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Abstract

We present an interactive segmentation method for three-dimensional medical images that reconstructs the surface of an ob-
ject using energy-minimizing, smooth, implicit functions. This reconstruction problem is called variational interpolation. For an
intuitive segmentation of medical images, variational interpolation can be based on a set of user-drawn, planar contours that can
be arbitrarily oriented in 3D space. This also allows an easyintegration of the algorithm into the common manual segmentation
workflow, where objects are segmented by drawing contours around them on each slice of a 3D image.

Because variational interpolation is computationally expensive, we show how to speed up the algorithm to achieve almost real-
time calculation times while preserving the overall segmentation quality. Moreover, we show how to improve the robustness of the
algorithm by transforming it from an interpolation to an approximation problem and we discuss a local interpolation scheme.

A first evaluation of our algorithm by two experienced radiology technicians on 15 liver metastases and 1 liver has shown that
the segmentation times can be reduced by a factor of about 2 compared to a slice-wise manual segmentation and only about one
fourth of the contours are necessary compared to the number of contours necessary for a manual segmentation.
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1. Introduction

In medical imaging, automatic segmentation is a challeng-
ing task and it is still an unsolved problem for many medical
applications due to the wide variety of image modalities, scan-
ning parameters and biological variability. Manual segmenta-
tion is time-consuming and frequently not applicable in clinical
routine. Therefore, semi-automatic segmentation methods, i.e.,
methods which require user interaction, can be used in cases
where automatic algorithms fail.

A wide range of semi-automatic segmentation methods ex-
ists that can roughly be classified intovoxel-basedmethods,
where the user drawsseed pointsto define fore- and background
voxels [1, 2], andsurface-basedmethods, where the shape of
an object is reconstructed based oncontoursor object models
[3, 4, 5, 6]. A surface reconstruction approach that can alsobe
used for 3D image segmentation is based onimplicit functions.

In computer graphics, a surface reconstruction using energy-
minimizing implicit functions is referred to as thin-plate-
spline interpolation (in 2D) or variational interpolation(in 3D)
[7]. Variational interpolation generates a smoothC1- or C2-
continuous surface based on a set of unordered points (a so-
calledpoint cloud). Using this approach, the surface is repre-
sented by an implicit function. Because contours can be seenas
a set of points as well, variational interpolation can be used for
shape reconstruction and thus segmentation of objects in multi-
dimensional medical images from a sparse set of user-drawn
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Figure 1: Example for segmentation of a liver metastasis in CT using 17 parallel
contours: (a) shows a user-drawn contour in one slice, (b) shows the interpola-
tion result in 3D. Also notice the cap on top of the segmentation in (b), where
the segmentation is smoothly closed, even though no contours where drawn
there.

contours. In contrast to other algorithms like the shape-based
interpolation [8], the reconstruction algorithm works on arbi-
trarily oriented contours. The contours can be drawn freehand,
by using algorithms likelive-wire [4] or any other 2D contour-
ing tool. Because of its interpolation character, the reconstruc-
tion algorithm guarantees that all contours given by the user are
part of the surface. Moreover, it also extrapolates beyond the
contours in a plausible way (see Fig. 1).

In this paper we discuss variational interpolation for inter-
active segmentation of medical images with respect to appli-
cations in tumor and liver segmentation from CT scans. Our
goal is to support thecontour-based workflow, where objects
are segmented by drawing contours along its border and which
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Semi-Automatic Interactive
Segmentation
process

“Fire and forget” Iterative

Role of user Initialization and
parametrization

Steering and
correcting

Manipulation/
Input

Direct or indirect Direct

Performance
requirements

Moderate Fast
(real-time response)

Table 1: Differences between semi-automatic an interactive segmentation.

is a common way to manually segment objects in medical im-
ages. Using variational interpolation, a 3D segmentation can be
calculated based on the 2D information given by the user. So
far, variational interpolation has not been used for such inter-
active 3D medical image segmentation tasks. Reasons for this
might be the computational complexity of the algorithm and
the robustness of the algorithm to contradictory user inputs and
complex contours. We will discuss both issues in detail.

In Sec. 5 we show how to speed up the algorithm to achieve
almost real-time calculation times while preserving the over-
all segmentation quality. The performance improvements are
based on a shape-preserving reduction of the number of con-
tour points and a fast voxelization strategy for the resulting im-
plicit function. A significant speedup is achieved by the paral-
lelization of the algorithms, utilizing modern 64-bit multi-core
CPUs. We also discuss a local interpolation scheme based on
radial basis functions with compact support. In Sec. 6 we de-
scribe how to make the interpolation algorithm more robust to
self-intersecting contours. Finally, we discuss how to improve
the robustness of the algorithm by transforming it from an in-
terpolation to an approximation problem. Results as well asa
first evaluation on 15 liver metastases and 1 liver are given in
Sec. 7 and Sec. 8.

2. Semi-automatic vs. interactive segmentation

Interaction in segmentation of medical images has been in-
vestigated by Olabarriaga and Smeulders [9]. For segmentation
tasks, bothsemi-automaticandinteractiverefers to algorithms
that require some kind of user input. From our point of view,
interactive segmentation differs from semi-automatic segmen-
tation in the role of the user and thus in the algorithmic require-
ments especially concerning the computation times and the in-
terface used for human-computer-interaction.

In contrast to semi-automatic segmentation, an interactive
segmentation puts the user into an essential role during the
segmentation task. While in semi-automatic segmentations the
user input is typically used for initialization of some automatic
algorithm, in interactive segmentation, the segmentationis an
iterative process where temporary results are generated from
each user input to give the user a direct feedback on the result
generated by the algorithm based on the current parameters de-
rived from the input data. This allows the user to evaluate the

result and to directly react on it. As a consequence, an inter-
active segmentation algorithm needs to be fast enough to allow
this kind of (at least almost) real-time feedback. A well-known
example for this class of segmentation algorithms in 2D is the
live-wire algorithm. Table 1 compares the differences between
semi-automatic and interactive segmentation.

In addition to the already discussed requirements, the process
of interactive segmentation also poses requirements on thevi-
sualization of intermediate results and on the human-computer-
interaction, which are both essential for an intuitive and efficient
use of an interactive segmentation algorithm. Both fields have
been well studied over the past years but are out of the scope of
the current paper. The interested reader is referred to Preim and
Dachselt [10].

3. Related work

In computer graphics, variational interpolation is a well-
known method for smooth surface reconstruction from unor-
ganized point clouds based onradial basis functions(RBFs).
One of the first papers on variational interpolation by Turk and
O’Brien focuses on shape transformation, i.e., transformations
between different 3D objects over time, using variational im-
plicit functions [11]. Later the authors discuss modeling objects
with such implicit surfaces [12]. RBFs have also been used in
other contexts, like object reconstruction [13, 14, 15] or auto-
matic mesh repair [13]. Many authors address the robustness
[13, 14, 15, 16, 17, 18] and performance [13, 19, 20] of object
reconstruction with RBF-based implicit functions.

