very high b values to amplify the presented effects. In prac-
tical applications, the errors may be smaller but still pres-
ent. Moreover, subtle eigenvector shifts are hardly visible
on colormaps since the color encoding is usually very sparse.
Moreover, the main white matter tracts, such as the cor-
pus callosum, the spinal cord, the cortico-spinal tract and
the optic nerve, which can serve as orientational landmarks,

run along ‘attractive’ orientations using the dual gradient
scheme and appear in the correct color. Here, very high b
value images may be acquired without necessarily noticing
the eigenvector shift or the eigenvalue overestimation. Since
the scatter of the data is reduced at large b values, the data
may even appear to be more precise. Especially fiber tracking
algorithms suffer from the observed systematic eigenvector
shift, since systematic tracking errors add up much faster
than random errors.

There are several strategies to circumvent background
noise effects. The most obvious approach is to work with
very high SNR images only. However, SNR is usually very
limited in in vivo diffusion measurements if reasonable res-
olutions are required. Technical advances like higher field
strengths, better coil design etc. may improve SNR, but are
either expensive or technically challenging. Noise correc-
tions as proposed by Gudbjartsson [2], Dietrich et al. [27],
Wirestam et al. [28] or Wood et al. [29] may reduce the bias
to a certain degree, but cannot completely solve the prob-
lem since the signal decays exponentially. If more than six
gradient directions are acquired, gradient directions with
insufficient signal may be omitted at the cost of time effi-
ciency. Another possible solution is the acquisition of a series
of b values and to fit the signal curve with an estimator of
the noise. This was successfully applied by Jones et al. [3],
but requires longer measurement times. Another promising
approach, the application of Rician noise models for the esti-
mation of the diffusion tensor, was successfully applied by
Anderson et al. [30]. All these approaches to circumvent the
signal bias can reduce or even mainly solve the signal bias.
However, few of these strategies are commonly employed,
thus our findings are of relevance for current clinical studies
that employ DTI. Furthermore, even if post processing cor-
rection schemes are employed, the limits of the correction
scheme must be considered carefully.

Since both artefacts presented in this paper are orienta-
tion dependent, they can be suppressed by using at least 20
gradient directions (Fig. 4) [14]. However, it is important to
bear in mind that FA and ADC are still biased, while only
the orientational variation is reduced [25].

In conclusion, two novel background noise effects on DTI
were presented, a systematic eigenvector shift and the over-
estimation of certain eigenvalues. Both effects were observed
in phantom and in vivo measurements following current stan-
dards and were described analytically.
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