In medical image processing, the thin-plate-spline interpo-
lation is an established method for elastic registration ofim-
ages from different modalities or points of time [21, 22]. Some
authors use RBFs for (semi-)automatic model-based segmen-
tation where variational interpolation is combined with active
contours or level sets. Morseet al. use active contours with a
constraint-based implicit representation for segmentingobjects
in 2D medical images [23]. A combination of RBFs with ac-
tive contours for segmentation of 2D ultrasound, CT and MRI
data is also proposed by Slabaughet al. [24]. Freedmanet al.
use level sets and RBFs for segmentation of the prostate in 3D
CT data [25]. An RBF based level set approach is also used
by Gelaset al. for segmentation of different tissues in 2D ul-
trasound images and for segmentation of the calcaneus bone in
3D CT data [26]. Wimmeret al. use an RBF-based surface re-
constructed from a few user-drawn contours on 2D multi-planar
reconstructions to initialize a level set algorithm [27]. Another
application of RBFs is fitting surfaces to anatomical structures
like the skull as shown by Carret al. [28].

Although some authors suggest variational interpolation for
medical image segmentation [11], Masutani is the first and only
author who explicitly focuses on RBFs for data-driven segmen-
tation of volumetric medical images [29]. Although the pa-
per mentions semi-automatic liver segmentation using the RBF-
approach, it does not use it in a semi-automatic manner, i.e., in
terms of incorporating user interaction. Mory and Ardon sug-
gest RBFs that are designed according to features in the image
[30]. Their approach was applied to different 3D medical image
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segmentation tasks using an interactive framework that allows
the user to interactively add control points, which define fore-
ground and background voxels. Mory and Ardon report a re-
sponse time of 1 second for images with 2563 voxels. However,
the algorithm only works interactively for a few constraints and
thus it would not be applicable for our segmentation problem,
where we have to deal with thousands of constraints.

In conclusion, looking at the literature, variational interpo-
lation has not yet been used forcontour-based interactiveseg-
mentation of 3D medical images.

Another approach for interpolation between slice-wise bi-
nary segmentations is theshape-based interpolationdeveloped
by Raya and Udupa [8]. By generating binary segmentations
from contours, this approach can also be used for some kind
of object reconstruction, but in contrast to variational interpo-
lation, the surface of the generated segmentation is not smooth
and it cannot be used for arbitrarily oriented contours. This ap-
proach has been used in combination with live-wire by Schenk
et al. for segmentation of the liver [31].

Finally, object reconstruction from a set of arbitrarily ori-
ented contours can also be done directly in the surface-mesh
(i.e., triangle-mesh) domain, as presented by de Bruinet al. and
Liu et al. [32, 33]. But as our goal is a segmentation of the ob-
ject in image space, we would still need to voxelize the resulting
mesh. The main advantage of implicit functions over a recon-
struction in the surface-mesh domain is that special cases like
bifurcations (i.e., having a different number of contours in two
adjacent slices for example) and multiple objects do not have to
be handled explicitly. Moreover, it is not that easy to guarantee
aC2-continuous reconstruction in the surface-mesh domain.

4. Variational interpolation

Implicit functions are a way to represent objects. Using an
implicit function, the surface of an object is defined by all points
in space that evaluate to 0 when inserted into the implicit func-
tion. If the implicit function is created based on generalized
thin-plate splines, it is called avariational implicit function
[12]. Variational implicit functions are at leastC1-continuous,
i.e., they are smooth. Using variational implicit functions, the
interpolation problem can be solved in any dimension [11]. We
call thisvariational interpolation, while in 2D it is calledthin-
plate interpolation. This means, given a set ofconstraint points,
which are points on the surface of the object, a smooth implicit
surface can be created that passes through each constraint point.

The variational interpolation defines an implicit function
f (x) that fulfills all constraints while it minimizes anenergy
function E that measures the smoothness off (x). For aC1-
continuous interpolation in 3D,E is defined as

E =
∫

Ω

f 2
xx(x) + f 2

yy(x) + f 2
zz(x) + 2

(

f 2
xy(x) + f 2

xz(x) + f 2
yz(x)

)

dx,

(1)
with Ω being the region of interest in which the interpolation
shall be computed.f (x) is called thethin-plate solution. Using
an appropriate RBFφ(x), the interpolation functionf (x) can be

written as

f (x) = P(x) +
k

∑

j=1

w jφ(x − c j), (2)

wherec j = (cx
j , c

y
j , c

z
j) are the points in 3D space where the func-

tion is constrained to have a specific value,w j are the weights
of each RBF andP(x) is a degree-one polynomial that accounts
for the linear and constant portions off (x). According to Carr
et al. [13], a commonly used RBF in 3D that minimizes Eq. 1,
is thebiharmonic spline

φ(x) = ‖x‖ . (3)

We use thetriharmonic splinein this paper, which is another
commonly used 3D RBF, because it results in aC2-continuous
and thus smoother interpolation [21]. It is defined by

φ(x) = ‖x‖3 . (4)

f (x) must fulfill the constraintsci whose values are given byhi ,
i.e.,

hi = f (ci) = P(ci) +
k

∑

j=1

w jφ(ci − c j). (5)

If a constraintci is located on the surface of the object,hi equals
0, which is called asurfaceor boundary constraint. This results
in the following linear system, withφi j = φ(ci − c j).
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Solving Eq. 6 gives us the weightsw j for f (x). According to
Turk and O’Brien, the matrix in Eq. 6 is symmetric and positive
semi-definite, so it is guaranteed that the linear system always
has a unique solution [11].

4.1. Contour-based segmentation

In medical imaging, 3D anatomical data is often acquired
as a set of parallelslicesusing CT or MRI. An object in such
3D images can be manually segmented by drawing contours
along its border in all slices. By reconstructing the surface with
variational interpolation, this only has to be done on a few slices
(see Fig. 1). In addition, variational interpolation allows the
contours to be drawn in arbitrary views (e.g., axial, coronal,
sagittal or any MPR), as shown in Fig. 2.

The points of the user-drawn contours are surface constraints
cS

i . But for unambiguously defining the implicit function, we
need additional constraints that define which points shouldbe
located inside or outside the object. Turk and O’Brien distin-
guish betweeninterior, exteriorandnormal constraints[7]. We
use the latter ones as they allow defining the normal in each sur-
face constraint.
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Figure 2: Example for segmentation of a liver in CT data using 14contours in
sagittal, coronal and axial view.

The location of a normal constraintcN
i is computed by adding

the normalni to the corresponding surface constraintcS
i , which

is done for all surface constraints (i.e., for all points of all con-
tours) (see Fig. 3). If a normal constraint is located insidethe
object,hN

i is set to a positive value (typically 1). If it is located
outside the object,hN

i is set to a negative value (typically−1).
The normalni in a point cS

i on a contour can easily be esti-
mated using the adjacent points and the normalnC of the plane
in which the contour is defined:

ni =

(

nC ×
(

cS
i+1 − cS

i

))

+
(

nC ×
(

cS
i − cS

i−1

))

∥

∥

∥

∥

(

nC ×
(

cS
i+1 − cS

i

))

+
(

nC ×
(

cS
i − cS

i−1

))

∥

∥

∥

∥

. (7)

For deciding whethercN
i is located inside or outside the con-

tour, we have to perform apoint-in-polygon test. In our imple-
mentation we use a simplecrossing test[34]. To speed up this
test, all edges of the polygon are inserted into bins where each
bin corresponds to a voxel row in the image. This way only the
edges within the bin in which the point is located have to be
considered for the crossing test.

The final step of the segmentation process is avoxelization
of the resulting implicit function. A naive solution to thisis an
evaluation of Eq. 2 for each voxel. Because of the discretiza-
tion, no voxel will lie exactly on the surface, i.e.,f (xV) will not
be 0 withxV being the position of the voxel’s center. Instead,
we have to evaluate Eq. 2 for each of the eight corner points
f (xV

i ) of the voxel. A voxel is located on the surface if there is
at least one corner point that is inside (f (xV

i ) > 0) and at least
one corner point that is outside the object (f (xV

i ) < 0).
Variational interpolation does not use image information for

segmentation but only considers the object geometry given by
the user-drawn contours. A segmentation algorithm that uses
variational interpolation is therefore able to properly segment
objects also if there is no contrast to the background, i.e.,if the

nC
cS

i−1

cS
i

cS
i+1

cN
i

ni

Figure 3: Top: Computation of a normal constraintcN
i (indicated by a blue

+) for a surface constraintcS
i (indicated by a blue circle). The normalnC of

the plane in which contour is defined is pointing inwards. Bottom: Normal
constraints for one contour of the liver example.

Draw /  
Delete / Edit 

Contours 

Calculate 
Segmentation 

Check  
Result 

Figure 4: Contour-based interactive segmentation process with variational in-
terpolation. Contours can be drawn manually or by more advanced image-based
algorithm like live-wire or SketchSnakes for example.

object does not exhibit distinct boundaries. This is a common
problem for many objects in medical images, at least at certain
parts of the object, which is one reason why automatic algo-
rithms frequently fail. Regarding the smoothness of the recon-
structed surface it should be emphasized that objects in medical
images are rather smooth as biological structures generally do
not have sharp edges.

4.2. Interactive segmentation

In an interactive segmentation process, the user can simply
add, remove or edit contours using proper contouring tools if
the segmentation is not yet sufficient. The segmentation is
automatically calculated after each modification to the con-
tours as shown in Fig. 4. Contouring can be done manually
or by more advanced image-based algorithms like live-wire
or SketchSnakes for example [4, 6]. This way, an interactive
contour-based algorithm would be used for segmenting the ob-
ject in 2D and these contours could then be used as input to
our algorithm to generate a 3D segmentation. In our implemen-
tation, contours are drawn manually in 2D viewers that show
the image data in different orientations in a slice-wise manner
and in which the segmentation result is visualized as a semi-
transparent overlay (see Sec. 8 for an example). A computer
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mouse and a touch-screen display have been employed as input
devices.

Because it is a global interpolation algorithm, variational in-
terpolation cannot take advantage of local changes, i.e., the
whole object needs to be reconstructed after each user inter-
action. Therefore, the segmentation algorithm needs to be fast
enough to allow a real-time response for this use case. We will
address the performance issues in the next section.

5. Towards real-time response

A segmentation algorithm that uses variational interpolation
consists of two computationally intensive steps. The first step
is building and solving the linear system given in Eq. 6. The
second step is the voxelization of the resulting implicit function.

5.1. Building and solving the linear system

Building the matrix given in Eq. 6 takesn2 evaluations of the
RBF given in Eq. 4, wheren is the size of the matrix that is
given by the total number of constraints+ 4 (because of the
linear and constant portions). This operation can easily and
efficiently be performed in parallel using multiple threads. We
useOpenMP1 for parallelization.

Turk and O’Brien use an LU decomposition to solve Eq. 6,
which needs about23n3 operations. Fortunately, because the
matrix in Eq. 6 is symmetric, a more efficient algorithm devel-
oped by Bunch and Kaufman can be used, which only takes
about1

3n3 operations [35]. TheBunch-Kaufman algorithmhas
a complexity comparable to a Cholesky decomposition, but it
is applicable to all symmetric matrices. The algorithm is avail-
able as part of the LAPACK (Linear Algebra PACKage) library,
which we use for solving the linear system.

There are different LAPACK implementations available. The
basic implementationCLAPACK2 is a rather slow implementa-
tion, because it does not take advantage of modern CPU fea-
tures, such as multiple cores and 64-bit as well as vector instruc-
tion sets like SSE (Streaming SIMD Extensions). Optimized
implementations that are much faster compared to CLAPACK
are available in theIntel Math Kernel Library (MKL) 3, the
AMD Core Math Library(ACML)4 and theAccelerate Frame-
work5 (only available on Mac OS X since 10.3). We have com-
pared the 64-bit versions of CLAPACK 3.0, ACML 4.3.0 and
MKL 10.2.2 using the Bunch-Kaufmann based solver for the
linear system. The function that implements this algorithm
in double precision is calleddsysvin LAPACK. A detailed
overview on the results is given in Sec. 7.

1OpenMP: http://openmp.org
2CLAPACK: http://www.netlib.org/clapack
3MKL: http://software.intel.com/en-us/intel-mkl
4ACML: http://developer.amd.com/cpu/Libraries/acml
5Accelerate: http://developer.apple.com/performance/accelerateframe-

work.html

Figure 5: Example where two tumors have been segmented. This shows that it
is necessary to start the surface tracking for at least one point of each contour
to cover all objects.

5.2. Voxelization

A naive voxelization of the implicit functionf (x) has to eval-
uate Eq. 2 for each corner point of each voxel. Letn be the total
number of constraints plus the linear and constant portions(i.e.,
the size of the matrix in Eq. 6) and letm be the total number of
voxels of the resulting segmentation (the resolution of theseg-
mentation can differ from the resolution in which the user has
drawn the contours). The number of operations necessary for
a voxelization isO(nm) for the naive algorithm. This can be
optimized by calculating each corner value only once and not
for each voxel and by restricting the voxelization to a specific
axis-aligned bounding box around the contours. Unfortunately,
the real bounding box is only given by the implicit function,so
it is not known until all voxels have been evaluated.

We use a voxelization method based onsurface trackingthat
generates the surface of the object given byf (x) with only
O(nm̃) operations, where ˜m is the number of voxels on the
surface of the object in the final segmentation. The tracking
is based on a scheme similar to the marching cubes algorithm
[36]. A similar algorithm has also been used by Wyvillet al.
for representation and visualization of soft objects [37].In real
world examples ˜m≪ m holds. Therefore, this method is much
faster compared to the brute-force approach. For example, only
about 2.22% (metastasis) and 1.58% of the voxels (liver) are
located on the surfaces of the examples used in this paper (see
Tab. 4). Another advantage is, that the voxelization time only
depends on the number of surface voxels and thus, it is indepen-
dent of the actual size of the image. For voxelization a starting
point is needed that is known to be located on the surface of
the object. This is true for each surface constraint. As a con-
sequence, the voxel in which a contour’s first surface constraint
is located is used. If the starting point is not exactly located
on the surface, e.g., due to discretization or numerical issues,
its neighboring voxels, i.e., all voxels in the 26-neighborhood,
are tested as well. Because the contours might define several
objects, we need to use one starting point for each contour (see
Fig. 5). If a starting point is already part of a voxelized surface,
it is rejected. Otherwise, the voxelization of the already pro-
cessed surface would be repeated. We use the 6-neighborhood
of each voxel for tracking the surface.

Computation times can be reduced by using multiple threads.
In our implementation,f (x) is evaluated in parallel for each of
the eight corners of a voxel when scanning the surface. Because
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Figure 6: Example of a contour before (thick yellow polygon) and after reduc-
tion (thin black polygon) with a quality factor ofq = 0.2. The initial contour
consists of 256 points, the reduced one has 50 points.

two voxels share four corner points, these results are cached to
prevent redundant computations. Therefore, four or six of the
corner values have already been evaluated when moving to the
next voxel and only two or four values have to be evaluated.
Because of this, the theoretical maximum speedup of our paral-
lelization strategy for the voxelization is between two andfour.
As for building the linear system, we have used OpenMP for
the parallelization of the algorithm.

The surface of the segmented object (or objects) is filled in
a successive step using ascan-line algorithmin x-direction for
each row (y-coordinate) of each slice (z-coordinate). Because
start and end voxels for the scan-line are known by their config-
uration (i.e., the values of the implicit function in each corner
of the voxel), f (x) does not have to be evaluated when filling
the object.

5.3. Constraint reduction

For a segmentation algorithm that is based on variational in-
terpolation, the greatest impact on the overall computation time
of is given by the number of constraintsn. The computational
complexity for finding the solution of the linear system has a
complexity ofO(n3), while the voxelization isO(nm̃). There-
fore, using only half of the constraints (i.e., contour points) de-
creases the calculation time for solving the linear system by a
factor of 8. Also the voxelization would only take half as much
time. Hence, a reduction of the number of contour points sig-
nificantly decreases the overall calculation time.

In the context of object reconstruction from unorganized
point clouds, this step is typically referred to ascenter reduc-
tion. Because there is no additional geometry information avail-
able in this case, Carret al. suggest using a greedy algorithm to
iteratively fit an RBF to a subset from the given points within
a desired fitting accuracy [13]. Fortunately, we have additional
geometry information, because in our case the point clouds are
generated from contours.

To achieve real-time calculation times, we remove contour
pointsci that have no or almost no influence on the contours’

(a) (b)

Figure 7: Example for variational interpolation of a contourafter reducing the
number of constraints: (a) before and (b) after inserting additional surface con-
straints (blue circles).

geometry which reduces the number of constraints while pre-
serving the overall shape of the contour, especially on parts
with high curvature (see Fig. 6). This is carried out in a pre-
processing step. As described by Latecki and Lakämper we use
two attributes to measure the influence of a contour point on the
overall geometry [38]: The angle between its adjacent edgesωαi
and the length of the adjacent edgesωl

i . These weights are given
by:

ωαi =
1
2

(

1−
(ci − ci−1) · (ci+1 − ci)
‖ci − ci−1‖ ‖ci+1 − ci‖

)

(8)

ωl
i =

‖ci − ci−1‖ ‖ci+1 − ci‖

‖ci − ci−1‖ + ‖ci+1 − ci‖
. (9)

In contrast to Latecki and Lakämper, we use the angle between
the edges given byci−1, ci andci+1 for computation ofωαi , which
is π − β when looking at the relevance measure used by the au-
thors. Moreover, we shiftωαi to [0,1] such that collinear edges
get a weight of 0. The total weightωi of a contour point is
calculated by:

ωi = ω
α
i ω

l
i . (10)

This way, high weights are assigned to contour points with a
high curvature and long adjacent edges, while low weights are
assigned to points with almost no curvature and short edges.

Our reduction algorithm iteratively removes the points with
the lowest weightωi until a specific number of points is
reached. This number is given by a quality factorq ∈ (0,1]
multiplied by the initial number of points. I.e., using a qual-
ity of q = 0.5 removes about half of the points, whileq = 0.2
removes about 80% of the points. Because we do not want to
remove a contour completely, the reduction stops if less than 6
points are left.

During this constraint reduction step, collinear points are re-
placed by one single line segment. Such contours are visually
equal to the original contours. However, the surface definedby
the reduced contours might be different from the original sur-
face, because of the loss of information, which can be seen in
Fig. 7a. To solve this, we insert additional surface constraints
on long line segments if the length of the segment is twice as
long as the average length of all segments after the reduction
step. The constraints are inserted such that the length of the
resulting segments equals the average length (see Fig. 7b).In-
stead of this postprocessing step, long line segments couldal-
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Global Compactly supported
RBFs RBFs

Storage O(n2) O(n)
Linear system building O(n2) O(n logn)
Linear system solving O(n3) O(n1.5)
Evaluation per point O(n) O(logn)
Effect of a single point Global Local

Table 2: Complexity of different steps of the algorithm when using global RBFs
and RBFs with compact support according to Morseet al. [19].

ready be avoided in the reduction step using an adjusted weight
ωi for each surface constraint.

5.4. Radial basis functions with compact support

Another approach for fast creation of an implicit surface of
a complex model from a point cloud arecompactly supported
RBFsas described by Morseet al. [19]. These RBFs allow a lo-
cal interpolation instead of a global one. In 3D aC2-continuous
RBF with compact support is defined by

φc(r) =















(1− r)4(4r + 1) , if r < 1

0 ,otherwise,
(11)

with r = ‖x − c‖ being the distance of the evaluated pointx
to the RBF’s centerc. The support radius of this RBF equals
1. Scaling this function, i.e., by calculatingφc( r

α
), allows any

support radiusα.
Compactly supported RBFs result in a linear system with a

sparse matrix, which reduces both the memory and the compu-
tational complexity for solving the linear system, as long as the
radius of support is small enough. Because the matrix is sparse,
iterative methods can efficiently be used for solving the sys-
tem of equations. Table 2 gives an overview on the complexity
for different steps of the algorithm compared to global RBFs as
used in the variational interpolation algorithm. For efficiently
building the linear system and for an efficient evaluation of the
implicit function, a fast algorithm for finding all points within
a given sphere is essential. In computational geometry thisis
known asrange searching. A range searching can efficiently
by performed by using a spatial subdivision data structure [39].
Although it is not the most efficient data structure in theory,
a commonly used spatial subdivision algorithm is thekD-tree.
Other common spatial subdivision data structures arebins, oc-
trees, bounding-volume-hierarchiesandR-trees.

For fast range searching we use a kD-Tree as well. Because
the voxelization is the bottleneck of our algorithm, we havefo-
cused our performance measurements on this step (see. Sec. 7).

6. Making the segmentation more robust

Self-intersecting contours cannot always be handled cor-
rectly by the basic algorithm. Moreover, an interpolation of
the user-drawn contours is not always desired, because of in-
accuracies that might occur, especially if the user is allowed to
draw in different views.

(a) (b)

Figure 8: Example for variational interpolation of a self-intersecting contour:
(a) before and (b) after normal correction.

(a) (b)

Figure 9: Example for a more complex self-intersecting contour: (a) with only
the first point and the intersection points as starting points for surface tracking
and (b) with 10 equally distributed points of the contour as additional starting
points.

6.1. Handling self-intersecting contours

Normal constraints allow a better segmentation result, be-
cause the surface interpolates the contours more accurately (re-
call Sec. 4.1). The normal can be calculated according to
Eq. 7, followed by a point-in-polygon test. However, for self-
intersecting contours this test might not detect the intersection
properly, resulting in an incorrect surface as shown in Fig.8a.
As a solution, we calculate the normal constraint in a more ro-
bust way.

By default we assume that the normal constraint is located
outside the contour. To ensure this, we start the computation
of the normal using three points of the contour that are known
to be convex. This is true for the point with minimum x-, y-
or z-coordinate (depending on the plane in which the contour
is defined) and its adjacent points. Based on these minimum
points we calculate the normal according to Eq. 7. If this nor-
mal points inside the contour, we invert the sign of the normal.
Because a contour is an ordered set of points, we can now it-
eratively scan it, starting from its minimum point and calculate
the normal in each point while setting the sign according to the
sign of the normal in the minimum point. This way all normals
point outside, until two adjacent points are involved in a self-
intersection, i.e., until the line segment defined by these points
intersects one or more other line segments of the contour. If
the number of intersections with other line segments is odd,we
need to invert the sign of this normal and all following normals,
until the next self-intersection line segment is found. This way
we don’t have to split self-intersecting polygons, which isfor
example necessary for active contour models or when recon-
structing the object in the surface-mesh domain [40, 5].
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In addition to this normal calculation, we also need additional
starting points for the voxelization of the surface, because the
surfaces surrounded by such contours are not necessarily coher-
ent. We use the voxels of 10 points from the self-intersecting
contour as starting points. These points are equally distributed
over the contour. In addition, we use the voxels in which the
intersection points are located as additional starting points, be-
cause these points are known to be located on a new surface,
apart from discretization and rounding errors. This way we
get a consistent surface even for self-intersecting contours, as
shown in Fig. 8b. Because of the additional equally distributed
starting points, even complex self-intersections are handled
properly (see Fig. 9). However, complex self-intersections are
rather unusual in practice when segmenting biological objects
in medical image data but they can occur due to an inaccurate
drawing of contours along thin structures for example.

6.2. From interpolation to approximation

As the name indicates, variational interpolation is aninter-
polating algorithm, i.e., all surface and normal constraints are
included in the implicit function as given in the linear system
(see Eq. 6). Typically, this is intended because the user-drawn
contours shall be exactly included in the segmentation by the
algorithm. But in some cases, for example if the user draws
contradictory contours as shown in Fig. 15b, the interpolated
surfaces become degenerated in the sense that it is not what the
user expects and that the surface has a high curvature in some
points. This can be addressed by moving from an interpolating
to anapproximatingcharacter, which is also known asregular-
ization.

As already discussed by some authors, an approximation can
be achieved by replacing the elementsφii in Eq. 6 byφii + λi ,
with λi > 0 being theregularization parameteror regulariza-
tion strengthfor each constraint [14, 16]:
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(12)
Because we only add values≥ 0 to the principal diagonal of the
matrix from Eq. 6, this matrix is still symmetric and positive
semi-definite. The largerλi is, the more the algorithm approxi-
mates thei-th constraint. The size and the unit of the regulariza-
tion parameter correspond to the coordinates of the constraints.
In our case, these are given in millimeters. Best results canbe
achieved if different regularization strengths are used for sur-
face and normal constraints. We found values ofλS

i = 2 for
surface andλN

i = 20 for normal constraints a good compromise
between segmentation accuracy and regularization strength in
our examples.

Example t Build CLAPACK ACML MKL

Metastasis
n = 6246

1 0.61s 52.51s 12.04s 9.92s
2 0.32s - 7.37s 5.69s
4 0.19s - 5.04s 3.55s
8 0.14s - 5.58s 2.91s

Liver
n = 13798

1 3.16s 561.73s 117.32s 103.13s
2 1.73s - 68.26s 55.68s
4 0.96s - 44.84s 31.59s
8 0.72s - 41.18s 23.38s

Table 3: Computation times for building and solving the linearsystem de-
scribed in Eq. 6 using CLAPACK, the AMD Core Math Library (ACML) and
the Intel Math Kernel Library (MKL) with a different number of threads (t).
The metastasis example is shown in Fig. 1, the liver example is shown in Fig. 2.
n is the size of the matrix (surface constraints+ normal constraints+ 4).

Example t Voxelization
Metastasis
n = 6246
m= 1058508
m̃= 23541

1 4.41s
2 2.48s
4 2.19s
8 2.32s

Liver
n = 13798
m= 10711151
m̃= 169296

1 64.18s
2 35.49s
4 29.10s
8 34.74s

Table 4: Computation times for voxelization of the implicit function using the
surface tracking approach and different numbers of threads (t).n is the size of
the matrix.m is the number of voxels of the corresponding dataset, while ˜m is
the number of voxels on the surface of the object.

The surface constraints are not necessarily part of the implicit
surface anymore because they are approximated instead of in-
terpolated. This can be seen in Fig. 13, where the surface does
not always contain the contours. As a consequence, the starting
point for surface tracking might not be on the surface as it has
been defined in Sec. 5.2. In this case we need to look in the
26-neighborhood of the voxel associated with the starting point
for a voxel on the surface of the implicit function and use it as
starting point for surface tracking.

7. Results

The results in Tab. 3 show that using an optimized LAPACK
implementation has a significant impact on the time necessary
for solving the linear system. All measurements were per-
formed on an 8-core system (2x Intel Xeon X5550 (2.66GHz),
Turbo Boost and Hyper-Threading disabled, 12 GB RAM, Win-
dows 7 64-bit). Intel’s MKL has shown to be the fastest library
for our problem, at least on an Intel CPU. The ACML is much
faster than CLAPACK as well and it might be even faster on
AMD CPUs.

Measurements of the voxelization times are given in Tab. 4.
The measurements only include the voxelization of the surface.
The time for filling the object is negligible (≪ 1s). As expected,
our parallelization strategy for the voxelization has its maxi-
mum speedup when using four threads. The maximum speedup
is about 2.21. Using more threads slows down the computation,
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(a) (b)

Figure 10: Example for reducing the number of constraints: (a)shows the orig-
inal contours and the result of the interpolation using all 6246 constraints, (b)
shows the result after reduction withq = 0.2 resulting in 1390 constraints. The
resulting masks are visually identical.

because the overhead for handling the threads is larger thanthe
speedup of the parallel computation as typically only two or
four threads are involved in computations. This is due to the
fact that the function values at four or six corners of the voxel
have already been computed during the surface tracking.

However, the results in Tab. 3 and 4 show, that the algorithm
does not allow real-time response in an interactive segmenta-
tion process. Especially in the liver example the segmentation
algorithm is far too slow even with the fastest LAPACK library
and with parallel voxelization.

Using a proper reduction of the number of constraints yields
a significant speedup in both solving the linear system and
the voxelization, while resulting in an almost similar overall
quality of the segmentation as shown in Tab. 5 and Fig. 10.
Calculation times for this preprocessing are negligible (≪ 1s)
compared to the overall computations and are not included in
Tab. 5. The maximum distance between the surface of ini-
tial segmentation (i.e., withq = 1.0) and the surface with
q = 0.1 corresponds to 2.6% of the maximum diameter for
the metastasis example (which has a maximum diameter of
100.8mm) and to 3.3% for the liver example (which has a
maximum diameter of 228.643mm). The size of one voxel
is (1.086mm,1.086mm,1.0mm) in the metastasis example and
(0.66mm,0.66mm,2.0mm) in the liver example, so the maxi-
mum distance in Tab. 5 corresponds to about 2.45 voxels for
the metastasis and about 11.31 voxels for the liver. The large
maximum distance in the liver example results from an incor-
rect reconstruction due to the use of orthogonal contours (see
Fig. 11). Therefore, the bad results for the maximum distance
do not reflect a loss in segmentation quality.

Our measurements show that a real-time response can be
achieved for small objects, which allows an interactive segmen-
tation. It has also shown that in our current implementationthe
voxelization is the main limiting part of the segmentation al-
gorithm, which is the reason why the algorithm is not interac-
tive for large objects. Solving the linear system is alreadyfast
enough, although it has a computational complexity ofO(n3).

Figure 11: Differences in the segmentation result for the liver example when
usingq = 1 (thick light blue contour) andq = 0.1 (thin dark blue contour). Here
the maximum distance between the surfaces is large (about 11 voxels) because
of a reconstruction issue due to using orthogonal contours (dashed yellow).
The result using less contour points (i.e., withq = 0.1) is the more accurate
segmentation.

Example Global Radius Compactly supported
RBFs RBFs

Metastasis
n = 6246

1.92s
10mm 0.73s
20mm 1.40s
30mm 2.06s

Liver
n = 13798

28.95s
30mm 12.45s
50mm 20.58s
70mm 34.82s

Table 6: Voxelization times with 4 threads using compactly supported RBFs
with different radii compared to global RBFs forq = 1. A kD-tree was used for
finding all points within the radius of support.

The strength of reduction, i.e., the value ofq, depends on
the actual segmentation task and on the demand for real-time
response during the segmentation process. It is a trade-off be-
tween reconstruction accuracy and overall calculation time. In
our tests we found a quality of 0.2 ≤ q ≤ 0.5 can be used in
most real-world examples without a loss insubjectivesegmen-
tation accuracy.

Results using compactly supported RBFs are shown in
Fig. 12 and Tab. 6. These results suggest that this class of
RBFs is not suitable for solving our segmentation task. The
main reason for this is, that the constraints generated fromthe
user-drawn contours are rather sparse and thus, a large radius
of support is necessary to generate proper results, which re-
duces the theoretical performance of the algorithm significantly
in terms memory consumption, calculation times and segmen-
tation quality. Moreover, the objects are not filled correctly if
the radius is too small, becausef (x) might evaluate to zero for
points inside the object if their distance to the surface is greater
than the radius of support. Therefore, a strategy for an auto-
matic calculation of the support radius depending on the size of
the object and the density of the constraints is necessary. How-
ever, when using a proper radius, the voxelization step is even
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Example q n Time Volume overlap Maximum Voxel with
surface distance surface distance > 0

Metastasis

1.0 6246 3.05/2.19 /5.34s 100% 0.0mm 0
0.5 3552 0.71/1.25 /2.02s 99.94% 1.09mm 98
0.2 1390 0.08/0.57 /0.69s 99.32% 1.09mm 1030
0.1 708 0.02/0.39 /0.43s 97.35% 2.63mm 4038

Liver

1.0 13798 24.10/29.10/53.64s 100% 0.0mm 0
0.5 7892 5.31/18.69/24.18s 99.50% 2.75mm 8916
0.2 3152 0.55/7.66 /8.33s 98.72% 7.08mm 22770
0.1 1580 0.11/4.49 /4.71s 97.70% 7.54mm 41012

Table 5: Computation times (linear system building and solving / voxelization/ overall) and segmentation accuracy for different quality settingsq. n is the size of
the resulting matrix. For all measurements the MKL with 8 threads and the voxelization with 4 threads were used. Volume overlap (Jaccard index) and surface
distance are given relative to the interpolation result with q = 1. The overlap is calculated by the number of intersecting voxels divided by the number of voxels in
the union of two segmentations. The minimum surface distance was 0mm for all cases.

(a) (b) (c)

(d) (e) (f)

Figure 12: Results using RBFs with compact support of different radii (in-
dicated by the black circle) forq = 1: (a) Metastasis withα = 10mm, (b)
α = 20mm and (c)α = 30mm. (d) Liver withα = 30mm, (e)α = 50mm and
(f) α = 70mm. Using a smaller radius, the surface becomes more “bumpy”.
Only (c) and (f) have been filled correctly by the voxelization. The arrows
indicate some main differences of the resulting segmentations.

slower for our segmentation problems when using RBFs with
compact support compared to the global interpolation approach.

As shown in the examples in Fig. 13, the robustness of
the segmentation algorithm can further be improved by mov-
ing from an interpolating to an approximating reconstruction
scheme. By using approximation instead of interpolation, con-
tradictory user-drawn contours and contours with high curva-
ture can be segmented more robustly for instance. Therefore,
approximation generates better segmentations than interpola-
tion in our opinion. Because we only add constants to the ele-
ments on the principal diagonal of the matrix in Eq. 12, this ap-
proach does not affect the time necessary for solving the linear
system. Because with approximation a little less voxels areon
the surface of the segmentation, the voxelization time is slightly
reduced in practice.

(a) (b) (c)

Figure 13: Comparison between interpolation and approximation with different
regularization strengths for the liver example: (a) interpolation, (b) approxi-
mation withλS

i = 2 andλN
i = 20 and (c) approximation withλS

i = 50 and
λN

i = 100. The arrows indicate the main differences of the resulting segmenta-
tions.

8. Evaluation

For evaluation of our algorithm, we have developed a tool
using MeVisLab6 that allows a slice-wise manual segmenta-
tion in axial view, a segmentation using variational interpola-
tion with only parallel axial contours and a segmentation us-
ing variational interpolation with contours in axial, sagittal and
coronal orientation. Figure 14 shows this tool. Our evaluation
tool measures the time that is necessary for segmentation and
it tracks the number of contours that are needed. Moreover,
it allows to rate the segmentation quality and the segmentation
time on a scale between 1 and 5, with 1 being “bad” and 5 being
“perfect”.

Our algorithm was evaluated by two experienced radiology
technicians on 15 liver metastases of different size (ranging
from 0.05ml to 53.26ml) and complexity and 1 liver. The PC
used for evaluation was a Windows 7 64-bit system with an Intel
Core 2 Duo E6850 (3.0GHz) and 8GB RAM. Thus, only two
threads were used for computation. For contouring, a touch-
screen display with a pencil-like input device was used. The
quality factor for constraint reduction was set toq = 0.2, while
the regularization strengths were set toλS

i = 2 andλN
i = 20.

6MeVisLab: http://www.mevislab.de
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Manual Variational interpolation Variational interpolation
(axial) (axial) (axial, sagittal, coronal)

Metastases

Time 111.4s 64.2s 70.5s
Number of contours 20.6 7.1 5.2
Number of steps 29.3 8.2 5.4
Quality rating 4.9 3.8 4.0
Time rating 3.8 4.0 4.1
Overlap to manual segmentation 100% 75.77% 71.54%
Maximum surface distance 0 2.94mm 3.69mm
Number of voxels with distance> 0 0 2313 3340

Liver

Time 1272.5s 665s 734.5s
Number of contours 106 22 20.5
Number of steps 148.5 32 25
Quality rating 5 3 4.5
Time rating 2.5 3.5 4.5
Overlap to manual segmentation 100% 93.98% 92.68%
Maximum surface distance 0 9.37mm 10.12mm
Number of voxels with distance> 0 0 105101 128250

Table 7: Results of the evaluation of our algorithm for segmentation of 15 liver metastases and 1 liver by 2 experienced radiology technicians. All results are given
as average over all cases and participants. The overlap and distance measures are given relative to the manual segmentation.

Figure 14: The tool used for evaluation of our algorithm. The user-drawn
contours are shown in yellow. The surface of the interpolated segmentation
is shown in blue.

Table 7 gives an overview on the results of our evaluation. A
step refers to drawing, deleting or editing a contour.

Our evaluation shows that using variational interpolation, the
segmentation times can be reduced by a factor of about 2. Com-
pared to the number of contours used for the manual segmenta-
tions, only one fifth to one third of the contours are necessary
when using our interpolation algorithm, depending on the seg-
mentation task. The fact that the segmentation takes only half
as long although about one fourth of the contours are necessary
can be explained by the time the variational interpolation needs
for computation and by the interactive process. This process re-
quires an assessment of the current segmentation result andthe
user might need to correct or even delete already drawn con-
tours. The assessment is known to take almost as much time

as manually drawing contours. Unfortunately, the segmenta-
tion quality has been rated slightly worse compared manual
segmentations. This also corresponds with the accuracy of our
segmentation algorithm in terms of the volume overlap and the
maximum surface distance compared to the manual segmenta-
tions. By using orthogonal contours instead of only parallel
axial contours, the number of contours necessary for segmenta-
tion can further be reduced, although the overall segmentation
time increases, probably due to the more time intensive task
of looking at different views. The benefit of using contours in
different views was emphasized by the radiology technicians
in particular for sphere-shaped structures. For objects with a
more complex and irregular shape, drawing contours in differ-
ent views was assessed as rather counterproductive.

Although we have not yet compared our algorithm to more
advanced contour-based semi-automatic segmentation algo-
rithms like live-wire, we expect a speedup in the segmenta-
tion time that is comparable to the speedup measured for pure
manual segmentations, because variational interpolationcan be
combined with such approaches as well. However, it would be
interesting to compare variational interpolation with thecombi-
nation of live-wire and a shape-based interpolation as suggested
by Schenket al. [31].

9. Discussion and future work

As shown in the examples, variational interpolation allows
a smooth segmentation of objects in medical images from a
sparse set of contours (see Fig. 1 and Fig. 2). The algorithm
is computationally expensive and needs much memory (O(n2)),
because it is a global interpolation. Therefore, the numberof
constraints is limited by the available memory. Moreover, com-
putation times are slow for a large number of constraints. This
can be solved by reducing the constraints resulting in compu-
tation times that allow a real-time response for segmentation of
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Direct Fast multipole
Storage O(n2) O(n)
Setup - O(n logn)
Linear system solving O(n3) O(n logn)
Evaluation per point O(n) O(1)

Table 8: Complexity of different steps of the algorithm when using the direct
method and the fast multipole method according to Carret al. [13].

(a) (b) (c)

Figure 15: Limitations of our algorithm: (a) 2D normal constraints using inter-
polation (which can be seen at the uneven silhouette), (b) contradictory contour
(red) in the liver example and (c) a square-shaped contour being interpolated to
a sphere.

small objects like a tumor in an interactive segmentation pro-
cess. However, in our current implementation and for large ob-
jects like the liver, the voxelization becomes the bottleneck after
constraint reduction and the algorithm does no longer allowa
real-time response.

Our goal is to allow an interactive segmentation even for
large objects like the liver. Therefore, future work will focus
on reducing the voxelization times by using an improved paral-
lelization strategy. We will also evaluate, whether GPU-based
implementations can improve computation times significantly.
For further improving the performance and reducing the mem-
ory consumption of the algorithm we will also investigate the
fast multipole methodwhich has been suggested by Carret al.
[13]. The fast multipole method allows solving the variational
interpolation problem with reduced complexity in both the re-
quired memory and the calculation time (see Tab. 8). Because
this method can be seen as a global reconstruction approach
it does not have the drawbacks of compactly supported RBFs.
Therefore, it should be better suited for solving our 3D segmen-
tation problem.

The presented algorithm still has some limitations concern-
ing the segmentation quality. Normal constraints are currently
computed based on a single contour, i.e., in 2D. But neighbor-
ing contours influence the normal of the surface as well (see
Fig. 15a). This can be slightly compensated when using ap-
proximation instead of interpolation. Another issue are contra-
dictory contours, i.e., contours that define different surfaces, al-
though they should be located on the same surface. This can in
particular happen for non-parallel contours like in the liver ex-
ample, as shown in Fig. 15b (the figure shows the same part of
the liver segmentation that is shown in the bottom row of Fig.13
but from another point of view). A similar example that results
from a combination of both of these issues has already been
shown in Fig. 11. Although this can be compensated by an ap-

Figure 16: Erroneous reconstruction of an object with high curvature with an
insufficient number of constraints because of parallel contours with low overlap
and low distance. The example was taken from a 3D microscopy dataset.

(a) (b)

Figure 17: Example for cutting out a part of the segmentation where the algo-
rithm fails because of its single-contour-based normal calculation: (a) result of
our algorithm and (b) the expected result.

proximation as well (see Sec. 6.2), a more advanced handling,
like an additional preprocessing step that solves such inconsis-
tencies or user-guidance during contour-drawing, is essential
for consistent results according to the expectations of theuser.
We will investigate this in the future. Furthermore, the regu-
larization parameters of the approximation need to be further
evaluated. For example, it might be advantageous to computed
an individual regularization strength for each constraintbased
on a contours shape or complexity.

A conceptual drawback of the smooth interpolation is that the
resulting surface does not always look like how the user would
expect it if the number of constraints is too low. For example, a
square-shaped contour that is only defined by its corner points
will be interpolated to a sphere using the presented algorithm
(see Fig. 15c). For objects with high curvature the reconstruc-
tion might fail, if the surface is sampled too sparse, i.e., with not
enough contours. This can also be the case if parallel contours
are close the each other and the overlap between the contoursis
low. Figure 16 shows such a situation.

Because of the way how normal constraints are computed,
which is done per contour (see Sec. 4.1), it is not possible tocut
out an inner part of an object as shown in Fig. 17 because the
reconstruction algorithm has no information on what shouldbe
included into the segmentation and what should be excluded.
Instead, this needs to be solved on the interface level, so the
user has the possibility to explicitly define parts that should be
removed from the segmentation.

Finally, we think of combining the reconstruction algorithm
with image information to allow more accurate segmentations,
e.g., by image-adaptive RBFs described by Mory and Ardon
[30].
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10. Conclusion

Variational interpolation allows an accurate and robust recon-
struction of the surface of an object defined by a set of planar
contours that can be arbitrarily oriented in 3D space. A surface
generated using variational interpolation is smooth, it isguaran-
teed that all used contour points are part of the surface and the
resulting surface is plausibly extrapolated into regions where no
contours have been drawn. Thus, the algorithm is well suited
for supporting the segmentation of objects in medical images
in a contour-based workflow. Because it is independent of im-
age information, the algorithm can be used for any 3D modality
(e.g., CT, MRI, 3D US) and it can also be used for segmenta-
tion of objects with no contrast to the background. In addition,
the interpolation can easily be extended to more dimensions,
which would allow an interpolation of an object over several
time points as well for example.

Although the algorithm is time and memory consuming, cal-
culation times can be significantly decreased using modern
CPU features and a reduction of the number of constraints. Be-
cause segmentation is done using contours, a fast and robustre-
duction strategy can be used, that preservers the shape of each
contour. This way, the differences in the interpolated results
are visually not distinguishable from the result using all con-
tour points. As a result, the algorithm allows a real-time re-
sponse for small objects, which enables an interactive segmen-
tation process. Using approximation instead of interpolation
improves the robustness of the segmentation algorithm in the
liver example while it does not increase calculation times.

The local interpolation scheme, which uses RBFs with com-
pact support, is not suitable for the presented segmentation
problems, because the constraints generated from the user-
drawn contours are too sparse and thus the radius of support
needs to be too large.

Our evaluation has shown that using variational interpolation
can reduce segmentation times by a factor of about 2. We as-
sume that this factor increases as the user gets more familiar
with the segmentation tool and, especially for large objects like
the liver, as the algorithm itself becomes faster.
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Appendix A. Algorithm overview

Algorithm 1: Segmentation using variational interpolation
Data: Contours, quality factor, reference image
Result: Segmentation
Perform constraint reduction;
Perform variational interpolation;
Perform voxelization;

Function Constraint reduction
Data: Contours, quality factor
Result: Contours
foreach User drawn contour Ci do

foreach Contour pointci do
Compute weightωi ;

end
while #points exceeds quality factor qdo

Remove point with lowest weight;
Update weights of the adjacent points;

end
Compute average line segment length;
foreach Line segmentdo

if Length> 2× average lengththen
Insert additional points;

end
end

end

Function Variational interpolation
Data: Contours
Result: Implicit function, starting points
foreach User drawn contour Ci do

Find point with minimum x-, y- or z-coordinate;
Initialize sign for normal;
foreach Contour pointcS

i starting from minimum pointdo
Check adjacent line segment for self-intersections;
if Number of self-intersections is oddthen

Invert sign for normal;
end
Compute normalni and normal constraintcN

i ;
end

end
Build matrix for Eq. 6 in parallel;
Solve Eq. 6 using LAPACK to getf (x);

Function Voxelization
Data: Implicit function, starting points, reference image
Result: Segmentation
foreach Starting pointdo

Evaluatef (x) at each corner point;
if Voxel of starting point is not on surface of f(x) then

Check voxels in 26-neighborhood;
end
if Starting voxel is not on any already voxelized surfacethen

repeat
Evaluatef (x) at each corner of the voxel in parallel
(= configuration);
Move to next voxel in 6-neighborhood depending on
the configuration;

until Surface is voxelized;
end

end
foreach Slice of the resulting imagedo

foreach Row of the slicedo
Fill surface;

end
end
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